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To my parents 




Preface 



During the past seven years I have been involved in the investigation of high- 
power microwave sources for accelerator and radar applications. As for many 
others before me, the starting point of this book was a collection of notes 
on theoretical topics out of the material I had been working on. The notes 
were the core of a course for graduate students at Cornell University. When 
I started to prepare these notes it seemed a fairly straight-forward and not 
very time-consuming task since I had most of the material well organized. 
Today, three years after the preparation of the first notes, I can only wonder 
how naive this thought was. 

Most of my work was oriented towards analytic and quasi-analytic tech- 
niques for the investigation of the interaction of an electron beam with elec- 
tromagnetic waves. These topics are presented in Chaps. 4 and 6. However, 
for a systematic elaboration of these topics it was necessary to provide some 
general background, therefore parts of what are today Chaps. 2, 3, and 5 were 
prepared. Related topics of acceleration concepts were also prepared to some 
extent but I ran out of time and the material (Chap. 8) was not delivered. 
In the meantime, various sections of this book were taught at the Technion- 
Israel Institute of Technology and Ben-Gurion University. In the last version 
I included a discussion on free electron lasers (Chap. 7). 

In this book I present primarily models of the various concepts of beam- 
wave interactions with emphasis on analytic and quasi-analytic methods. 
These have to be the basis of any numerical simulation which is today the 
elementary design tool of any advanced radiation source. A model is an ide- 
alization of what we conceive as the real system. In practice, this idealization 
manifests itself as mathematical approximations that if not revealed and/or 
evaluated, may lead to a non-realistic analysis and therefore to wrong con- 
clusions. Therefore I believe the reader should be given all reasonable details 
for tracing each step in the analysis. She or he has to decide whether to skip 
a certain step because it is trivial or because the implications to the model 
are obvious. For this reason detailed analysis is used in most of the cases. 

Many people have contributed directly or indirectly to this book and I 
wish to thank them all. The collaboration with Prof. J.A. Nation of Cornell 
University, his encouragement and critique, had a crucial impact on the ma- 
terial presented here and he deserves my sincere gratitude. I benefited from 
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enlightening discussions with Prof. Norman M. Kroll of the University of Cal- 
ifornia at San Diego. I wish to thank Dr. G. S. Kerslick and Mr. J. D. Ivers 
who contributed hours and days in discussions on many of the topics pre- 
sented here. Special acknowledgement is deserved by those who were, or still 
are, graduate students and carried out the experiments that, in turn, were 
either the cause or the result of the concepts developed and presented here. 
They are: Dr. D.A. Shiffler, Dr. T.J. Davis, Dr. E. Kuang, Dr. S. Naqvi and 
Mr. D. Flechtner. Most of this research was supported by the United States 
Department of Energy. During the last three years I also benefited from the 
support of the Bi-National United States - Israel Science Foundation. 

Last but by no means least I want to thank my wife Tal, and my children 
Michal and Roy who endured the long hours of work with patience and love. 

Haifa, August 1996 Levi Schachter 
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1. Introduction 



In recent years there has been a fast growth in the demand for communication 
systems. Radios, phones or a TV sets have for a long time been an integral 
part of the everyday life but there are many others, such as wireless phones, 
which are climbing very rapidly to the top place held by the former three. It 
is sufficient to think what benefit an interactive TV combined with a personal 
computer would be to the user, in order to have an idea of the demands on 
the communication networks. The fact that within this framework, audio as 
well as video information will be transmitted in both directions, pushes the 
frequency bandwidth, and thus the operating frequency, to new limits. In 
most of these systems the information is carried by radiation at microwave 
or millimeter wave frequencies. Although for portable devices the solid state 
technology has a substantial advantage over the vacuum electronics due to 
its compact systems, ground stations will still play an important role in long 
distance transmission. Therefore they will require new vacuum tubes which 
will operate at frequencies and power levels much higher than those existing 
today. 

This latter category of radiation sources also plays a crucial role in systems 
which are not necessarily for communication or information. For example, 
radars driven by microwave sources enable the control of air traffic or facilitate 
the weather forecast. At a smaller scale, in our household, microwave oven 
driven by 2.45 GHz magnetron became an integral part of our life. 

Two major scientific programs rely on microwave or millimeter waves 
as part of their operation. Millimeter waves are used to heat up electrons 
which in turn raise the temperature of the hydrogen-based plasma in order 
to facilitate fusion for future power plants. Modern particle accelerators rely 
on the acceleration experienced by a relativistic particle as it moves in the 
presence of a wave which propagates at the speed of light. In fact the analysis 
presented in this book relies on the experience gained from a research program 
whose goal is to develop high power microwave radiation using distributed 
interaction in quasi-periodic structures for particles acceleration. Another 
effort, which is now in its early stages, involves the investigation of ceramics- 
processing by means of microwave radiation heating. 

Future plans may present great new challenges for the designer of radi- 
ation sources. High-power radiation sources may contribute to repairing the 
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ozone layer which is so vital to life on earth. Another possible future applica- 
tion is to launch, in low orbit, loads which would then be used to construct 
the international space station. The latter approach may have a substantial 
advantage over chemical rockets in which the weight of the load is a small 
fraction of the total rocket since in the case of electromagnetic propulsion the 
load is the majority of the weight. 

The heart of all the applications mentioned above and many others, is the 
radiation source which can be of many kinds and a few of which are briefly 
overviewed in Sect 1.2. In all cases the radiation is generated by converting 
kinetic energy from electrons. With the exception of solid state devices, these 
electrons form a beam which propagates in vacuum where it interacts with 
electromagnetic waves in the presence of an auxiliary structure. The devel- 
opment of these sources started at the beginning of the century with the 
magnetron, followed by the klystron in the thirties, the traveling wave tube 
in the late forties, the gyrotron in the early sixties and the free electron laser 
in the mid seventies. These are a small fraction of the devices which have 
been developed during the years and have played a crucial role in defense, 
communication and research. Over the years, with the better understanding 
of their operation principles, their performance improved and with it, the de- 
mand of the systems’ designers. Consequently, the regime these tubes operate 
has broadened. For example, the first traveling wave tubes operated in a con- 
tinuous mode with currents of the order of mA’s and beam voltages of kV’s 
whereas today, in addition to these kind of tubes, one can And high-power 
devices which are driven by kA’s beams (and sometime tens of kA’s) with 
voltages on the order of IMV - in a pulse mode. The six order of magnitude 
increase in current and three in the voltage, correspond to an increase of nine 
orders of magnitude in the power level. Consequently, a whole new variety 
of conceptual and technological problems evolve. Obviously, power is not the 
only design parameter. Frequency, bandwidth, tunability, stability and rep- 
etition rate are only a few of the considerations which should be taken into 
account while designing a radio frequency generator or amplifier. 

In this text we present a detailed description and analysis of the concepts 
involved in the interaction of electromagnetic waves and electrons. Since we 
intend to present a thorough analysis, within the limits of a reasonably sized 
volume, we chose a small fraction of the existing devices. In particular we 
discuss various aspects of the interaction in periodic or quasi-periodic struc- 
tures. Reviews of other devices can be found in recent literature which we will 
refer to later in this chapter. But first, we shall discuss some basic concepts 
of electron-wave interaction. 
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1.1 Single-Particle Interaction 

On its own, an electron cannot transfer energy via a linear process to a 
monochromatic electromagnetic wave in vacuum if the interaction extends 
over a very long region. Non-linear processes may facilitate energy exchange 
in vacuum, but this kind of mechanism is rarely used since most systems 
require a linear response at the output. Therefore throughout this text we 
shall consider primarily linear processes and in this introductory chapter we 
shall limit the discussion to single-^oiticle schemes. Collective effects, where 
the current is sufficiently high to affect the electromagnetic field, are discussed 
in Chaps. 4, 6 and 7. 



1.1.1 Infinite Length of Interaction 



Far away from its source, in vacuum, an electromagnetic wave forms a plane 
wave which is characterized by a wavenumber whose magnitude equals the 
angular frequency, a;, of the source divided by c = 299, 792, 458m s“^, the 
phase velocity of the plane wave in vacuum, and its direction of propagation 
is perpendicular to both the electric and magnetic field. For the sake of sim- 
plicity let us assume that such a wave propagates in the 2 ; direction and the 
component of the electric field is parallel to the x axis i.e., 

= -E^ocos . (l-l-l) 

If a charged particle moves at v parallel to 2 ; axis, then the electric field this 
charge experiences (neglecting the effect of the charge on the wave) is given 
by 



Ex{z(t),t) = jFqCOS 




A crude estimate for the particle’s trajectory is 



( 1 . 1 . 2 ) 



z{t) ~ vt , 



(1.1.3) 



therefore if the charge moves in the presence of this wave from t 
t ^ 00 then the average electric field it experiences is zero, 




dt cos 



h(-j)] 



= 0, 



—00 to 



(1.1.4) 



even if the particle is highly relativistic [Pantell (1981)]. The lack of inter- 
action can be illustrated in a clearer way by superimposing the dispersion 
relation of the wave and the particle on the same diagram. Firstly, the rela- 
tion between energy and momentum for an electron is given by 



E — H- (mc)2 , 



(1.1.5) 
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where m = 9.1094 x 10 is the rest mass of the electron. Secondly, the 

corresponding relation for a photon in free space is 

E = cp. (1.1.6) 

For the interaction to take place the electron has to change its initial state, 
subscript i, denoted by along the dispersion relation to the final, 

subscript f, denoted by (£'f,pf) in such a way that the resulting photon in 
case of emission or absorbed photon for absorption, has exactly the same 
difference of energy and momentum i.e., 

E, = Ei^E^Y.. (1.1.7) 

and 

P\ — Pi Pph . (1.1.8) 

In the case of vacuum this is impossible, as can be shown by substituting 
(1.1. 5-6) in (1. 1.7-8). We can also reach the same conclusion by examining 
Fig. 1.1. The expression, E = cp^ which describes the photon’s dispersion 
relation, is parallel to the asymptote of the electron’s dispersion relation. 
Thus, if we start from one point on the latter, a line parallel to E = cp will 
never intersect (1.1.5) again. In other words, energy and momentum can not 
be conserved simultaneously in vacuum. 




Fig. 1.1. The dispersion relation of a 
free electron, E = yJ{pcY -h 
and an electromagnetic plane wave in 
vacuum, E = pc^ are described on the 
same diagram. The dispersion relation 
of the wave is also the asymptote of 
the dispersion relation of the electron. 
Consequently, it cannot change its state 
along a line parallel to the asymptote. 
In other words, the energy and momen- 
tum laws cannot be satisfied simultane- 
ously 



1.1.2 Finite Length of Interaction 

If we go back to (1.1.4) we observe that if the electron spends only a finite 
time in the interaction region then it can experience a net electric field. Let 
us denote by — T the time the electron enters the interaction region and by T 
the exit time. The average electric field experienced by the electron (subject 
to the same assumptions indicated above) is 
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{E) = Eo^ , 

= Eosinc ^ujT ^1 - ; (1.1.9) 

here sinc(a:) = sin(x)/x. That is to say that if the time the electron spends 
in the interaction region, as measured in its frame of reference, is small on 
the scale of the radiation period To = 27r/u then the net electric field it 
experiences, is not zero. From the perspective of the conservation laws, the 
interaction is possible since although the energy conservation remains un- 
changed i.e.. 



Ei = Ef-\-hw, ( 1 . 1 . 10 ) 

the constraint on momentum conservation was released somewhat and it 
reads 



U) 

Vi- Pi- 

c 



< 



cT' 



( 1 . 1 . 11 ) 



which clearly is less stringent than in (1.1.8) as also illustrated in Fig. 1.2; 
h = 1.05457 X 10“^^ J sec is the Planck constant. The operation of the klystron 
relies on the interaction of an electron with a wave in a region which is shorter 
than the radiation wavelength. 




Fig. 1.2. The dispersion relation of a 
free electron, E = y^(pc)2 + (mc^)^, 
and an electromagnetic plane wave in 
vacuum, E = pc, are described on the 
same diagram. The constraint on the 
momentum conservation is less strin- 
gent because the interaction occurs in 
a finite length 



1.1.3 Finite Length Pulse 

Another case where energy transfer is possible in vacuum is when the pulse 
duration is short. In order to examine this case we consider, instead of a 
periodic wave whose duration is infinite, a short pulse of a typical duration 
r. In order to visualize the configuration, consider a field given by 






( 1 . 1 . 12 ) 
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A particle following the same trajectory as in (1.1.3) will clearly experience 
an average electric field which is non-zero even when the interaction duration 
is infinite. This is possible since the spectrum of the radiation field is broad - 
in contrast to Sect. 1.1.1 where it was peaked - therefore again the constraint 
of the conservation laws is less stringent: 

\Ei-Ei\<^, (1.1.13) 

and 

ft 

\pi-pi\<-. (1.1.14) 

For schematics of this mechanism see Fig. 1.3. In Chap. 8 we shall discuss 
various wake field acceleration schemes which rely in part on this concept. 
It should be also pointed out that in this section we consider primarily the 
kinematics of the interaction and we pay no attention to the dynamics. In 
other words, we examined whether the conservation laws can be satisfied 
without details regarding the field configuration. As will be shown later, the 
efficiency of energy conversion is strongly dependent on the ability to preserve 
one of the major component of the elecrtric field parallel to the trajectory of 
the charged particle. 




Fig. 1.3. The interaction of an elec- 
tron with an electromagnetic pulse 
is possible since both the energy 
and momentum constraints are less 
stringent 



1.1.4 Cerenkov Interaction 

It was previously indicated that since the dispersion relation of the photon is 
parallel to the asymptote of the electron’s dispersion relation, the interaction 
is not possible in an infinite domain. However, it is possible to change the 
slope of the photon, namely to change its phase velocity - see Fig. 1.4. The 
easiest way to do so is by “loading” the medium where the wave propagates 
with a material whose dielectric coefficient is larger than one. Denoting the 
refraction coefficient by n, the dispersion relation of the photon is given by 
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Eph = ~Pph 1 (1.1.15) 

while the dispersion relation of the electron remains unchanged. Substituting 
in the expressions for the energy and the momentum conservation laws we 
find that the condition for the interaction to occur is 

-=v, (1.1.16) 

n 

where it was assumed that the electron’s recoil is relatively small i.e., 
hwjm(? 1. The result in (1.1.16) indicates that for the interaction to 
occur, the phase velocity of a plane wave in the medium has to equal the ve- 
locity of the particle. This is the so-called Cerenkov condition in the ID case. 
Although dielectric loading is conceptually simple, it is not always practical 
because of electric charges which accumulate on the surface and of a relatively 
low breakdown threshold which is critical in high-power devices. For these 
reasons the phase velocity is typically slowed down using metallic structures 
with periodic boundaries. The operation of traveling wave tubes (or backward 
wave oscillators) relies on this concept and it will be discussed extensively in 
Chaps. 4, 5 and 6. 




Fig. 1.4. The interaction of an electron 
with an electromagnetic wave whose 
phase velocity is smaller than c is pos- 
sible 



1.1.5 Compton Scattering: Static Fields 

It is not only a structure with periodic boundaries which facilitates the 
interaction between electrons and electromagnetic waves but also periodic 
fields. For example, if a magneto-static field of periodicity L is applied on 
the electron in the interaction region, then this field serves as a momen- 
tum “reservoir” which can supply momentum quanta of nft(27r/I/) where 
n = 0, ±1,±2, ... ; see Fig. 1.5. The energy conservation law remains un- 
changed i.e.. 



Ei = Ef-i- Eph , 



(1.1.17) 
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but the momentum is balanced by the applied static field 
27T 

P\ + (1.1.18) 

For a relativistic particle (/3 1 ) and when the electron’s recoil is assumed to 

be small, these two expressions determine the so-called resonance condition 
which reads 

u ~ 27 ^ ’ (1.1.19) 

where 7 = [1 — (i;/c)^]“^/^. Note that the frequency of the emitted photon 
depends on the velocity of the electron which means that by varying the 
velocity we can change the operating frequency. A radiation source which 
possesses this feature is a tunable source. Identical result is achieved if we as- 
sume a periodic electrostatic field and both field configurations are employed 
in free electron lasers discussed in Chap. 7. 




Fig. 1.5. The interaction of an electron 
with an electromagnetic wave in a peri- 
odic system whose periodicity is L 



1.1.6 Compton Scattering: Dynamic Fields 

Static electric or magnetic field can be conceived as limiting cases of a dy- 
namic field of zero or vanishingly small frequency and we indicated above 
that they facilitate the interaction between an electron and a wave. Conse- 
quently we may expect that the interaction of an electron with a wave will 
occur in the presence of another wave. Indeed, if we have an initial wave of 
frequency uoi and the emitted wave is at a frequency uj 2 the conservation laws 
read 

E\ “h fyjj\ = -f- fux)2 •) (1.1.20) 

and 

UJi CU2 

Pi = Pf + ^ ^ • 

c c 



( 1 . 1 . 21 ) 
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Following the same procedure as above we find that the ratio between the 
frequencies of the two waves is 

— ~ 47 ^ ( 1 . 1 . 22 ) 

UJl 

which is by a factor of 2 larger than in the static case. Figure 1.6 illustrates 
this process. 




Fig. 1.6. The interaction of an elec- 
tron with an electromagnetic wave in 
the presence of another electromag- 
netic wave 



1.1.7 Uniform Magnetic Field 

A periodic magnetic field can provide quanta of momentum necessary to sat- 
isfy the conservation law. It does not affect the average energy of the particle. 
An opposite situation occurs when the electron moves in a uniform magnetic 
field (B): there is no change in the momentum of the particle whereas its 
energy is given by 

E = c\/p^ -f (mc)2 — 2nheB , (1.1.23) 

where e = 1.6022 x 10“^^ C is the charge of the electron and n = 0, ±1, ±2.... 

For most practical purposes the energy associated with the magnetic field 
is much smaller than the energy of the electron therefore we can approximate 

(1.1.24) 

and the momentum conservation remains unchanged i.e., 



ccr B Ecr B 

Ei - rnh-— = E,~ n 2 h-— + E ^,, , 

ii/i ii/f 



Pi =Pf +Pph. (1.1.25) 

From these two equations we find that the frequency of the emitted photon 
is 
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u — 27 — = 27 ^ ( • (1.1.26) 

m \m'y ) 

The last term is known as the relativistic cyclotron angular frequency, 
^c,rei = eBIm'y. Figure 1.7 illustrates schematically this type of interaction. 
It indicates that the dispersion line of the electron is split by the magnetic 
field in many lines (index n) and the interaction is possible since the elec- 
tron can move from one line to another. Gyrotron’s operation relies on this 
mechanism and it will be discussed briefly in the next section. 




1.1.8 Synchronism Condition 



Fig. 1.7. The interaction of an elec- 
tron with an electromagnetic wave in 
the presence of a uniform magnetic field 



All the processes in which the interaction of an electron with a monochromatic 
wave extends to large regions, have one thing in common: the velocity of the 
electron has to equal the effective phase velocity of the pondermotive wave 
along the electron’s main trajectory, namely 



V — 'i^ph,efF • (1.1.27) 

Here by pondermotive wave we mean the effective wave along the longitu- 
dinal trajectory of the particle which accounts for transverse or longitudinal 
oscillation. In the Cerenkov case we indicated that the phase velocity is c/n 
and there is no transverse motion therefore the condition for interaction im- 
plies n = cfv where n is the refraction coefficient of the medium. In the 
presence of a periodic static field the wavenumber of the pondermotive wave 
is cj/c -h 27t/L therefore 

" w/c+27T/i ’ 

and for a dynamic field 



(1.1.28) 
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t^phjeff 



UJ2 ~~ ^1 
k2 + ki 



(1.1.29) 



where ki ^2 = ^ 1 , 2 /c are the wavenumbers of the two waves involved [see 
Chap. 7]. Finally, in a uniform magnetic field only the effective frequency 
varies 



t^ph,eff 



^ ^c,rel 

k 



(1.1.30) 



The reader can check now that within the framework of this formulation we 
obtain (1.1.19) from (1.1.28), in the case of the dynamic field we have from 
(1.1.29) the 47 ^ term as in (1.1.22) and finally (1.1.30) leads to the gyrotron’s 
operation frequency presented in (1.1.26). 



1.2 Radiation Sources: Brief Overview 

There are numerous types of radiation sources driven by electron beams. 
Our purpose in this section is to continue the general discussion from the 
previous section and briefiy describe the operation principles of one “member” 
of each class of what we consider the main classes of radiation sources. A few 
comments on experimental work will be made and for further details the 
reader is referred to recent review studies. The discussion continues with 
the classification of the major radiation sources according to several criteria 
which we found to be instructive. 



1.2.1 The Klystron 

The klystron was one of the first radiation sources to be developed. It is a 
device in which the interaction between the particle and the wave is localized 
to the close vicinity of a gap of a cavity, as illustrated in Fig. 1.8. Electrons 
move along a drift tube and its geometry is chosen in such a way that at the 
frequency of interest it does not allow the electromagnetic wave to propagate. 
The latter is confined to cavities attached to the drift tube. The wave which 
feeds the first cavity modulates the velocity of the otherwise uniform beam. 
This means that after the cavity, half of the electrons have a velocity larger 
than the average beam velocity whereas the second half has a smaller velocity. 
According to the change in the (non-relativistic) velocity of the electrons the 
beam becomes bunched down the stream since accelerated electrons from one 
period of the electromagnetic wave catch up with the slow electrons from the 
previous period. When this bunch enters the gap of another cavity it may 
generate radiation very efficiently. In practice, several intermediary cavities 
are necessary to achieve good modulation. 

A modern klystron, of the type which is now under intensive research oper- 
ates at 11.4 GHz. It is driven by 440 kV, 500 A beam [Caryotakis (1994)] and 
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coDector 



Fig. 1.8. The basic configuration of a klystron: the first cavity bunches the beam, 
the second amplifies the modulation and the third extracts power from the beam 
and converts it into radiation power 



the goal is to generate power levels of the order of 100 MW in a 1.5 psec pulse 
for the Next Linear Collider (NLC) developed at Stanford Linear Accelerator 
Center (SLAC). The operation of a klystron driven by a relativistic electron 
beam is different from that described above for a non-relativist ic beam. If 
we were to use the same implementation in the case of a relativistic beam, 
then the distance the beam has to propagate in order to become bunched is 
prohibitively long since the change in velocity is relatively small. What comes 
to our aid in the relativistic case is the fact that the current is much higher 
than in the non-relativistic case and when bunching the beam, we generate 
the, so-called, space-charge waves (discussed in detail in Chaps. 3, 4, 6 and 
7) . Fortunately, the velocity modulation from the input cavity translates in a 
density modulation in a quarter period of the plasma wave number (defined 
in Chap. 3) which is proportional to the square root of the current. There- 
fore, if the current is sufficiently high, then the distance between two cavities 
again becomes reasonable. 

For efficient modulation of the beam, the quality factor of the cavities has 
to be high and therefore in general the klystron is not a tunable device. In high 
power devices the choice of geometry is a trade-off between a small cavity gap 
required for good modulation and a large gap required to sustain the large 
electric field in the gap associated with high power levels. Finally, at relatively 
low frequencies (~1 GHz) where the geometry is sufficiently large such that a 
large amount of current can be injected before reaching the limiting current 
(to be discussed in Chap. 3), it was shown by Friedman (1985) experimentally 
and by Lau (1990) theoretically, that annular beams have some advantages 
in generating multi-gigawatt pulses - see also Serlin (1994). In this case the 
current carried by the beam is very high (>5 kA). 





1.2 Radiation Sources: Brief Overview 



13 



1.2.2 The Traveling Wave Tube 

The traveling wave tube (TWT) is a Cerenkov device, namely the phase 
velocity of the interacting wave is smaller than c and the interaction is dis- 
tributed along many wavelengths. Generally speaking, as the beam and the 
wave advance, the beam gets modulated by the electric field of the wave and 
in turn, the modulated beam increases the amplitude of the electric field. In 
this process both the beam modulation and the radiation field grow exponen- 
tially in space. The coupling between the wave and the beam is determined 
by the interaction impedance which is a measure of the electric field acting 
on the electrons (E) for a given total electromagnetic power (P) flowing in 
the system: 

where k is the wave-number. This definition introduced first by Pierce (1950) 
is the basis of his theory of the TWT which is in very good agreement with 
experiments in uniform low power devices. The concept of using space-charge 
waves in order to generate high power microwave radiation with traveling 
wave structures was first introduced by Nation (1970). 



cathode 




(a) 




cathode 








output 



Fig. 1.9a,b. The basic configuration of a traveling wave amplifier: (a) helix and 
(b) coupled cavity structure 



The TWT can be designed to be a very broad band device and it can oc- 
cur in various configurations: helix, disk-loaded waveguide (coupled cavities), 
dielectric loaded waveguide, gratings, dielectrically coated metal and others. 
Several of these configurations are illustrated in Fig. 1.9a-e. Whenever the 
electromagnetic wave can propagate parallel to the beam, it means that a 
wave can also propagate in the opposite direction. Therefore the input is not 
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isolated from the output, and in amplifiers, this problem can be detrimental. 
At the same time this is the basis for the design of an oscillator. 



cathode 




caihode 




cathode 




(e) 
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Fig. 1.9c— e. The basic configuration of a traveling wave amplifier: (c) based on a 
dielectric loaded waveguide (d) based on an open dielectric structure and (e) based 
on an open periodic structure 



In the interaction process the electron oscillates primarily along the major 
axis (z direction ) and the interaction is with the parallel component of the 
electric field. Correspondingly, the interaction occurs here with the transverse 
magnetic (TM) mode. This device will be extensively treated in this text 
since it has the potential for generating radiation at a very high efficiency as 
discussed in Chap. 6. For this purpose the definition in (1.2.1) will be changed 
slightly in Chap. 2 to account for spatial variation which may occur in the 
interaction region. 

1.2.3 The Gyrotron 

The gyrotron relies on the interaction between an annular beam, gyrating 
around the axis of symmetry due to an applied uniform magnetic field, and a 
transverse electric (TE) mode. The concept of generating coherent radiation 
from electrons gyrating in a magnetic field was proposed independently by 
three different researchers in the late fifties, Twiss (1958), Schneider (1959) 
and Gaponov (1959), and it has attracted substantial attention due to its 
potential to generate millimeter and submillimeter radiation. 
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Fig. 1.10. The basic configuration of a gyrotron. The magnetic insulated gun 
(MIG) generates electrons which spin azimuthally therefore they are suitable for 
interaction with a transverse electric (TE) mode 



In this device electrons move in the azimuthal direction and they get 
bunched by the corresponding azimuthal electric field. As in the case of the 
TWT the bunches act back on the field and amplify it. In contrast to traveling 
wave tubes or klystrons in which the beam typically interacts with the lowest 
mode, in the gyrotron the interaction is with high modes therefore various 
suppression techniques are employed in order to obtain coherent operation 
with a single mode. 

The operation frequency is determined by the applied magnetic field, the 
energy of the electrons and, in cases of high mode operation, also by the 
radius of the waveguide: 

w = + . (1-2.2) 

where j3 = v f uJc = j m and uJqo is the cutoff frequency of the mode. The 
operating frequency in this case can reach very high values: for a magnetic 
field of IT and 7 2.5 the operation frequency is of the order of 150 GHz or 

higher according to the mode with which the electrons interact. 

Since the interaction of the electrons is with an azimuthal electric field, it 
is necessary to provide the electrons with maximum momentum in this direc- 
tion. The parameter which is used as a measure of the injected momentum 
is the ratio of the transverse to longitudinal momentum a = v\_!vz- This 
transverse motion is acquired by the electrons in the gun region as can be 
deduced from the schematics illustrated in Fig. 1.10. In relativistic devices 
this ratio is typically smaller than unity whereas in non-relativistic devices 
it can be somewhat larger than one. 

Beam location is also very important. In the TWT case the interaction is 
with the lowest symmetric TM mode. Specifically the electrons usually form 
a pencil beam and they interact with the longitudinal electric field which 
has a maximum on axis. We indicated that gyrotrons operate with high TE 
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modes and the higher the mode, the higher the number of nulls the azimuthal 
electric field has along the radial direction. Between each two nulls there is a 
peak value of this field. It is crucial to have the annular beam on one of these 
peaks for an eSicient interaction to take place. 

Reviews of gyrotrons have been given by Flyagin, Gaponov, Petelin 
and Yulpatov (1977) and Hirshfield and Granatstein (1977). An instructive 
overview of gyrotron theory was published by Baird (1987) and the exper- 
imental results were reviewed by Granatstein (1987). More recent work on 
gyrotrons can be found in the Special Issue of IEEE Trans, of Plasma Science 
Vol. 22. 

1.2.4 The Free Electron Laser 

The free electron laser (FEL) will be discussed in detail in Chap. 7. As the 
gyrotron, it is a fast- wave device in the sense that the interacting electromag- 
netic wave has a phase velocity larger or equal to c but instead of a uniform 
magnetic field it has a periodic magnetic field. The “conventional” free elec- 
tron laser has a magnetic field perpendicular to the main component of the 
beam velocity. As a result, the electrons undergo a helical motion which is 
suitable for interaction with either a TE or a TEM mode. The oscillation of 
electrons is in the transverse direction but the bunching is longitudinal and 
in this last regard the process is similar to the one in the traveling wave tube. 
However, its major advantage is the fact that it does not require a metallic 
(or other type of) structure for the interaction to take place. Consequently, it 
has the potential to either generate very high power at which the contact of 
radiation with metallic walls would create very serious problems, or produce 
radiation at UV, XUV or X-ray where there are no other coherent radiation 
sources. Figure 1.11 illustrates the basic configuration. 
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Fig. 1.11. The schematic of a free electron laser 
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1.2.5 The Magnetron 

The magnetron was invented at the beginning of the century but because of 
its complexity there is no analytical model, as yet, which can describe its op- 
eration adequately as a whole. In recent years great progress has been made 
in the understanding of the various processes with the aid of particle in cell 
(PIC) codes. Its operation combines potential and kinetic energy conversion. 
Figure 1.12 illustrates the basic configuration. Electrons are generated on 
the cathode (inner surface) and since a perpendicular magnetic field is ap- 
plied they form a flow which rotates azimuthally. The magnetic field and the 
voltage applied on the anode are chosen in such a way that, in equilibrium, 
the average velocity of the electrons equals the phase velocity of the wave 
supported by the periodic structure at the frequency of interest. 




Fig. 1.12. The schematic of a mag- 
netron 



A simplistic picture of the interaction can be conceived in the following 
way: electrons which lose energy to the wave via the Cerenkov type interac- 
tion, move in upward trajectories - closer to the anode. Consequently, two 
processes occur. Firstly, the closer the electron is to the periodic surface the 
stronger the radiation field and therefore the deceleration is larger, causing 
a further motion upwards. Secondly, as it moves upwards its (dc) potential 
energy varies. Again, this is converted into electromagnetic energy. 

Two major differences between the magnetron and other radiation sources 
mentioned above, are evident: (i) in the magnetron the beam generation, 
acceleration and collection occur all in the same region where the interaction 
takes place, (ii) The potential energy associated with the presence of the 
charge in the gap plays an important role in the interaction; the other device 
where this is important is the vircator which will be briefly discussed next. 
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1.2.6 The Vircator 

The vircator takes advantage of the fact that the amount of current gen- 
erated by a given voltage which can be injected into a grounded metallic 
waveguide, is limited. This limiting current is developed in Sect. 3.4.3. Any 
current injected above this limit is reflected, but on average there is a finite 
amount of charge in the waveguide. See Fig. 1.13. This charge forms what 
is called a virtual cathode (i.e. negative potential) which can be conceived 
as the reason for the reflection of the electrons. These oscillate between the 
real and the virtual cathode at a frequency which is directly related to the 
electrons’ density (plasma frequency). A review of the vircator’s theory has 
been given by Sullivan, Walsh and Coutsias (1987). More recently Alyokhin 
(1994) presented a review of the studies of this device. 



V<0 





Fig. 1.13. The schematic 
of a vircator 



1.2.7 The Magnicon 

The magnicon or its earlier version the gyrocon, utilizes pencil beams which 
are deflected in a cavity by the electromagnetic field. They take advantage 
of the fact that typically the transverse dimension of the beam is small on 
the scale of the wavelength therefore they form very good bunches provided 
that a proper extraction is designed. Figure 1.14 illustrates, schematically, an 
axial gyrocon. A first cavity deflects the beam causing a conical motion. A dc 
deflecting system forces the beam to enter perpendicularly into a waveguide 
which forms a closed loop. The wave supported by this loop interacts with 
the beam. Each single electron has two velocity components: one is longitu- 
dinal and the other is azimuthal. These correspond to the components of a 
transverse magnetic mode supported by the waveguide. 

The magnicon is an even simpler version of this device in the sense that the 
rf deflection is the same but the static deflection system is a uniform magnetic 
field. The rf converter is a simple TMno cavity - see Fig. 1.15. Conversion of 
energy is primarily from the transverse motion since the longitudinal force (at 
least sufficiently close to the axis) is zero as can be checked for the TM mode 
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Fig. 1.14. The schematic 
of a gyrocon 



and assuming the wave frequency coincides with the cyclotron frequency. 
Detailed analysis and experimental results of both devices were presented by 
Nezhevenko (1994). 




Fig. 1.15. The schematic of a 
magnicon 
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1.2.8 Classification Criteria 

The variety of operation principles and consequently of devices does not allow 
to define a single criterion for their classification. We shall start our discussion 
from the trivial observation that any radiation source consists of at least two 
components, namely the beam and the wave. Prom this starting point, we 
shall consider various subdivisions. With regard to the wave: the first question 
we should ask is whether it is guided or confined by metallic walls as is the 
case in most sources, or if it can propagate in free space as is the case in a 
few of the free electron laser schemes. If it is guided, then the next question 
is whether its phase velocity is smaller or greater than c. The first category 
is that of slow-wave devices and its main members are the traveling wave 
tube and the backward wave oscillator (BWO). The second category, that of 
fast- wave devices, consists of the gyrotron, cyclotron auto-resonance maser 
(CARM) and the free electron laser. Among the slow- wave structures there is 
room for an additional subdivision since there are closed and open slow- wave 
structures. Although the great majority of today’s systems rely on closed 
structures, the continuous demand for high frequency sources will probably 
in future increase the number of devices which have open structures as their 
main component; primarily because of the limited number of modes which 
may develop. 

Still in the context of the electromagnetic wave, the various sources can 
be classified according to the interacting mode. In TWTs the interaction is 
always with the TM mode whereas in gyrotrons the interaction is always with 
the TE mode. FELs, on the other hand, may interact with either TE or TEM 
mode. Combinations of TE and TM modes (hybrid) are, in general destruc- 
tive - as happens in acceleration sections where the hybrid mode (HEn) 
causes beam breakup. However, this effect can be utilized for constructive 
purposes in particular when a highly relativistic beam has to be dumped to 
the wall. Beam break-up and hybrid modes are discussed in Chap. 8. 

Even in two devices in which the interaction is with the same mode, say 
TM mode such as in the case of TWT and klystron, we realize that there is 
room for additional sub-division regarding the character of the interaction. In 
the TWT (as in EEL, gyrotron and magnetron) the interaction is distributed 
and it occurs over many wavelengths. On the other hand, in a klystron the 
interaction is localized and it is limited to the close vicinity of the cavity’s 
gap - which is typically a fraction of the wavelength. 

The electromagnetic structure determines whether there are reflections in 
the system and, as we shall see in Chaps. 4 and 6, these determine if the sys- 
tem operates as an amplifier or an oscillator. In the case of metallic periodic 
structures the feedback can be designed to be part of the electromagnetic 
characteristics of the structure as happens in the case of the backward wave 
oscillator (BWO). Furthermore, the transverse dimension of the structure 
determines the number of electromagnetic modes in the structure. In most 
cases the geometry is chosen such that a single mode is supported at a given 
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frequency but there are cases where frequency or power impose large geom- 
etry therefore the system becomes a multi-mode device. This is the case for 
gyrotrons and also a few Cerenkov devices, e.g., Bugaev (1990). 

If we examine the sources from the point of view of the electron beam 
there are also many possible classifications. High-power devices utilize typ- 
ically relativistic beams and devices like the free electron laser or vircator 
have meaningful operations primarily in this regime. Others like the TWT, 
gyrotron and klystron can operate either with relativistic or non-relativistic 
electrons. Relativistic beams in many cases are associated not only with high 
voltages (>200 kV) but also high currents (>250 A) which implies high power 
levels (>50 MW). These can be sustained for relatively short periods of time; 
typically of the order of IjLisec or shorter. In many of the cases of interest 
several such pulses are fired per second and this is referred to as the repe- 
tition rate. For example, the design for the next linear collider (NLC) con- 
siders klystrons which are driven by electron pulses which are 1.5//sec long 
with a repetition rate of 180Hz. At the other extreme, there are continuous 
wave (CW) sources such as magnetrons, gyrotrons and TWTs which oper- 
ate at high average power (>1 kW). Repetitive pulse sources, such as the 
one driven by the 50 MW beam mentioned above, may provide a maximum 
average power (assuming 50% rf efficiency conversion) of 2.5 W if the pulse 
duration is 100 nsec and the repetition rate is IHz. At 1/isec and 10 Hz the 
average power goes up to 250 W. 

Without exception the beam has to be guided, otherwise the electrons 
blow apart and they are of no use for energy exchange. In most cases the beam 
is guided by a uniform magnetic field and in a small fraction by a permanent 
periodic magnetic field. In the gyrotron or the free electron laser this field 
plays a crucial role in the interaction process itself. Furthermore, in cross- 
field devices the uniform magnetic field is accompanied by a perpendicular 
electric field which also contributes to the interaction. 

Beam quality, which is associated with fluctuations in the energy around 
the average value, is another classification criterion. This topic is addressed in 
Sect. 3.4.5 and it is of particular interest in accelerators and in free electron 
lasers. In the former because the electrons have to travel very long distances 
and ultimately have to be focused with great precision, therefore both the 
transverse and longitudinal momentum are important. In free electron lasers 
this parameter is important as we go up in frequency and in fact beam quality 
is one of the major limitations of today’s free electron lasers - at least with 
regard to optical or shorter wavelengths. Energy conversion efficiency brings 
us to another possible way of classification, based on whether the initial 
beam is uniform or pre-bunched. In the latter case, the efficiency of energy 
extraction can be very high. There are basically two ways to pre-bunch a 
beam: either in a two (or more) stage system as in a klystron or to form 
the bunches at the same place where the electrons are generated, namely to 
produce bunches in which all electrons have the same velocity. In this regard 
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the way the electrons are generated is critical and may have a dramatic 
impact on the performance of the device. 

Finally, the amount of current injected into the system can also be used for 
classification of sources. SLAG klystrons, for example, operate well below the 
limiting current whereas the relativistic klystron amplifier (RKA) developed 
at NRL by Friedman (1985) operates close to the limiting current. At the 
extreme, the vircator operates well above the limiting current. 



1.3 Choice and Organization of the Material 

With such a variety of interaction schemes and sources we owe the reader an 
explanation of how the material was selected, and why we chose to present 
one topic, whereas another, which might be as important, was left out. The 
principle which directed us was to have a coherent and thorough presenta- 
tion of the beam- wave interaction in a few modern devices with most, if not 
all, the mathematical details associated with the models which explain their 
operation. 

From the very beginning it was clear that one could not meet the require- 
ment of detailed presentation and encompass the whole variety of sources 
and interaction schemes, discussed above, in one reasonably-sized volume. 
In addition, in the last years we were actively involved in the development 
of high-power, high-efficiency traveling wave amplifiers. These two facts have 
biased the choice of presentation towards the interaction in periodic and quasi- 
periodic structures. This includes traveling wave tube, free electron laser and 
linear accelerators, but excludes the gyrotron, CARM, vircator and magni- 
con. We had a dilemma with the magnetron since in principle it belongs to 
the periodic structure category but, to the best of our knowledge, the main 
developments in recent years were the result of particle-in-cell (PIC) simula- 
tions which are beyond our scope in this book since we concentrate primarily 
on analytical methods. 

The book can be divided into three parts. The first includes Chaps. 2 
and 3 which present some of the elementary concepts in the electromagnetic 
theory and electrons’ dynamics which are relevant to beam- wave interaction. 
The second part includes Chaps. 4, 5 and 6. It addresses the interaction in 
periodic (and quasi-periodic) metallic structures. The third part (Chaps. 7 
and 8) presents two additional devices in which similar phenomena occur but 
in different configurations or regimes of operation, namely the free electron 
laser and the linear accelerator. Let us now review the motivation and the 
content of the various chapters. 

Chapter 2. After we discuss Maxwell equations in general we present three 
simple homogeneous solutions corresponding to the TEM, TM and TE modes 
(Sect. 2.3). When the current density is present it is useful to use Green’s 
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function method for solution of the electromagnetic field. This method is 
discussed in Sect. 2.4 and is accompanied by two examples which illustrate the 
Cerenkov radiation in free space and in a waveguide. In Sect. 2.5 several finite 
length effects are considered; in particular, reflection effects and transients in 
a cavity. 

Chapter 3. All topics considered throughout the text rely on classical me- 
chanics (Sect. 3.1) and without exception they are consistent with the spe- 
cial theory of relativity (Sect. 3.2), therefore the fundamentals of these two 
theories are summarized. Beyond reviewing the fundamental concepts of rel- 
ativistic classical dynamics, we consider, in Sect. 3.3, some of the methods of 
electron generation and discuss the Child-Langmuir law which draws a limit 
on the maximum current achievable when applying a voltage on a cathode 
from which electrons are emitted. After electrons are generated, they are typ- 
ically guided by magnetic fields and waveguides to the interaction region. In 
Sect. 3.4 we present some basics of beam propagation in free space with uni- 
form or periodic magnetic field and in a uniform and disk-loaded waveguide. 
The section concludes with the basic measures of beam quality: emittance 
and brightness. The last section is dedicated to space-charge waves. After in- 
troducing the basic concepts of fast and slow space-charge waves, we consider 
two instabilities which can develop when these waves are present. One is the 
resistive wall instability and the other is the two-beam instability. The sec- 
tion and chapter conclude with a discussion on the interference of two space 
charge waves and their interaction with a cavity as it happens in relativistic 
klystrons. 

In order to understand the motivation behind the second part of this book 
(Chaps. 4, 5 and 6), we shall next review the progress in the research on the 
interaction in traveling wave structures. The first experiments on high power 
TWT, performed by J. A. Nation at Cornell University [ShifHer (1989)], indi- 
cated that 100 MW of power at 8.76 GHz can be achieved before the system 
oscillates. Although no rf breakdown was observed, the fact that the input is 
no longer isolated from the output, allows waves to be reflected backwards 
and this feedback causes the system to oscillate. In order to isolate the input 
from the output the TWT was split in two sections separated by a sever 
(waveguide made of lossy material which operates below cutoff). The second 
set of experiments on a two-stage high power TWT indicated that power 
levels in excess of 400 MW are achievable with no indication of rf breakdown 
[ShifHer (1991)]. In this case, however, the spectrum of output frequencies was 
300 MHz wide and a significant amount of power (up to 50%) was measured 
in asymmetric sidebands. The latter observation was investigated theoreti- 
cally [Schachter (1991)] and it was concluded that it is a result of amplified 
noise at frequencies selected by the interference of the two waves bouncing 
between the ends of the last stage. In fact we have shown [Schachter and Na- 
tion (1992)] that what we call amplifier and oscillator are the two extremes 
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of possible operation regimes and any practical device operates somewhere in 
between, according to the degree of control we have on the reflection process. 

In order to eliminate the reflections effect it was suggested to design a 
low group velocity structure such that the time it would take the first reflec- 
tion to reach the input section of the structure is longer than the electrons’ 
pulse duration. As a result, the reflected wave has no electrons to interact 
with. This method is called the transit-time isolation method and it was 
successfully demonstrated [Kuang (1993)] experimentally when power lev- 
els of 200 MW were achieved at 9 GHz. The spectrum of the output signal 
was less than 50 MHz wide and the passband of the periodic structure was 
less than 200 MHz - for this reason we called it the narrow band structure. 
The 200 MW power levels generated with this structure were accompanied by 
gradients larger than 200 MV / m and no rf breakdown was observed experi- 
mentally. However, for any further increase in the power levels it is necessary 
to increase the volume of the last two or three cells in order to minimize the 
electric field on the metallic surface. The system then becomes quasi-periodic. 
In order to envision the process in a clearer way, let us assume that 80% effi- 
ciency is required from our source. If the initial beam is not highly relativis- 
tic, which is the case in most systems, such an efficiency implies a dramatic 
change in the geometry of the structure over a short distance. Specifically, 
for a 500 keV beam, the initial velocity is u ~ 0.86 c, thus an 80% efficiency 
would require a phase velocity of 0.55 c at the output. This corresponds to a 
36% change in the phase velocity and a similar change would be required in 
the geometry which is not at all an adiabatic change when it occurs in one 
period of the wave. 

Based on our experience the main problems of a quasi-periodic traveling 
wave extraction structure are: (i) minimize the reflections primarily at the 
output end of the structure in order to maintain a clean spectrum and to 
avoid oscillations and (ii) taper the output section to avoid breakdown and 
(Hi) compensate for the decrease in the velocity of the electrons. All these 
topics are discussed in detail in Chap. 4. In order to optimize these conflicting 
requirements we have developed an analytical technique which permits us to 
design a quasi-periodic structure. This technique is presented in Chap. 6. 

Chapter 4. In this chapter we investigate the fundamentals of beam-wave 
interaction in a distributed slow- wave structure. A dielectric loaded waveg- 
uide was chosen as the basic model in the flrst sections because it enables us 
to illustrate the essence of the interaction without the complications associ- 
ated with complex boundary conditions. In the flrst section we present part 
of Pierce’s theory for the traveling wave amplifier applied to dielectric loaded 
structure and extended to the relativistic regime. The interaction for a semi- 
inflnitely long system is formulated in terms of the interaction impedance 
introduced in Chap. 2. Finite length effects are considered in the second sec- 
tion where we flrst examine the operation of an oscillator. The macro-particle 
approach is described in Sect. 4.3 where the beam dynamics, instead of being 
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considered in the framework of the hydrodynamic approximation i.e. as a sin- 
gle fluid flow, is represented by a large number of clusters of electrons. This 
formalism enables us to examine the interaction in phase-space either in the 
linear regime of operation or close to saturation. It also permits investigation 
of tapered structures and analysis of the interaction of pre-bunched beams 
in tapered structures. In Sect. 4.4 we extend the concept of the interaction 
impedance to a complex quantity and formulate the equations adequately. 
This impedance is allowed to vary in space and no prior assumption of the 
form of the electromagnetic field is made, but it is assumed that the effect 
of the interaction is local. The chapter concludes with a further extension 
of the macro-particle approach formalism to include the effect of reflections. 
This framework combines the formulations of an amplifier and an oscillator 
and permits us to quantify and illustrate the operation of a realistic device 
which is neither an ideal amplifier nor an ideal oscillator. 

Chapter 5. This chapter presents various characteristics of periodic struc- 
tures with emphasis on those aspects relevant to interaction with electrons. In 
the first section we present the basic theorem of periodic structures, namely 
the Floquet theorem. Following this theorem we bring an investigation of 
closed periodic structures in Sect. 5.2 and open structures in the third. Smith- 
Purcell effect is considered as a particular case of a Green’s function calcula- 
tion for an open structure and a simple scattering problem is also considered. 
The chapter concludes with an example of a simple transient solution in a 
periodic structure which is of importance in accelerators where wake-fields 
left behind one bunch may affect trailing bunches. 

Chapter 6. This chapter deals with metallic quasi-periodic structures which 
are required in order to maintain an interacting bunch in resonance with the 
wave when high efficiency is required. Non-adiabatic change of geometry dic- 
tates a wide spatial spectrum, in which case the formulation of the interaction 
in terms of a single wave with a varying amplitude and phase is inadequate. 
In fact, the electromagnetic field cannot be expressed in a simple (analytic) 
form if substantial geometric variations occur from one cell to another. To 
be more specific: in uniform or weakly tapered structures the beam- wave 
interaction is analyzed assuming that the general functional form of the elec- 
tromagnetic wave is known i.e., A{z) cos[ct;t — kz — (l){z)] and the beam affects 
the amplitude A{z) and the phase, Furthermore, it is assumed that the 
variation due to the interaction is small on the scale of one wavelength of 
the radiation. Both assumptions are not acceptable in the case of a structure 
designed for high efficiency interaction. In order to overcome this difficulty 
and others, we present, in Chap. 6, an analytic technique which has been 
developed in order to design and analyze quasi-periodic metallic structures 
of the type discussed in Chap. 5. The method relies on a model which con- 
sists of a cylindrical waveguide to which a number of pill-box cavities and 
radial arms are attached. In principle the number of cavities and arms is 
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arbitrary. In Sect. 6.1 we examine the homogeneous electromagnetic char- 
acteristic of quasi-periodic structures. The technique is further developed to 
include Green’s function formulation in Sect. 6.2 followed by the investigation 
of space-charge waves (Sect. 6.3) within the framework of the (linear) hydro- 
dynamic approximation for the beam dynamics. In Sect. 6.4 the method is 
further generalized to include effects of large deviations from the initial av- 
erage velocity of the electrons by formulating the beam-wave interaction in 
the framework of the macro-particle dynamics. 

In the third part of this book we consider the beam-wave interaction 
in periodic and quasi-periodic structures different from that in the second 
part, namely free electron lasers and particle accelerators. These two topics 
have been extensively discussed in literature and they are the subject of many 
articles, books and conferences. Therefore our approach in this part combines 
our approach of detailed analysis used in the previous chapters with a general 
discussion of alternative concepts and configurations. 

Chapter 7. This chapter deals with the principles of free electron laser. In 
the first section we consider the spontaneous emission as an electron traverses 
an ideal wiggler. It is followed by the investigation of coherent interaction in 
the low-gain Compton regime and Sect. 7.3 deals with the high-gain Compton 
regime which includes cold and warm beam operations. The macro-particle 
approach is introduced in Sect. 7.4 and we conclude the chapter with a brief 
overview of the various alternative schemes of free electron lasers. 

Chapter 8. One of the important systems where beam- wave interaction in 
periodic structures plays a crucial role is the particle accelerator which is dis- 
cussed in this chapter. It has basically two parts. In the first part (Sect. 8.1) 
we discuss in detail the basics of the linear accelerator (linac) concepts with 
particular emphasis on the beam-wave interaction. The discussion is limited 
to a linear accelerator of the type operational today at SLAG (Stanford Lin- 
ear Accelerator Center) whose basic concepts are applicable to what is today 
conceived as the Next Linear Collider. The second part (Sects. 8.2-6) is a col- 
lection of brief reviews of different alternative schemes of acceleration which 
are in their early stages of research. In these sections the discussion is in gen- 
eral limited to the basic concepts and the figure of merit which characterizes 
their application i.e. the achievable gradient. 
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All the effects discussed in this text rely on the presence of electric, magnetic 
or electro-magnetic fields in the system. It is therefore natural to discuss first 
the governing equations and some basic electromagnetic phenomena. In this 
regard, “elementary” in the title of this chapter refers to subjects related 
to beam-wave interaction and not necessarily to undergraduate-level topics 
though a few really elementary concepts are discussed in Sects. 2.1 and 2.2. 

In many of the devices of interest the waves are guided by waveguides, 
therefore a short discussion on TEM, TM and TE modes in various configu- 
rations is presented in Sect. 2.3. When source terms are present (current and 
charge density) it is particularly useful to use Green’s function method for 
solution of the electromagnetic field. This method is discussed in Sect. 2.4 
and is accompanied by two examples which illustrate the Cerenkov radiation 
in free space and in a waveguide. In Sect. 2.5 several finite length effects are 
considered, in particular, reflection effects and transients in a cavity. 



2.1 Maxwell’s Equations 

The basis for the analysis of all electro-magnetic phenomena are Maxwell’s 
equations which relate the electric (E) and magnetic (H) field, the electric 
(D) and magnetic (B) induction with the current (J) and charge (g) densities: 



V X E(r,i) + — B(r,t) = 0, (2.1.1) 

V X H(r, t) - ^D(r, t) = J(r, t) , (2.1.2) 

V-D(r,t) = ^(r,f), (2.1.3) 

V-B(r,t) = 0. (2.1.4) 



This set of equations determines the electromagnetic field at any point in 
space and in time provided that the source terms {g and J), are known. In 
addition, the boundary conditions have to be determined together with the 
constitutive relations of the medium, i.e., the relation between the inductions 
(B and D ) and the field (H and E). 
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2.1.1 Constitutive Relations 

Matter reacts to the presence of an electromagnetic field. The constitutive 
relations characterize this reaction in terms of the dynamics of charges at the 
microscopic level. In general these relations are non-linear and they couple 
together all the components of the electromagnetic field. In many cases the 
constitutive relations are linear and even then the relations are not necessarily 
simple since they can form a tensor. A particular case of constitutive relations 
is the linear and scalar case in which 





(2.1.5) 


= £o£rE(r,f), 


(2.1.6) 


and 




J(r,t) = (jE(r,t) ; 


(2.1.7) 


here = 8.85 x 10~^^ farad/m and /xq = 47t x 10“^ henry/m are the vacuum 
permittivity and permeability respectively. The relative dielectric coefficient 
Sr and its permeability counterpart /Xr characterize the material. Expression 
(2.1.7) is Ohm’s law, which relates the current density and the electric field 
in metals; a is the conductivity of the material and it is measured in units of 
In vacuum obviously Sr = 1, Mr = 1 and cr = 0, i.e.. 


V X E{r,t) + — /ioH(r,i) = 0, 


(2.1.8) 


V X H(r, t) - ^£oE(r, f) = J (r, t) , 


(2.1.9) 


V-£oE(r,t) = 


(2.1.10) 


V-^oH(r,t) = 0. 


(2.1.11) 


Assuming that we know the source terms {g and J) it is sufficient to use the 
first two equations (2. 1.8-9) in conjunction with the charge conservation. 


V- J(r,t) + = 0, 


(2.1.12) 



in order to solve the electromagnetic field. This statement can be examined by 
applying V- on both (2.1.8) and (2.1.9). Since any vector function V satisfies 
V • (V X V) = 0, one obtains (2.1.11) from (2.1.8) and (2.1.10) from (2.1.9). 

For an electron beam the constitutive relations cannot in general be ex- 
pressed as the simple relations in (2. 1.5-7). Instead, they are solutions of the 
electrons’ equations of motion as will be shown. In this chapter we shall con- 
sider only linear constitutive relations and we present solutions of Maxwell’s 
equations for known sources. These will be either a stationary dipole oscillat- 
ing at a known frequency or a charged particle moving at a constant velocity. 
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2.1.2 Boundary Conditions 

In cases of sharp discontinuities in the properties of the medium one finds it 
convenient to define the boundary conditions associated with such a jump. 
Consider two regions (subscripts 1 and 2) separated by a surface which is 
locally characterized by its normal n. The boundary condition associated 



with (2.1.1) is given by 

nx(Ei-E2) = 0. (2.1.13) 

Similarly, from the integral form of (2.1.2) we conclude that 

nx(Hi-H2)=Js, (2.1.14) 

from (2.1.3) 

n-(Di-D2) = ^s, (2.1.15) 

and finally, from the integral form of (2.1.4) we can deduce that 

n-(Bi-B2) = 0. (2.1.16) 



Here Jg is the surface current density and Qs is the surface charge density. 

Equation (2.1.13) indicates that the the tangential component of the elec- 
tric field, at any time, has to be continuous at the transition between two 
discontinuities. In a similar way, the tangential component of the magnetic 
field can be discontinuous only if there is a surface current (Jg) which can 
account for the field discontinuity [see (2.1.14)]. The other two expressions 
indicate that any discontinuity in the normal component of the electric in- 
duction is due to surface charge and the normal component of the magnetic 
induction is always continuous. As in the case of the Maxwell’s equations, it 
is sufficient to use the first two sets of boundary conditions since the latter 
two are then automatically satisfied. An outcome of the boundary conditions 
as formulated above is that at the surface of an ideal metal (cr — ^ oo) the 
tangential electric field vanishes. This can be readily understood based on 
the fact that the electric field is zero in the metal and the tangential electric 
field has to be continuous. 

2.1.3 Poynting’s Theorem 

The energy conservation associated with the electromagnetic field can be 
deduced from Maxwell’s equations by multiplying (scalarly) (2.1.1) by H, 
(2.1.2) by E and subtracting the latter from the former. In a linear medium, 
the result reads 

V-S + ^ ^£oerE-E+iMoMrH-H =-J-E, 



(2.1.17) 
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where 

S(r,t) = E(r,t) X H(r, t) (2.1.18) 

is the instantaneous Poynting vector which represents the energy flux (power 
per unit surface) in the vector direction. The second term, 

W{r,t) = ieo£rE(r,f) •E(r,t) + ^A*oMrH(r, t) • H(r, t) , (2.1.19) 

represents the instantaneous energy density stored in the electric and mag- 
netic field respectively. And the right-hand side term (in (2.1.17)) represents 
the coupling between the electromagnetic field and the sources in the system. 

Gauss’s theorem can be used to formulate Poynting’s theorem in its in- 
tegral form. We integrate over a volume V whose boundary is denoted by a; 
the result is 

/ dVV S= /da-S = [ dyj-E, (2.1.20) 

Jv Ja Jv 

where for a linear medium 

f ll 1 

• E + — /Xo/^rH • H , (2.1.21) 

Jv ^ 

is the total energy stored in the volume V. 




Fig. 2.1. Energy flow in a simple circuit. The power flows in the air and is guided 
by the wires 

One important point to emphasize at this stage is that the electromag- 
netic power is carried by the field and not by the metallic boundaries; the 
latter only guide the energy flow. This is important since we shall later dis- 
cuss propagation of electromagnetic waves and electron beams of hundreds of 
megawatts and all this power propagates in vacuum (assuming lossless walls). 
To illustrate the process let us consider an elementary electric circuit consist- 
ing of a battery, two parallel and lossless wires, and a resistor at the end - as 
illustrated in Fig. 2.1. Firstly, we examine the left term of (2.1.20): the volt- 
age Vb is determined by the battery whereas the current by the resistor (R) 
namely, I = V\)/R. Since the distance between the two wires is d, the typical 
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electric field between the two wires isV^/d; furthermore, the azimuthal mag- 
netic field generated by one wire at the location of the other is of the order of 
I /d. Consequently, the Poynting vector is parallel to the wires and it is pro- 
portional to the product of the two field components S oc 7 Vb / ^ • The power 
which propagates from the battery towards the resistor is proportional to 
Poynting vector and the effective area of propagation. In this over-simplified 
model the only length parameter is d, therefore this area is expected to be 
quadratic in d which entails that the power is proportional to Vt> * ^ or / R. 
In the right-hand side of (2.1.20) the first term is identically zero since there 
are no time variations and the second term can be readily calculated to show 
that the power dissipated in the resistor is V^/R. For further discussion see 
Chap. 11 in the book by Haus and Melcher (1989). 

2.1.4 Steady-State Regime 

In many cases of interest all the components of the electromagnetic field oscil- 
late at a single angular frequency (u) thus all components have the following 
functional form 

F(r, t) = /(r) cos + -0(r) . (2.1.22) 

It is convenient to omit the time dependence and represent the function 
F(r, t) using a complex notation, namely we introduce the imaginary number 
j = and utilize the fact that e^^ = cos(^) + jf sin(^) or cos(^) = ^(e^^ + 
e~^^) and sin(^) = ~ hence 

F{r,t) = i [fir) + /(r) . (2.1.23) 

With this notation it is convenient to define 

F{r,uj) = fir)^'^^’^\ (2.1.24) 

which permits us to use this function instead of F{r,t) and consequently, 

F(r, t) = Re [F{r, o;)e^‘^‘] ; (2.1.25) 

F(r,uj) is called the phasor associated with the function F{r,t). To illustrate 
the use of this notation, Maxwell’s equations read 



VxE+jwB = 0, (2.1.26) 

V X H - jwD = J , (2.1.27) 

V-D = p, (2.1.28) 

V-B = 0. (2.1.29) 



The main advantage of this notation is now evident since the differential 
operator d/dt was replaced by a simple algebric operator juj. 
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2.1.5 Complex Poynting’s Theorem 

The phasor notation, as introduced above, cannot be directly applied to 
Poynting’s theorem since all quantities are quadratic in the electromagnetic 
field. In principle we have two options: (i) transform the field components 
to the time domain and then substitute in Poynting’s theorem as defined 
in (2.1.17) - abandoning in the process the phasor notation, (ii) Limit the 
information to the average energy and power - but preserving the phasor 
notation. Since in the former case there is no real advantage to the phasor 
notation, we shall next pursue the latter option. 

When we consider the product of two oscillating quantities we have 

Ai COs{cjt -h 'lpl)A 2 COs{ujt + 'lp2) 

= I I + A*2 . (2.1.30) 

The average of the product of these two oscillating functions corresponds to 
the non-oscillating term in the expression above i.e., 

i [A,A2 + AIA 2 ] = ^AiA2 cos(^i - ^ 2 ) . (2.1.31) 

We shall now use this fact in order to formulate the complex Poynting’s theo- 
rem. We multiply (scalarly) (2.1.26) by the complex conjugate of the magnetic 
field phasor (H*). Prom the product we subtract the complex conjugate of 
(2.1.27) multiplied by the electric field; the result reads 



V-S + 2jo-[Wm-We] (2.1.32) 

where 

S = X H* , (2.1.33) 

is the complex Poynting vector, 

Wm = • H* , (2.1.34) 

is the magnetic energy density and 

We = j£o£rE • E* , (2.1.35) 



is the electric energy density, both averaged in time. 

Energy conversion is associated with the real part of the Poynting vector 
whereas the imaginary part is associated with electro-magnetic energy stored 
in the system. Throughout the text we shall omit the bar from the phasor 
quantities, except if ambiguities may occur. 
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2.1.6 Potentials 



It is convenient, instead of solving a couple of first order differential equations, 
to solve a single second-order differential equation. For this purpose we take 
advantage of the fact that the divergence of the magnetic induction is zero 
(V • B = 0) and introduce the magnetic vector potential A which determines 
the magnetic induction through 

B = V X A, (2.1.36) 

and by virtue of which the former equation becomes an identity. Substituting 
this definition in (2.1.26) we obtain 

Vx (E + juA) = 0. (2.1.37) 

Using the fact that V x (V^) = 0 we conclude that 

E = -jujA-V^, (2.1.38) 



where ^ is the scalar electric potential. 

The two potentials we have just introduced satisfy, in a cartesian co- 
ordinate system and in a linear medium ()Lir = 1 and 6r > 1), the non- 
homogeneous wave equation: 
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-MoJ, 



and 












SoSr 



(2.1.39) 



(2.1.40) 



provided that the divergence of the vector function A is chosen to be 




(2.1.41) 



This is the so-called Lorentz gauge. Consistency with the special theory of rel- 
ativity dictates this choice over the well-known Coulomb gauge; c = l/y/fioSo 
is the phase velocity of a plane electromagnetic wave in vacuum. 
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2.2 Simple Wave Phenomena 

The wave equation developed in the previous section for the scalar electric 
potential and the three components of the magnetic vector potential will 
be next solved for several simple cases. A few of the examples presented 
here will be used later in this text to develop models which in turn enable 
the investigation of complex structures. In the context of these examples we 
formulate the radiation condition. 



2.2.1 Simple Propagating Waves 



With the source terms, constitutive relations and boundary conditions deter- 
mined, one can proceed towards solution of a few simple wave phenomena. 
For simplicity we shall consider a scalar function '0(r) which oscillates at an 
angular frequency uj (i.e., we assume a steady-state regime of the form 
and which is a solution of 



CJ" 






'ip{r) = 0. 



( 2 . 2 . 1 ) 



As a first stage, waves propagating in one dimension are examined. In a 
cartesian system (x,y, 2 ;) we consider a system in which all variations are 
only in the 2 ; direction {dfdx ~ 0 and d/dy ~ 0), and the homogeneous wave 
equation reads 









= 0 . 



( 2 . 2 . 2 ) 



A second order differential equation, has two solutions: 



(2.2.3) 



these represent plane waves since the phase is constant in the plane defined by 
2 : =const. The first term corresponds to a wave propagating in the 2 ; direction 
and the second propagates in the opposite direction. 

In a cylindrical coordinate system (r, (^, 2 ;), ignoring azimuthal and longi- 
tudinal variations (9^/50^ ~ 0 and d‘^ jdz^ ~ 0), the wave equation reads 



lA A 

r dr dr 




^(r) = 0. 



(2.2.4) 



Its solution is 

(^r) + (^r) , (2.2.5) 

where Ho^^(^) and Ho^^(^) are the zero order Hankel function of the first 
and second kind; they are related to Bessel functions of the first and second 
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kind by = Jo(x) + jYo{x) and Ho^^(x) = Jo(x) - jYo(x). As in the 

previous case, the first term represents the wave which is propagating from 
the axis outwards and the second term describes a wave propagating inwards. 
For completeness we shall also present the solution in a spherical coordinate 
system (r, 0, 6). Ignoring all angular variations the wave equation is given by 



'1 d^ 
r dr^ ^ ^ 



'ip{r) = 0 , 



( 2 . 2 . 6 ) 



and its solution is 

V^(r) = (2.2.7) 

(o;/c)r [uj/c)r 

where the first term represents a spherical wave propagating outwards (from 
the center out) whereas the second represents an inward flow. 



2.2.2 The Radiation Condition 

From the pure mathematical point of view, the two waves in each one of the 
solutions of above are a direct result of the fact that the wave equation is a 
second order differential equation. However, in absence of obstacles, our daily 
experience dictates a wave which propagates from the source outwards; this 
implies that in all three cases there are no “advanced” waves i.e.. A- = 0. 
This is one possible interpretation of the so-called the radiation condition and 
it can be considered an additional boundary condition which is a byproduct 
of the causality constraint imposed on the solutions of the wave equation. 

This formulation relies on the simple solutions presented above, however 
the general trend is valid for more complex solutions. In the case of cylindri- 
cal azimuthally non-symmetric waves, the radiation condition implies for a 
solution ^(r, 0, z, ) that the limit 

^ ( 2 . 2 . 8 ) 

L J 1 >oo 

is finite and it is r independent. In a similar way, for spherical waves described 
by a function 0(r, 0, 0), the limit 

[V»(r,<^,0)e^(“/")vl , (2.2.9) 

L J 1 

is finite and r independent. 

Advanced solutions of the wave equation have been used by Wheeler and 
Feynmann (1945) in order to explain the source of the so-called radiation 
reaction force. It is well known that electromagnetic power is emitted by 
a particle when it is accelerated. This power is emitted from the particle 
outwards and comes at the expense of its kinetic energy. Since this change 
in the kinetic energy of the particle can be conceived as an effective force 
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this is also referred to as the radiation reaction force. However, this force is 
negligible for all regimes discussed throughout this text therefore will not be 
included in the electron dynamics considered in the next chapter. 



2.2.3 Evanescent Waves 



So far we have presented only waves which vary and propagate in one dimen- 
sion, namely solutions of the wave equation either in a cartesian, cylindrical 
or spherical system of coordinate. We increase now the complexity of the 
analysis and examine waves which vary in two dimensions. First consider a 
cartesian coordinate system in which we ignore variations in the y direction. 
The wave equation in this case reads 



9 ^ 



'ip{x,z,uj) = 0 , 



( 2 . 2 . 10 ) 



and the formal solution is given by 

However in the half-plane defined by x > 0 the solution is 
iP{x,z,u;) = A+ ^ 



( 2 . 2 . 11 ) 



( 2 . 2 . 12 ) 



since otherwise the solution diverges at x ^ oo. For |A;|c > a; the wave decays 
exponentially in the x direction. This is an evanescent wave: it propagates in 
one direction and decays exponentially in another. In the opposite case, for 
\k\c < u;, the wave propagates at an angle 6 = cos~^ {kc/u) relative to the ^ 
axis. 

It is instructive to examine (2.2.12) in the time domain. Assuming zero 
phase for A_|_ then 

v>(x, z, t) = A+ cos{cjt - A:z)e- . (2.2.13) 



Based on this solution it is convenient to introduce the concept of phase 
velocity: this is the velocity at which an imaginary observer has to move in 
order to measure a constant phase (ujt — kz = const). Explicitly it reads 

t^ph = • (2.2.14) 

With this definition, we observe that in a two dimensional case, an evanescent 
wave is characterized by a phase velocity smaller than c. 




2.2 Simple Wave Phenomena 



37 



2.2.4 Waves of a Moving Charge 



Evanescent waves play an important role in the interaction process of particles 
and waves. The simplest manifestation of their role is the representation 
of the spectrum of a moving charge in the laboratory frame of reference. 
For this purpose we shall examine now the waves associated with a point 
charge (e) moving in the 2 ; direction at a constant velocity vq in vacuum; no 
boundaries are involved and the system is azimuthally symmetric (9/9(/) = 0). 
The current distribution in this case is given by 






-^‘^ 07 , - ’^Ot) Iz , 

Jwr 



(2.2.15) 



where 1^ is a unit vector in the z direction. This current distribution excites 
the z component of the magnetic vector potential which in turn satisfies 



'i_a ^ 

r dr^ dr dz'^ 



1-^ 

dt^ 



Az{r,z,t) 






its solution is assumed to have the form 



Az{r. 



/ OO pOi 

do;e-^^^ 

-OO J — o 



dke 



-jkz 






where az{r,k^uj) satisfies 



l_d 

r dr dr 



_i-2 



az(r,k,u) 



evofjio 



(27r)^r 



S{r) 6{u — kvo ) , 



and 



= k^ 




Off-axis the solution of this equation is 



(2.2.16) 



(2.2.17) 



(2.2.18) 



(2.2.19) 



az{r,k,uj) = A^{k,uj)Ko{rr) , 



( 2 . 2 . 20 ) 



where Kq(^) is the zero order modified Bessel function of the second kind. 
In order to determine the amplitude there are two ways to proceed: 
(z) calculate the azimuthal magnetic field and then impose the boundary 
conditions at r = 0. An alternative way is to (ii) integrate (2.2.18) from 
r = 0tor = ^— >0. At this point we shall prefer the latter primarily be- 
cause this approach will be utilized extensively in Chaps. 5 and 6. Since for 
small arguments the modified Bessel function behaves as Kq( 0 2::: — In(^) [see 
Abramowitz and Stegun (1968) p. 375] then 

A+{k,u) = 6{w-kvo). (2.2.21) 

Substituting this result in (2.2.17,20) we obtain 
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= /_" dw Ko , (2.2.22) 

where (3 = vq/c and 7 = [1 - Using the Lorentz gauge one can 

determine the scalar electric potential 

^ r (-r^) • (2.2.23) 

[2'KyeoVo J_^ \c ^13 J 

This expression indicates that the field associated with a moving charge 
is a superposition of cylindrical evanescent waves [for large arguments the 
modified Bessel function decays exponentially following Kq( 0 — e~^ \/7r/2^ 
Abramowitz and Stegun (1968) p. 378]. There is no electromagnetic average 
power emitted by this particle in the radial direction however, this average 
power is non-zero in the direction parallel to the particle’s motion. When 
scattered by periodic structures, the evanescent waves can be “converted” 
into propagating waves as we shall see when the Smith-Purcell effect will be 
discussed in Chap. 5. 



2.3 Guided Waves 

In all the solutions presented above, no boundaries were involved, while in 
many of the topics to be considered, the electromagnetic wave is guided by 
a metallic structure. In addition to the injection of electromagnetic power 
into the system, metallic structures facilitate the interaction process itself 
and ultimately, they allow extraction of the power out of the system. As we 
shall later see the three processes are inter-dependent but at this stage only 
the simplest configurations will be considered. 

2.3.1 Transverse Electromagnetic Mode 

The simplest mode which may develop when two metallic surfaces are present 
is the transverse electro-magnetic (TEM) mode. In conjunction with the 
electromagnetic field generated by a moving charge let us consider a radial 
transmission line which consists of two parallel lossless plates; the distance 
between the plates is denoted by d and it is much smaller than the (vacuum) 
wavelength i.e., A(= 2'kcIuS) d. Subject to this condition, we ignore the 
longitudinal variations jdz^ 0 ) therefore for an azimuthally symmetric 
system the wave equation reads 

‘l_d ^ ^ 

r dr dr 

A dipole which oscillates at an angular frequency, a;, is located on axis and 
is represented by the following current density 



Az{r,uj) = -/ioJz(r,o;) . 



(2.3.1) 
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Fig. 2.2. (a) Propagation of transverse electro-magnetic mode in a radial transmis- 
sion line X:$> d. (b) Propagation of a transverse magnetic (TM) mode in a circular 
waveguide - see Sect. 2.3.2. (c) Propagation of transverse electric (TE) mode in 
rectangular waveguide - Sect. 2.3.4 



= I^S{r). (2.3.2) 

Figure 2.2a illustrates schematically the system under consideration. A 
solution of the homogeneous wave equation which satisfies the radiation con- 
dition is given by 

, (2.3.3) 

and is determined by the discontinuity at r = 0. Integrating (2.3.1) in 
the close vicinity of r = 0, 






r=0+ 



27T 



(2.3.4) 



and using the expression for Hankel function for small arguments i.e., 
Hq^^(x) — jln(x)2/7T [Abramowitz and Stegun (1968) p. 360], we obtain 

A+ = 

The longitudinal component of the electric field and the azimuthal coun- 
terpart of the magnetic field are 



Ez{r,uj) = -j(jA^{r,ij) = (^r) , 

(^r) , 



(2.3.5) 
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respectively. With these two components, the radial component of the Poynt- 
ing vector is 



Sr{r) = -\E,{r)H;{r) , 



(2.3.6) 



and the total power radiated is 

P = Re[27rrdSr{r)] = ^ . (2.3.7) 

In the last expression, we used the asymptotic approximation for large ar- 
guments of Hankel function i.e., Hq^^(x) e~^^y/2f7rx [see Abramowitz and 

Stegun (1968) p. 364]. The impedance associated with the radiation process 
is 



-Rrad,TEM 



1/2 



:Vo 




(2.3.8) 



in this expression r/o = \//io/^o is the vacuum impedance of a plane wave. 
At 9 GHz and for d = 5mm the impedance is 90 which is 5 times larger 
(for the same parameters) than the radiation impedance in free space defined 
as i?rad = Tjo {ujd/ c)^ /Gtt i.e., 18 fl. The radiation impedance is a measure, 
extensively used in antenna theory, which represents the effect of the sur- 
roundings on the radiation emitted by a source. This can be a single dipole 
or a distribution of dipoles as is the case for a bunched beam, therefore this 
impedance can be used as a direct measure of the power extracted from 
electrons. 



2.3.2 Transverse Magnetic Mode 

Transverse magnetic (TM) modes can develop in the radial system discussed 
previously and their characteristics will be further investigated in Chap. 4, 
in the context of periodic structures. Here we review the characteristics of 
these modes for a circular cylindrical waveguide of radius R filled with a di- 
electric material of relative permittivity ^r; the relative permeability is taken 
to unity {/ir = !)• The walls of the waveguide are assumed to be made of an 
ideal conducting material {a — > oo) therefore the tangential electric field at 
the walls vanishes. To this configuration, we attach a cylindrical system of 
coordinates (r, </), z) - see Fig. 2.2b and the waves are assumed to be excited 
by an azimuthally symmetric source thus we may take d/d(j) = 0. 

The electromagnetic field in the waveguide has two contributions. One is 
from the z component of the magnetic vector potential 

CX) 

A^(r,z,uj) = (ps^) , (2.3.9) 

S = 1 



where 
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r, 



2 



Pi 

B? 




(2.3.10) 



Jo(0 is the zero order Bessel function of the first kind and ps are the zeros 
of this function (pi = 2.4048, p2 = 5.52. . .). The second, is from the scalar 
electric potential ^ 



S — 1 



(2.3.11) 



Lorentz gauge [(2.1.41)] correlates the two amplitudes, namely 






c^Fs 

juJSr 



As. 



(2.3.12) 



In this solution the waves are assumed to propagate from the source without 
obstacles thus no reflected waves were included. 

The three non-trivial components of the electromagnetic field are: the 
azimuthal magnetic field 



1 d 




(2.3.13) 



the radial electric field 

d 

Er{r,z,uj) = ~—^{r,z,uj) 






.-PsZ 



and the longitudinal electric field 

d 

Ez{r,z,uj) = -—^{r,z,u>) - juoAz(r,z,u) 






-Fsz 



(2.3.14) 



(2.3.15) 



With the electromagnetic field determined the average magnetic and electric 
energy per unit length can be calculated. These are given by 
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= j/to j dr(2;rr)|ff^| 






i2p: 



,2 r 









2/io 

W^E = jeo^r J dr(27rr)[|£'r|^ + l^'; 

OO 
S=1 

-Ji(p«) 



,-(r,+r;)z 



.2. 



c" pV 

o;2e2i?2j 

-(r,+r;)* 



r.2 1 



Psf: + 



R? 



(2.3.16) 



In these expressions the orthogonality of the Bessel functions was used i.e., 

(2.3.17) 



J drr Jo i?) ~ 2^ • 



In a similar way we can determine the total average power which flows in the 
waveguide: 

rR 



P = Re 27 t 



n 1 

drr-ErH; 



OO 2 r 



Mo 



s=l 



2 ^liPs) 



Re 



^2 p 

,-(r.+r;)z£_£i 






(2.3.18) 



According to this expression we observe that power is carried along the waveg- 
uide only by the propagating modes namely those which satisfy 



r^=Pi-e — <0 

R? ^‘'c2 



(2.3.19) 



The remainder are below cut-off and they do not carry any (real) power. The 
situation is diflPerent when reflections are present. 

2.3.3 Velocities and Impedances 

Energy Velocity. In the context of power flow presented above it is conve- 
nient to define several parameters which help to characterize the interaction 
of waves and electron beams in various configurations. The energy velocity is 
a measure of the power flow in the system relative to the total energy stored 
per unit length namely, 






(2.3.20) 
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In a circular cylindrical waveguide with a single propagating mode (s = 1), 
the energy velocity reads 




(2.3.21) 



From the definition of the energy velocity (2.3.20) it is evident that when- 
ever more than one mode propagates in the waveguide the energy velocity 
is dependent on the relative amplitudes of the various modes. Another point 
which should be emphasized since it will be encountered again later in this 
text is the fact that even if only one mode propagates but there is a substan- 
tial amount of energy stored in the higher modes, the energy velocity will be 
much slower than indicated by the expression in (2.3.21). 



Phase Velocity. A general definition of this quantity was introduced in 
Sect. 2.2.3 [(2.2.14)]. In a cylindrical waveguide with no dielectric, the phase 
velocity is always larger than c. However if Sr > 1 + {pic/uRf‘ the phase 
velocity is smaller than c. In fact for high frequencies (ujR/c ^ pi) the phase 
velocity is determined entirely by the medium: i;ph r\j c/Ve7. 



Group Velocity. This is a kinematic quantity indicative of the propagation 
of a spectrum of waves. To envision the meaning of the group velocity, imagine 
that a system is fed by two adjacent frequencies ui = u Aou, U 2 = UJ — Au 
and the waves which develop have the form 



f{z, t) = cos{uJit — Kiz) + cos(cj 2 ^ - ^ 2 z) , (2.3.22) 

where K\ = k -{■ Ak^ K2 = k — Ak and k = y^(a;/c)^ — (pi/i?)^. Explicitly 
we can now write the expression in (2.3.22) as 



f{z, t) = 2 cos{A(jjt — Akz) cos(u;t — kz ) . 



(2.3.23) 



Assuming that \Auo\ cj, we can consider the first trigonometric function as 
a slow varying amplitude. As such, we can ask what has to be the velocity of 
an observer in order to experience a constant amplitude i.e., AcuSt—AkSz = 0; 
in this case, the answer will be Vgr = ^ or ar the limit of Au 0 

duj 

^ ^ . (2.3.24) 



If the dielectric coefficient is not frequency dependent, the group velocity of 
a propagating TM mode is Vgr = c^k/ujSr and it satisfies 



'^gr'^ph — 



(2.3.25) 



Although this relation is valid only for uniformly filled waveguide it provides 
information about the general trend in the variation of the group velocity as 
the (effective) dielectric coefficient changes in partially loaded systems. 
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Characteristic Impedance. There are several kinds of impedances which 
can be defined. Two of which will be defined here and a third one will be 
defined in Chap. 8. The first is basically oriented towards the propagation 
of the electromagnetic mode in the structure and this is the characteristic 
impedance which is the ratio between the two transverse components of the 
field, Er and it reads 



^ch = 



Er 

Hi 



cEo 



r/07 



JUJEr 



(2.3.26) 



Interaction Impedance. The second impedance is indicative of the electric 
field which a thin pencil or annular beam experiences as it traverses the 
waveguide. For this purpose we define the effective longitudinal electric field 
in the region where the electron beam will be injected. For a pencil beam 
(0 < r < i?b) this is given by 

= drr\E^{r,z,u)^ , (2.3.27) 

whereas for an annular beam (i?b — A/2 <r < A /2) it reads 



1 pRh+^/2 

drr\E^{r,z,w)\ . 

Jr^-AI2 



(2.3.28) 



For either one of the cases we define the interaction impedance as 

(2.3.29) 

Note that although we are motivated by the presence of a beam of electrons, 
all the quantities in the definition of the interaction impedance are “cold” 
quantities namely, they do not account for the presence of the beam. It should 
be pointed out that the definition introduced here differs from Pierce’s (1957) 
definition, Z\^t = \E\^ /2k‘^P by the factor which was replaced by the 
inverse of the area where the wave propagates, This definition is in 

particular useful in tapered structures where the internal radius of the system 
is maintained constant but the other geometric parameters may vary in space 
such that the phase velocity may vary. 

For our particular system the interaction impedance reads 



^int — ^0 



Pijj/ 3l{pMR) + i\(piR^/R) 1 
ErWijJ Jl(Pl) /?en ’ 



(2.3.30) 



here /3en = '^^en/c is the normalized energy velocity which in many cases is 
equal or close to the group velocity (in this particular case it is equal). One 
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may expect to achieve maximum efBciency when the longitudinal electric field 
[E{z)] experienced by the electron is maximum. Therefore according to the 
definition in (2.3.29), from the point of view of the beam- wave interaction, 
the purpose should be to design a structure with the highest interaction 
impedance. According to (2.3.30) there are three possibilities: (i) operate at 
low frequency, which in many cases is not desirable, (ii) have a structure with 
small radius which might be acceptable or (in) design a structure with low 
energy (group) velocity. It should be pointed out that these three possibilities 
are interdependent since for example, the energy velocity depends both on 
frequency and radius. One possibility to design a low group velocity structure 
is to have a small radius. 



Interaction Dielectric Coefficient. This quantity is indicative of the total 
average electromagnetic energy stored per unit length and the longitudinal 
component of the electric field experienced by a thin annular/pencil beam: 



^int = W(Z) 



^eo\E{z)fnR'^ 



(2.3.31) 



In our particular case it reads 



^int — 



1 2 

Pi c 



Jl(pl) 

JlipiRk/R) + Jj{piRi,/R) 



(2.3.32) 



Note that according to the definitions of the interaction impedance (2.3.29) 
and the effective dielectric coefficient (2.3.31) their product is inversely pro- 
portional to the energy velocity: 



Pen 



(2.3.33) 



Since the definitions above (2.3.29) and (2.3.31) are general, as long as there 
is only one dominant mode in the system, the result in the last expression is 
also general. 



2.3.4 Transverse Electric Mode 

In many cases, electromagnetic power is transferred along a waveguide in the 
transverse electric (TE) mode due to its low loss [Ramo, Whinnery and Van 
Duzer (1965) p. 424]. In many devices, power is extracted using rectangular 
waveguides, therefore we shall consider next the characteristics of such a 
waveguide. In Sect. 2.3.1 we examined the radiation emitted from a dipole 
oscillating in azimuthally symmetric radial transmission line. In this geometry 
the main mode generated was the transverse electro-magnetic (TEM) mode. 
In this section we consider the same problem in a rectangular waveguide 
whose wide dimension is a and the narrow one is 6 - see Fig. 2.2c. Variations 
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along the narrow dimension are neglected {d/dy ~ 0). A dipole is located in 
the center of the waveguide and it prescribes a current density which is given 
by 

Jy{x, z, uj) = 16 ^ 6(z) . (2.3.34) 



It excites the transverse electric field Ey(x,z,cj) which satisfies 



■ 

dx‘^ dz‘^ 




Ey{x,z,(jj) = j(joiioJy{x,z,uj) , 



(2.3.35) 



subject to the boundary conditions: Ey{x = 0, z,o;) = 0 and Ey{x — 
a, 2 ;, uj) = 0. The solution can be represented as a superposition of trigono- 
metric functions i.e., 



oo 

Ey{x,z,uj) = x) , 

n=l 



(2.3.36) 



where En{z,uj) satisfies 

h - (t)" + = Jf-^W/Sindn) \S(Z) 

= U{z) . 

For z > 0 the solution of this equation is 

En{z > 0 ) = , 

and for ^ < 0 



(2.3.37) 

(2.3.38) 



En{z < 0) = e^"^ , (2.3.39) 

where = (nn/a)^ — (w/c)^. The transverse electric field has to be contin- 
uous at 2 ; = 0 thus 



A+ = , (2.3.40) 

whereas its derivative is discontinuous. The discontinuity is determined by 
the Dirac delta function in (2.3.37) therefore by integrating the latter we 
obtain 



dz 



En{z) 



z=0+ 



hence 




— ) 



z=0~ 



(2.3.41) 



—EfiA^ — EnA— — Ifi . 



(2.3.42) 



Prom (2.3.40,42) we conclude that the transverse electric field reads 
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CXD 

Ey{x,z,uj) = - ^ 
n=l 



A. 

2Pn 



e-^n|.| 



sin 




(2.3.43) 



As in Sect. 2.3.1 we shall next calculate the power generated by the current 
distribution in (2.3.34). For this purpose the transverse magnetic field is 
calculated since it is the only component which contributes to the longitudinal 
component of the Poynting vector; Hx for z > 0 reads 

oo Y 

H^{x,z > 0,w) = - ^ e~^"^sin (— x] . (2.3.44) 

^ joJUo 2r„ V a / 



Before proceeding note that similar to the transverse magnetic mode, the 
phase velocity (for uj > irncfa and = 1) is always larger than c. Nev- 
ertheless, the characteristic impedance (in vacuum) of the nth propagating 
mode. 



^ch,TE 



Ey 



(2.3.45) 



is always larger than the vacuum impedance (r/o), in contrast to the TM 
mode, where the characteristic impedance is always smaller than r/o- 

Now we can direct our attention to the power fiow: the average power 
which flows in the positive z direction, assuming a single mode above cut-off, 
is given by 



= 



2 2-y/(a;/c)2 — (Tr/a)^ 2 uj / j,q 2 



(2.3.46) 



The radiation impedance is determined by the power emitted in both direc- 
tions divided by and it reads 



-^rad,TE — 



P+ + P- 



(jubjc 

yJ{ujalcY — TT^ 



-^ch,TE • 

a 



(2.3.47) 



At 9 GHz, and for a = 2.5 cm, b = 0.5 cm, this impedance is 100^1 which is 
close to that calculated in the case of the radial transmission line as calculated 
in Sect. 2.3.1. 
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2.4 Green’s Scalar Theorem 



Green’s function is a useful tool for calculation of electromagnetic field gen- 
erated by a distributed source (particles) subject to the boundary conditions 
imposed by the structure. The logic behind the method presented below is 
the following: instead of solving for an arbitrary source we solve for a point 
source and by virtue of the linearity of Maxwell’s equations, the field at a 
given location is a superposition of all the point sources which constitute the 
real source. 

Let us assume that we have to solve the non-homogeneous wave equation: 







^(r) = 



-s(r) > 



(2.4.1) 



where s{r) is an arbitrary source which is assumed to be known. Instead of 
solving this equation let us assume for the moment that we know how to 
solve a simpler problem namely, 




G(r|r') = -^(r-r'), 



(2.4.2) 



where the coefficient of the Dirac delta function on the right-hand side was 
chosen such that the result of the integration over the entire space is unity. 
We can then multiply (2.4.1) by G(r|r') and (2.4.2) by V^(r), subtract the two 
results to obtain 



G(r|r') V^-0(r) — ^^(r) V^G(r|r') = — G(r|r')5(r) -I- ^(r) ^(r — r'). (2.4.3) 



Integrating over the entire space we have 

[ dV' V- [G(r|r') V^(r) - ^(r) VG(r|r')] 

Jv 

= - f dV'G{r\r')s(r) + ^{r ) , 

Jv 

which can be further simplified using Gauss theorem to read 

^(r) = [ dV'G(r|r')5(r') 

Jv 

-f f da'- [G(r|r') V'0(r') - '0(r') VG(r|r')] ; 

J a 



(2.4.4) 



(2.4.5) 



is a surface integral which encloses the volume V. This is the scalar Green’s 
theorem. In free space or for zero boundary conditions on a. Green’s theorem 
reads 

= [ dWG(r|r')5(r') . 

Jv 



(2.4.6) 
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Next we shall employ Green’s theorem for the calculation of the Cerenkov 
effect in two cases: firstly, in a boundless system and secondly in a waveguide. 



2.4.1 Cerenkov Radiation in the Boundless Case 



Let us examine the electromagnetic field generated by a charge (e) as it 
moves in a medium which is characterized by a dielectric coefficient larger 
than unity, > 1; its velocity is This is the case when a charged particle 
traverses a gas. If the medium is a solid, such as glass, where the mean free 
path of the electron may be small one should consider the field generated the 
particle as it moves in a vacuum channel bored in the solid. We shall consider 
here the former case. 

A current density described by the same expression as in (2.2.15) drives 
the system and for an azimuthally symmetric medium the wave equation is 



‘1_9 

r dr^ dr dz^ 



1^' 



Az{r,z,t) 



~lJioJzir,z,t); 



(2.4.7) 



the other two components of the magnetic vector potential are zero and the 
electric scalar potential can be determined using Lorentz gauge. The time 
Fourier transform of the magnetic vector potential is defined by 



Az{r,z, 




duje^'^^Azir^z.uj) , 



(2.4.8) 



where Az{r,z,uj) satisfies 



r dr^ dr dz^^ 



Az{r,z,u) = -!ioJz{r,z,uj) , 



(2.4.9) 



and the time Fourier transform of the current density in (2.2.15) is 



Jz{r,z,w) 



6{r) e 



-j{ujlvo)z 



{2'K^r 

Green’s function associated with this problem is a solution of 



(2.4.10) 



r dr^ dr dz^^ ^ 



G{r,z\r\z') = 6{r - r') 6{z - z') (2.4.11) 

z7rr 



which can be represented by 

/ oo 

dk g{r\r'; k) < 

-oo 

and ^(r|r';A;) satisfies 



-jk(z-z') 



1 d d o 

r 

r dr dr 



g{r\r';k) = - 



(27r)2r 



S{r — r ') , 



(2.4.12) 



(2.4.13) 
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where 




The solution of this equation for r > r' > 0 is 
g(r\r'<r-,k) = Fi(/)Ko(rr), 
and for r' > r > 0 it reads 

g(r<r'\r'-,k) = F 2 (r')Io(rr) . 

The function g{r\r'', k) has to be continuous at r = r' i.e., 
Fi(r')Ko(r/) - F2(r')Io(rr'), 



(2.4.14) 



(2.4.15) 

(2.4.16) 

(2.4.17) 



whereas its derivative is discontinuous at the same location. To determine 
the discontinuity we integrate (2.4.13) 



d .... 




d , . 


r— 5 (r|r ) 


r=r'-\-0 


r-^g{r\r ) 



: r '— 0 



1 

(27t)2 ’ 



(2.4.18) 



hence 



-r'Fi{r')rKi{rr') - r'F2(r')rii(rr') = - . (2.4.19) 



From (2.4.17,19) and using the fact that Ko(C)Ii(0 + Ki(^)Io(0 = 1/^ [see 
Abramowitz and Stegun (1968) p. 375] we can finally obtain 



g{r\r';k) 



1 



lo{rr)Ko{rr') for 0 < r < r' < oo , 
Ko(jTr)Io(T'r') for 0 < r' < r < oo . 



(2.4.20) 



This expression together with (2.4.12) determine Green’s function in a bound- 
less space. 

With this function, Green’s theorem (2.4.6) and the current density as 
given in (2.4.10), we can determine the magnetic vector potential. It reads 

Az{r,z,uj) = , (2.4.21) 



where n = ■y/e^ is the refractive index of the medium. If we examine this so- 
lution far away from the source and use the asymptotic value for large argu- 
ments {(jj/c)r\y/l3‘^ — n^\'> ij of the modified Bessel function, the magnetic 
vector potential reads 



A^(r, z, Lj) (X _ 



(2.4.22) 
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If n is smaller than 1//3 the field decays exponentially in the radial direction 
since, as in vacuum, this is an evanescent wave. 

When the velocity of the particle, vq — /3c, is larger than the phase velocity 
of a plane wave in the medium { c/n ) i.e., /3 > 1/n, the expression above 
represents a propagating wave - this radiation is called Cerenkov radiation. 
The emitted wave is not parallel to the electron’s trajectory but it propagates 
at an angle 6 relative to this direction {z axis) given by 

U) 

kz = — ncos0 , 



c 

UJ 1 



c/3* 



(2.4.23) 



This determines what it is known as the Cerenkov radiation angle, 6c 



0c 



cos 



1 

n(3 



(2.4.24) 



Since the phase velocity of the wave is smaller than that of the particle, 
clearly, the radiation lags behind the particle. This fact will become evident 
in the next subsection. 



2.4.2 Cerenkov Radiation in a Cylindrical Waveguide 



In this subsection we consider the electromagnetic field associated with the 
symmetric transverse magnetic (TM) mode in a dielectric filled waveguide. 
As in the previous subsection, the source of this field is a particle moving at a 
velocity vq, however, the main difference is that the solution has a constraint 
since on the waveguide’s wall (r = R) the tangential electric field vanishes. 
Therefore, we shall calculate the Green function in the frequency domain 
subject to the condition G{r = R,z\r',z') = 0. We assume a solution of the 
form 

oo 

G{r,z\r',z') = ^Gs(2|r',z') Jo , (2.4.25) 



substitute in (2.4.11) and use the orthogonality of the Bessel functions we 
find that 



Gs{z\r\z') = Jo 



("•5) 



where gs{z\z') satisfies 
d2 



dz^ 



rt 



9s{z\z') = 



(2.4.26) 



(2.4.27) 



and 
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J- a Cr 



For z> z' the solution of (2.4.27) is 

qMz') = , 

and for z < z' the solution is 
gs{z\z') = . 

Green’s function is continuous dit z = z' i.e., 
A+ = A- , 



(2.4.28) 

(2.4.29) 

(2.4.30) 

(2.4.31) 



and its first derivative is discontinuous. The discontinuity is determined by 
integrating (2.4.27) from z = z' — 0 to z = z' 0 i.e., 



d . . 




d . . 




z=z'-\-0 





1 

2tt 



(2.4.32) 

^z=z'-0 

Substituting the two solutions introduced above, and using (2.4.31) we obtain 



9s{z\z') 



47rr. 



-rs\z-z’\ 



(2.4.33) 



Finally, the explicit expression for the Green’s function corresponding to az- 
imuthally symmetric TM modes in a circular waveguide is given by 



V MijPsr/R) hjjPsr'/R) 1 r, 

G(r,z\r ,z) - 



5 = 1 



\z-z'l 



(2.4.34) 



In this expression it was tacitly assumed that a; > 0 and Fg [defined in 
(2.4.28)] is non-zero. 

With Green’s function established, we can calculate the magnetic vector 
potential as generated by the current distribution described in (2.4.10); the 
result is 

poo 

Az{r,z,uj) = 2 'k^xq / drr / d^;'G(r, z|r', ^') J^(r', 2 ;') 

Jo J —00 



e/io ^ Jo(p«r/i?) 






87t 2 ^ ii?2j2(p^) r}+w‘^/vl 



-j{i*j/vo)z 



(2.4.35) 



It will be instructive to examine this expression in the time domain; the 
Fourier transform is 

e 



A^(r,z,t) - - 



2'K‘^eoR? 1 — n^/32 

ioipsr/R) f°° , 



E 



^ Jl(Ps) 



/ 






(2.4.36) 
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where 






/32 



\ R J 1 - n 2^2 • 

The problem has been now simplified to the evaluation of the integral 

eJ'wr 



(2.4.37) 



Fs(t = t- z 



M ^ /_ 






(2.4.38) 



which in turn is equivalent to the solution of the following differential equation 
d2 



dr2 



fit 



Fs{t) = -27tS(t). 



(2.4.39) 



If the particle’s velocity is smaller than the phase velocity of a plane wave in 
the medium (nj3 < 1) then > 0 and the solution for r > 0 is 



Fs(t > 0 ) = A+e 



-f2aT 



(2.4.40) 



or 



F,{t < 0) = 



(2.4.41) 



As previously, in the case of Green’s function, Fs{r) has to be continuous at 
r = 0 and its derivative is discontinuous: 



/ T=0+ 






= — 27T. 



(2.4.42) 



T=0- 



When the velocity of the particle is smaller than c/n (i.e., nf3 < 1) the 
characteristic frequency ^2s is real, therefore 









and 



Az{r,z,t) = - 



/?2 



Joip^r/R) 



27T£o.R^ 1- ,02,^2 ^ Jl(ps)Qs 



\t-z/vo\ 



(2.4.43) 



. (2.4.44) 



This expression represents a superposition of evanescent modes attached to 
the particle. It is important to emphasize that since the phase velocity of a 
plane wave in the medium is larger than the velocity of the particle there 
is an electromagnetic field in front ( r < 0) of the particle. The situation is 
different in the opposite case, /? > 1/n, since < 0. In this case the waves 
are slower than the particle and there is no electromagnetic field in front of 
the particle i.e.. 



Fs(t<0) = 0. 



(2.4.45) 



By virtue of the continuity at r = 0 we have for r > 0 
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Fs{t > 0) = A+sin(l/2s|T) . 

Substituting these two expressions in (2.4.42) we obtain 

O'jr 

Fs{t) = sin(|r2^|r) h{r) , 

and the magnetic vector potential reads 
e 






'keqB? — 1 
io(psr/R) 



E 






sin 



1/2,1 U- 






h I t 



(2.4.46) 

(2.4.47) 



^0 



, (2.4.48) 



where h{^) is the Heaviside step function. This expression indicates that 
when the velocity of the particle is larger than c/n, there is an entire su- 
perposition of propagating waves traveling behind the particle. Furthermore, 
all the waves have the same phase velocity which is identical with the ve- 
locity of the particle, vq. It is important to bear in mind that this result 
was obtained after tacitly assuming that Sr is frequency independent which 
generally is not the case, therefore the summation is limited to a finite num- 
ber of modes. The modes which contribute are determined by the Cerenkov 
condition n{uj = /?,)/?> 1. 

After we established the magnetic vector potential, let us now calculate 
the average power which trails behind the particle. Firstly, the azimuthal 
magnetic field is given by 









X sm 



where 

A, = - 



/?2 



ttsoR^ n^l3^ - 1 ■ 



(2.4.49) 



(2.4.50) 



Secondly, the radial electric field is determined by the electric scalar potential 
which in turn is calculated using the Lorentz gauge and it reads 



d 

Er(r, z,t)=- z, t) 



SrVQ 



S=1 



(2.4.51) 
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With these expressions we can calculate the average electromagnetic power 
trailing the particle. It is given by 



^ (3c 1 1 

2TTeaerB? 1 ^ Jl(Ps) 



(2.4.52) 



Note that for ultra relativistic particle (/3 ^ 1) the power is independent 
of the particle’s energy. In order to have a measure of the radiation emitted 
consider a very narrow bunch of ~ 10^^ electrons injected in a waveguide 
whose radius is 9.2 mm. The waveguide is filled with a material whose dielec- 
tric coefficient is Sr = 2.6 and all electrons have the same energy 450 keV. 
If we were able to keep their velocity constant, then 23 MW of power at 
11.4 GHz (first mode, s = 1) will trail the bunch. Further examining this 
expression we note that the average power is quadratic with the frequency 
i.e.. 



_ {Nef y. \f2s\ 
2'KSoSrf3c ^ [PsJl(Ps)]^ 



(2.4.53) 



In addition, based on the definition of the Fourier transform of the current 
density in (2.4.10), we conclude that the current which this macro-particle 
excites in the sth mode is Is = eiVi?s/27r. With this expression, the radiation 
impedance of the first mode (s = 1) is 



^c,i 



Pi _ 47T 



(2.4.54) 



For a relativistic particle, 2 :^ 1, a dielectric medium = 2.6 the radiation 
impedance corresponding to the first mode is 1200^1 which is one order of 
magnitude larger than that of a dipole in free space or between two plates. 
Note that this impedance is independent of the geometry of the waveguide 
and for an ultra-relativistic particle it is independent of the particle’s energy. 



2.4.3 Cerenkov Force 

The radiation emitted when a particle moves with a velocity which exceeds 
the phase velocity of the electromagnetic wave in the medium, comes at the 
expense of its kinetic energy. In order to understand the source of this force we 
recall that attached to a moving particle there is a superposition of evanescent 
waves. As the particle moves in a vacuum channel of radius R surrounded by 
a dielectric medium Sr, the evanescent waves hit the discontinuity at r = i? 
and they are partially reflected and partially transmitted. It is the reflected 
wave which acts back on the electron decelerating it. In this subsection we 
shall examine this process in a systematic way. 

Consider a point charge (e) moving at a constant velocity vq; the current 
density is described by (2.2.15) and its time Fourier transform by (2.4.10). It 
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generates a magnetic vector potential, in the frequency domain, determined 
by 



/ oo pR 

dz' / dr'r'G(r,zlr',z')J 2 (r',z',cj) 

-OO J 0 



poo 

+ / dfc^(fc)e-^''^Io(Pr), 

J — OO 


(2.4.55) 


and 




poo 

Az{r>R,z,uj)= / dfcr(fc)e-^''^Ko(Ar) , 

J —OO 


(2.4.56) 



where — (o;/c)^, — Sj:{uj/c)^, G(r' ,z'\r,z) is the boundless 

Green’s function as defined in (2.4.12,20) but for vacuum i.e.. 



{ lo(rr) Ko{Fr') for 0 < r < r' < oo , 
Ko{Fr) lo{Fr') for 0 < r' < r < oo . 



(2.4.57) 



The amplitudes g and r represent the refiected and transmitted waves cor- 
respondingly. In order to determine these amplitudes we have to impose the 
boundary conditions at r = i^. For this purpose it is convenient to write the 
solution of the magnetic vector potential off-axis as 

/ oo 

[Qik)Io(rr) + a(fc)Ko(rr)] , (2.4.58) 

-OO 



where 



a{k) = --^6ik- 



(27t)2 



ijj 

Vo 



(2.4.59) 



Prom the continuity of the longitudinal electric field (Ez) we conclude 



that 



.2 r, ,2 



JW [C- 






-e 



r{k)Ko{AR) . 



(2.4.60) 



[^(fc)Io(ri?) + a(fc)Ko(ri?)] 

L " < 

In a similar way the continuity of the azimuthal magnetic field implies 
r [^(fc)Ii {ER) - a{k)Ki (Pi?)] = -ylr(fc)Ki {ER) . (2.4.61) 

At this stage we introduce the (normalized) impedances ratio 
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1 AKo(AR) 

ErTKiiAR) ’ 

by whose means the amplitudes of the reflected waves are given by 

CKijrR) -KojrR) 

^ “ Cii(ri?) + io(ri?) • 



(2.4.62) 



(2.4.63) 



The only non-zero fleld on axis is the longitudinal electric fleld and only 
the waves “reflected” from the radial discontinuity contribute to the force 
which acts on the particle, therefore 



Ez{r = 0,z = vot 



, r fa;2 1 

, t) = / dujdk— —TT — 

J-oc [c^ J 



(2.4.64) 



Substituting the explicit expression for g and using the integral over the Dirac 
delta function [see (2.4.59)] and deflning x = ujR/cfi^^ we obtain 



Ez{r = 0,z = vot,t) 

= r 

(27T)%oi?2 y_o 



C(x)Ki(|x|)-Ko(|x|) 
C(x)Ii(|x|) +Io(|x|) 



(2.4.65) 



At this point it is convenient to deflne the normalized fleld which acts on the 
particle as 



Ez{r =^d,z = vot,t) 



dxxRe 



y^neoR^^ J 

l C(x)Ki(|x|)-Ko(|a;|) 
j C(x)Ii(|x|)+Io(|x|) 



(2.4.66) 



Clearly from this representation we observe that, for a non-zero force to act 
on the particle, the impedance ratio ^ bas to be complex since the argument 
of the modifled Bessel functions is real. 

We can make one step further and simplify this expression by deflning 



C(x) = |C(x)|e^’^(") , 

and using Ko(x)Ii(x) + Ki(x)Io(a:) = 1/x, we obtain 



_ 2 r 

7T Jo 



, |C(x)[sinV)(x) 

lo(^) + |C(a;)|^Ii(x) + 2|C(x)|lo(x)Ii(x)cosV’(x) 



(2.4.67) 



(2.4.68) 



In order to evaluate this integral for a dielectric medium and a particle whose 
velocity Pc is larger than cly/e^^ we go back to (2.4.62) which now reads 



-y Ko (jXJy/Srf3‘^ ~ l) 

c(x)=ifv/i;;5^^ — ^ ( 

Ki (jx'fy/er^ - ij 



(2.4.69) 
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and it can be further simplified if we assume that the main contribution 
occurs for large arguments of the Bessel function (i.e., 7^1) thus 

C(x)~j^^£r/32-l. (2.4.70) 



Since subject to this approximation -0 
evaluate 5, 




7t/ 2 and |C| is constant we can 



(2.4.71) 



for two regimes: firstly when |C|^ 1 i-^-? 7 ^ the contribution to the 
integral is primarily from small values of x thus 



|c| 



fdx- 

Jo 1 + |Crx 2/4 

-nJo l + 



~ 2 . 



(2.4.72) 



At the other extreme (|C|^ 1) 
calculated and the result is 



7^(£r/?^ - 1) 



f 

Jo 



dx- 



X 



Jo 'lo(^) 
and we can summarize 






0 



1.26872 i/er/32 - l/£r 






the normalized impedance has to be re- 

^ l,263^fe^^ , (2.4.73) 



for 


/3<l/v^, 




for 


7 < £r/\/£r/3^ - 1, 




for 


7»£r/\/er^^-l- 


(2.4.74) 



It is interesting to note that for ultra-relativistic electrons the decelerating 
Cerenkov force reaches an asymptotic value which is independent of 7 and the 
dielectric coefficient; it is given by E" = —e/27T€oR‘^, In addition, we observe 
that the normalized impedance (C) determines the force. 



2.4.4 Ohm Force 

If in the Cerenkov case the electron has to exceed a certain velocity in order 
to generate radiation and therefore to experience a decelerating force, in the 
case of a lossy medium, the moving electron experiences a decelerating force 
starting from a vanishingly low speed. This is because it excites currents in the 
surrounding walls and as a result power is dissipated - which is equivalent to 
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the emitted power in the Cerenkov case. The source of this power is the J • E 
[see (2.1.17)] term which infers the existence of a decelerating force acting on 
the electron. In order to evaluate this force we use the same formulation as 
in the previous subsection only that in this case the dielectric coefficient is 
complex and it is given by 



= 1 - j- 



(2.4.75) 



where a is the (finite) conductivity of the surrounding medium. It is conve- 
nient to use the same notation as above, therefore the normalized impedance 
C from (2.4.70) is replaced by 






(2.4.76) 



In this expression a = a'qoRl'ylS which for typical metals and jR ~1 cm is of 
the order of 10 ®/ 7/3 thus for any practical purpose d- 1 hence 






(2.4.77) 



Note that the phase of the normalized impedance is t/; = 37t/ 4. Substituting 
this expression in (2.4.68) we obtain 



2V2 



(2.4.78) 



f KIJU ' 

Jo I§(x) + xIf(x)(7^)3/crj?o7? - v^Io(x)Ii (x) y/i-y/3)^/ar)oR ’ 

which can be evaluated analytically for two extreme regimes: in the first 
case the (normalized) momentum of the particle is much smaller than the 
normalized conductivity term i.e., ( 7 /?)^ < crrjoR in which case 



7T 2 



2^ / ( 7 / 3)3 

7T 2 y ar]oR 




(2.4.79) 



The second case corresponds to a highly relativistic particle i.e., ( 7 /?)^ > 
arjoR implying that the main contribution to the integral is from the small 
values of x which justifies the expansion of the modified Bessel functions in 
Taylor series. Redefining = (x'y/3)^ /AarjoR we have 

- 4V2 f°°, 1 

£ ~ — — / dy 7 = 

37 t yo l + y^ — yV^ 

^ 2 . (2.4.80) 
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Therefore, 



( OMy/{'yP)^/arjoR for (7/?)^ < (ttjoR, 

I 

[ 2 for (7/?)^ > arjoR, (2.4.81) 

which, as in the Cerenkov case, indicates that for ultra-relativistic particles 
the decelerating force is independent of 7 and of the material’s characteristics. 
However, the threshold for 7 in this regime is much higher. In both cases the 
particle is decelerated by a force which corresponds to a (positive) image 
charge located at a distance R/y/2 behind the electron. 

In the low energy regime the decelerating force increases rapidly with 
the momentum of the particle. The square root of the conductivity indicates 
that this is a skin-depth effect. A clearer interpretation of this statement is 
obtained if we define the characteristic frequency uq = 2c/i?(7/3)^ by whose 
means 



6 = 



2 

crfiQUJo ’ 



(2.4.82) 



and 

f0.54V^ for 6<^R, 

I 

1 2 for (2.4.83) 

The characteristic frequency is low for very relativistic electrons and con- 
sequently the skin-depth is much larger than the radius and all the bulk 
material “participates” in the deceleration process. On the other hand, if the 
frequency is high, then the skin-depth is small (comparing to the radius) and 
only a thin layer dissipates power, therefore the loss is proportional to 6. 

Finally, if the conductivity of the material is negative, that is to say that 
we have an active medium, then the phase in (2.4.77) is ^ = 57t/4 and the 
force is accelerating which means that energy can be transferred from the 
medium to the electron. This topic will be further discussed in Chap. 8 in 
the context of acceleration concepts. 



2.5 Finite Length Effects 

In all the effects discussed so far we assumed an infinite system with no 
reflected waves. In this section we consider three finite length systems and 
phenomena associated with reflected waves. When both forward and back- 
ward propagating waves coexist, there is a frequency selection associated with 
the interference of the two. Another byproduct of reflections is tunneling of 
the field in a region where the wave is below cutoff. We also examine more 
complex phenomena such as radiation generated by a single particle as it 
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traverses a geometric discontinuity in a waveguide. We conclude with the 
evaluation of a wake field generated by a particle in a cavity. 



2.5.1 Impedance Discontinuities 

In most cases of interest the waveguide is not uniform and as a result more 
than one wave occurs. In order to illustrate the effect of discontinuities we 
shall consider the following problem: a cylindrical waveguide of radius R but, 
instead of being uniformly filled with one dielectric material, there are three 
different dielectrics in three different regions 

{ S\ for — oo < z < 0 , 

€2 for 0 < z < d , 

6s for d < z < oo , (2.5.1) 

as illustrated in Fig. 2.3. 




z=0 



z = d 



Fig. 2.3. Schematics of the system used to examine the reflected waves resulting 
from characteristic impedance discontinuities 



A wave is launched from z -> -oo towards the discontinuity at 2 : = 0. 
For simplicity we assume that this wave is composed of a single mode (TMqi 
i.e., s = 1). The 2 : component of the magnetic vector in the first region 
(—00 < 2 : < 0) is given by 



Az{r, —00 < 2 ; < 0,6c;) 



Ain 












Jo , 



(2.5.2) 



where Ain is the amplitude of the incoming wave and g is the reflection 
coefficient; — 61 ( 00 /c)"^. Between the two discontinuities at 

0 < 2 : < d the solution has a similar form 



j4z(r, 0 < z < d,Lj) = Ain [j4+e Jo (pi^) , (2.5.3) 



where — \/ (pi/R)^ — ■ In the third region there is no reflected 

wave therefore 



Az{r,d< z <oo,Lj) = AinTQ (pi^) , 



(2.5.4) 
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and as above — £ 3 (a;/c)^; r is the transmission coefficient. 

The four as yet unknown amplitudes g, r, and A- are determined by 
imposing the boundary conditions at z = 0, d. Continuity of Er at z = 0 
implies 

Zi[ 1 -^] = Z 2 [A+-A_]; (2.5.5) 

Zi and Z 2 are the characteristic impedances (2.3.26) in the first and second 
regions respectively. In a similar way the continuity of implies 



1 + ^ = A+ + . (2.5.6) 

An additional set of equations is found imposing the continuity of the same 
components at z = d: 

Z 2 [A+ e-’^ - e’^] = Z 3 r , (2.5.7) 

and 



A+ e-^ + A^e'^ = T, 



(2.5.8) 



where tjj = F^^d. From (2. 5. 5-8) the reflection (^) and transmission (t) 
coeflSicients are given by 



sinh(V’)(^i.^3 - Zl) + cosh(V>)(Zi^2 - Z2Zz) 

^ ~ sinh(V>)(^i^3 + Zl) + cosh(V>)(ZiZ2 + Z2Zz) ’ 
2,Z\Z2 

sinh('0)(-Zi^3 + Z2) + cosh('0)(^iZ^2 + -^ 2 -^ 3 ) 



(2.5.9) 



After we have established the amplitudes of the magnetic vector potential 
it is possible to determine the electromagnetic field in each one of the regions 
thus we can investigate the power flow in the system. Using Poynting’s the- 
orem the power conservation implies that 



Re(Zi) [1 - |^|2] = Re(Z 3 )|r |2 . 



(2.5.10) 



This expression relates the power in the first region to that in the third. It 
does not depend explicitly on the second region; if, for example, in the third 
region the wave is below cutoff, the characteristic impedance is imaginary and 
the right-hand side is zero. Consequently, the absolute value of the reflection 
coefficient is unity, regardless of what happens in the second region. On the 
other hand, if in regions 1 and 3 the wave is above cutoff, and in region 2 the 
wave is below cutoff, we still expect power to be transferred. However, the 
transmission coefficient decays exponentially with -0 = F^^ d 



T 



4Zi Z 2 

(ZiZs -h Z 2 ) + Z 2 {Zi + Zs) 



(2.5.11) 



In spite of the discontinuities there can be frequencies at which the reflection 
coefficient (g) is zero if we design the structure such that 
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Z 1 Z 3 = Z| and = j 7 r /2 , (2.5.12) 

as one can conclude by examining the numerator of q. The expression in 
(2.5.12) defines the conditions for the so-called quarter-A transformer. A typ- 
ical picture of the transmission coefficient is illustrated in Fig. 2.4. Note that 
the peaks in the transmission correspond to constructive interference of the 
two waves in the central section; the valleys correspond to destructive inter- 
ference of the same waves. Zero reflections also occur when 



Z\ = Z 3 and 



(2.5.13) 



this is typically the choice of parameters for (high power) vacuum windows. 




Fig. 2.4. Transmission coefficient 
as a function of the frequency for 
two cases: the upper trace repre- 
sents a situation in which the di- 
electric coefficient in the third re- 
gion equals that in the first, there- 
fore at certain frequencies all the 
power is transferred - see (2.5.13). 
In the lower trace the two are dif- 
ferent and the relation in (2.5.12) 
is not satisfied, therefore always a 
fraction of the energy is reflected. 
In both cases the constructive and 
destructive interference pattern is 
clearly revealed 



If in the first and third region the wave is below cutoff but in the middle 
region a wave can propagate, then the system will determine a set of dis- 
crete frequencies at which the wave can bounce between the two sections. 
These eigen-frequencies are determined by the geometric parameters and the 
dielectric coefficients. We can calculate these frequencies from the poles of 
the transmission or reflection coefficient, namely from the condition that its 
denominator is zero: 

sinh(^)(ZiZ 3 -h Z|) -f- Z 2 cosh(^)(Zi + Z 3 ) = 0 . (2.5.14) 

Equivalently, one can write equations (2. 5. 5-8) in a matrix form, set the input 
term to zero (Ain = 0 ) and look for the non-trivial solution by requiring that 
the determinant of the matrix is zero - the result is identical with (2.5.14). 



2.5.2 Geometric Discontinuity 

Another source of reflected waves are geometric discontinuities. In a sense 
these can be conceived as impedance discontinuities but of a more complex 
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character since geometric variations couple between the different modes in 
the waveguide. The simplest configuration which can be considered quasi- 
analytically consists of a waveguide of radius R\ and another of radius R 2 < 
i?i; the discontinuity occurs at 2 = 0 as illustrated in Fig. 2.5. A detailed 
analysis when a single mode impinges upon a discontinuity can be found in 
the literature e.g., Mittra and Lee (1971) or Lewin (1975). We examine first 
the case when the source term is in the left-hand side (z < 0), therefore 
Green’s function in the left-hand side has two components 



G{z < 0, r\z' < 0^ ^') = X] 



:io{Psr/Ri)^o{psr'/Ri) 



[ii?2j2(p,)] [47rri')‘ 



+ < 0)Jo (ps-^) 





Fig. 2.5. Green’s function calculation for one discontinuity in the geometry of a 
waveguide. In the upper figure the source is in the left and in the lower it is in the 
right 



the non-homogeneous solution, which corresponds to an infinite waveguide 
and the homogeneous solution which is due to the discontinuity; = 
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CX) / \ 

G{z > 0,r\z' < 0,r') = < 0 )Jq > (2.5.16) 

where = yJ{ps/R 2 Y — Continuity of the radial electric field at 

z = 0 entails 



dz dr 



G(r, z = 0 |r', z' < 0) 



^f^G(r,z = 0+|r',z' < 0) for 0 < r < i ?2 , 

0 for i?i > r > i ?2 • 



(2.5.17) 



In order to determine the amplitudes Qs and the last equation is multiplied 
by Ji(psr/jRi), the product is integrated from 0 to Ri and using the orthog- 
onality of the Bessel function [similar to (2.3.17) but for first order Bessel 
function] we obtain 



, z') - Qs{r' , z') = '^Zs,aTa {r',z') , 



(T = l 



where 



gM(r',z') = 1 



\RpliPs) 47 rri') 



(2.5.18) 



(2.5.19) 



and 



= 



Ri 



fy""' ("'i) (”4) ■ 



pj!) Ps i?2 Jl(Ps 

Continuity of the azimuthal magnetic field in the domain 0 < r < i ?2 implies 

^G(r,z = Q+\r',z' <Q) = —G(r,z = 0-\r',z'<0). (2.5.21) 

or or 

As above, we use the fact that in the domain of interest, Ji(psr/i? 2 ) form a 
complete orthogonal set of functions hence 



oo 

r(r' , z') = , z') + Qs{r' , z') , 



(2.5.22) 



where 



S=1 






(2.5.23) 
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The integral in both expressions for Z and Y can be calculated analytically 
[Abramowitz and Stegun (1968) p. 484] and it is given by 



f 






-i 



plCPn) foT Pn=PmU, (2.5.24) 

PmU [pI - pI^u^] h(Pn)3o{Pmu) Otherwise . 



From (2.5.18,22) one can determine the amplitudes of the reflected and 
transmitted waves. Adopting a vector notation, i.e., Qs{r\z^ < 0) ^ 
Ts(r'^z' < 0) ^ and g^^\r',z' < 0) these amplitudes can be 

formally written £is 

R(-) = (/ + ZY)~^ (/ - ZY) 



and 



(2.5.25) 



(2.5.26) 



t(-) = y\i + {i + zy)~^ (/ - zr)j . 

In a similar way, if the source is in the right-hand side {z' > 0) then 
Green’s function in the left-hand side can be written as 

OO y \ 

G(z < 0,7-12' > 0,r') = Y^^Qs(r',z' > 0) Jo [p^^J > (2.5.27) 



and 



G{z > 0,r|.' > o,r') =y; e-''.®’'-'- 

HiqilM] [47rri^»] 

OO / \ 

+ Y^js{r',z' > 0) Jo [p^^j 
Continuity of Er eit z = 0 implies 

OO 

Qs{r',z') = ^Y^Zs,a ^g^^\r',z')-T„{r',z')^ , 



< 7=1 



where 

(2)w _ Jo(p«r'/i?2) 

- \F^3\iPs) 47rrP 

and the continuity of can be simplifled to read 

OO 

Tc{r',z') + g^^\r',z') = '^Y^^s Qs{r' , z') . 

S=1 



(2.5.28) 



(2.5.29) 



(2.5.30) 



(2.5.31) 
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Again, adopting a vector notation Ts{r\z' > 0) 9 ?\r',z' < 0) 

and Qs{r', z' > 0) —* we can write for the reflected and transmitted 
waves the following expressions 



- -(/ + YZ)~^ (/ - YZ) 



(2.5.32) 



= Z [/ + (/ + YZ)-^ {I - YZ)] g( 



(2.5.33) 



With Green’s function established we calculate now the energy emitted 
by a particle with a charge e as it traverses the discontinuity. The velocity vq 
of the charge is assumed to be constant, therefore the current distribution is 
given by (2.4.10) and the electric field which acts on the particle due to the 
discontinuity is given by 



E^{r,z,u>) = -T— -5- + ^ 



poo 

/ dz'G{r,z\0,z')e-^^‘^/'”>^^' . (2.5.34) 

. J — OO 



^ jueo[c^ ' 

With this field component we can examine the total power transferred by the 
particle i.e.. 



P{t) = — 27T 



/ cx) pR(z) 

dz / drrJ;,{r,z,t)E^{r,z,t), 

-OO J 0 



and also the total energy defined by 



/ OO 

dtp{t ) , 

-OO 



which explicitly reads 



/*oo -t OQ 

27r£oR?y-oc J-oc, 






Qs{0,z') 






(2.5.35) 



(2.5.36) 



poo 1 poo 

^ f duj—y^P^f dz'e~^^‘^ 

27reo-R2 J-oo 3^ Jo 



-j(uj/vo)z' 



Ts{0,z') 






(2.5.37) 



According to (2.5.25,32) eind the definitions of and we can write 



^^(O,^:' < 0) = as, s' 



(2.5.38) 



and 
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Ts{0,z' > 0) = ^ Xs,s' e . 

s'=l 

Consequently the expression for the total energy reads 

°° 1 

UU/ ^ 

-oo 



w = 



„2,,2 /-oo ^ 

,2., 2 



1^=1 - voP^}^ joj + 



27T£oi?i 7-00 j. 






1 



(2.5.39) 



jw + voF^f^ jw - 



(2.5.40) 



The matrices a and x ^re frequency dependent, therefore numerical meth- 
ods have to be invoked in order to have a quantitative answer regarding the 
energy transfer. Nevertheless, the spectrum can be readily derived from these 
two expressions. The first term represents the energy emitted when the par- 
ticle moves in the left-hand side and the second corresponds to the energy 
emitted when it moves in the right one. It should be pointed out that each 
one of the terms has two contributions: a fraction of the energy propagates 
to the left and the remainder to the right. In the next subsection we present 
a simpler configuration which allows one to trace analytically the way the 
electromagnetic field develops in time in the case of refiections. 



f(rf' 



• Fig. 2.6. Step function used to model the 

► effect of truncation in a Bessel series repre- 

T ?2 Ri ^ sentation 



Before we conclude this subsection, there is one question we have to ad- 
dress. In principle the number of modes required to represent the field exactly 
is infinite, but practically only a finite number of terms is taken into consid- 
eration because of the need to invert the matrices numerically. The question 
is what should be the number of Bessel harmonics necessary for the rep- 
resentation of a discontinuity as the one presented above and what is the 
error associated with the truncation. In order to answer this question, let us 
consider a simple function 




for 0 < r < i?2 ? 
for R2 <r < Ri, 



(2.5.41) 
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Fig. 2.7. Truncation error as a function 
of the number of terms 



as illustrated in Fig. 2.6. 

This function can also be represented by a superposition of Bessel func- 
tions: 



OO / \ 

/(o = V ’ 

where 

r _ ^i{PsR2/Ri) 

~ Ri psJiips) ’ 
here we used the fact that the integral 

Jo 



(2.5.42) 



(2.5.43) 



(2.5.44) 



can be evaluated analytically [Abramowitz and Stegun (1968) p. 484]. We 
now define the relative error made when representing the function only with 
a finite number of Bessel harmonics as the 



Error(AT) = 



dr r [/(r) - fsh(Psr/Ri )] ' 

drr/2(r) 



(2.5.45) 



Using (2.5.43,44), the last relation can be simplified to read 



Error(TV) = 1 



4 y \ h(PsR2/Ri) y 

^ [ Ps^liPs) _ 



(2.5.46) 



Figure 2.7 illustrates this error. Taking a single mode the normalized error 
is 36% for R 2 /R 1 = 0.5 and it drops to 2% for 20 modes. Even with 20 modes 
the error can be significantly higher if the radii ratio is small and it is more 
than 15% for N = 20 and R 2 /R 1 0.1 - see Fig. 2.8. These facts become 

crucial when an accurate solution with multiple discontinuities is necessary. 
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Fig. 2.8. Truncation error as a function 
of the radius ratio for a constant num- 
ber of Bessel harmonics 



2.5.3 Wake-Field in a Cavity 

In order to examine transient phenomena associated with reflected waves 
we shall calculate the electromagnetic energy in a cavity as a single (point) 
charge traverses the structure. Consider a lossless cylindrical cavity of radius 
R and length d. A charged particle (e) moves along the axis at a constant 
velocity vq- Consequently, the longitudinal component of the current density 
is the only non-zero term, thus 

Jz{r,t) = -evo-^6{r)6{z - vot) . (2.5.47) 

It excites the longitudinal magnetic vector potential Az{r^t) which for an 
azimuthally symmetric system satisfles 

Id 1 1 d^ 1 

+ (2.5.48) 

In this section we shall consider only the internal problem, ignoring the elec- 
tromagnetic phenomena outside the cavity. The boundary conditions on the 
internal walls of the cavity impose that Ez{r = R, z, t) = 0, Er{r, z = 0,t) = 0 
and Er{r, z = d^t) = 0 therefore the magnetic vector potential reads 

oo 

Az{r,z,t) = ^ As,n{t) Jo cos . (2.5.49) 

s=l,n=0 

Using the orthogonality of the trigonometric and Bessel functions we And 
that the amplitude As^n{t) satisfles 

— + 1 , (t)- 1 

[d^2 + - 27 T£o ^R^JliPs) 9nd 

xcos(J^vot^ ~ ^ ~ ’ (2-5.50) 



where 
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9n 






for n = 0 , 
5 otherwise , 



and 






(2.5.51) 



(2.5.52) 



are the eigen-frequencies of the cavity. Before the particle enters the cavity ( 
t < 0), no field exists, therefore 

^_„(t<0) = 0. (2.5.53) 

For the time the particle is in the cavity namely, 0 < t < d/vo, the solution 
of (2.5.50) consists of the homogeneous and the excitation term: 

As,n fo<t< — ) =Bi cos(/2s„t) -I- S 2 sin(i?s„t) 

V ^0/ 

-I- a«,„ cos(a;„f) , 

where 

evo 111 



^s,n — 



27reo ii?2j2(p^) g^d ’ 



(2.5.54) 

(2.5.55) 



and 



LOrj 



nn 

~d 



■vq. 



(2.5.56) 



Since both the magnetic and the electric field are zero at t = 0, the function 
and its first derivative are zero at t = 0 hence 



Bi + 0^s,n — 0 , 



(2.5.57) 



and 



^2 = 0. (2.5.58) 

Consequently, the amplitude of the magnetic vector potential [As,n{t)] reads 

~ ^s,n [cos(ct^7j,t) COs(»f25^7T,t)] . (2.5.59) 

Beyond t = d/vo, the particle is out of the structure thus the source term in 
(2.5.50) is zero and the solution reads 



A 



d 



t> — 



Vo 



= Cl cos 



f2s 



+ C 2 sin 



f2, 




(2.5.60) 
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As in the previous case, at t = d/vo both As^n{t > d/vo) and its derivative, 
have to be continuous: 






(-l)"-cos(f2,,„- 
' Vo 



= Cl, 



(2.5.61) 



Q:s,n'Cs,nSin = C 2 l2«,n • (2.5.62) 

For this time period, the explicit expression for the magnetic vector potential 



IS 



. I d\ 

As n I ^ ^ I ^s,7i 

' Voj 



f. d\' 




■ 


( d\ 


(-1) - cos fys,n— ] 


COS 


>^3,71 1 


r^)J 



+ a; 5 ,„sin ( ) sin 

Vo/ 






Vo) 



(2.5.63) 



The expressions in (2.5.53,59,63) describe the magnetic vector potential in 
the cavity at all times. Figure 2.9 illustrates schematically this solution. 

During the period the electron spends in the cavity, there are two fre- 
quencies which are excited: the eigen-frequency of the cavity Qs,n and the 
“resonances” associated with the motion of the particle, Un- The latter set 
corresponds to the case when the phase velocity, Uph = uj/k, equals the ve- 
locity uq. Since the boundary conditions impose k = nn/d and the resonance 
implies 

(2.5.64) 

thus we can immediately deduce the resonance frequencies cUn as given in 
(2.5.56). 

Now that the magnetic vector potential has been determined, we consider 
the effect of the field generated in the cavity on the moving particle. The 
relevant component is 

= ^ ^ Jo 

s=l,n=0 

( 7T77- \ 

— zj [cos (cJn^) — cos(i?s,n0] • (2.5.65) 

Note that the upper limit in the double summation was omitted since in 
practice this limit is determined by the actual dimensions of the particle, 
which so far was considered infinitesimally small. In order to quantify this 
statement we realize that the summation is over all eigenmodes which have 
a wavenumber much longer than the particle’s dimension i.e., f2s^nRh/c < 1. 
According to Maxwell’s equations, the longitudinal electric field is 



(r,z, 



0 < t < 



Vo 
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d 




Fig. 2.9. Schematics of the field distribution generated by a particle as it traverses 
a cavity. Prior to its entrance no field exists in the cavity. When in the cavity 
the field has two contributions: directly from the source (non-homogeneous) and 
reflections from the walls (homogeneous). After the particle leaves the cavity only 
the homogeneous contribution remains 



Furthermore, the field which acts on the particle does not include the self 
field, therefore we omit the current density term. Using the expression for 
the magnetic vector potential [(2.1.36)], we have 



Ez(r,t) = -c- 
or explicitly. 






(2.5.67) 



Ez [r,z,0 < t < 



s=l,n=0 

d LUn 



(2.5.68) 



In a lossless and closed cavity the total power flow is zero, therefore Poynting’s 
theorem in its integral form reads 
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dW 

dt 



= — 27T 



pR pQ 

/ drr 

Jo Jo 



dzEz(r,z,t) Jz{r,z,t) . 



Thus substituting the current density [(2.5.47)] we obtain 

rd/vQ 



w 



pa/ Vo 

= evo / dt Ez{r, z = vot, t ) , 
Jo 



which has the following explicit form 

2 pd/vo 



w 



E fCPs\‘^ /•“/^o 

Ols,n (-^) / COs(w„t) 

.=1 „=n ^ ^ ' Jo 



s=l,n=0 

sin(o;„t) sin(^2g,„t) 



U)„ 



X2, 



(2.5.69) 



(2.5.70) 



(2.5.71) 



The time integral in this expression can be evaluated analytically. As can be 
readily deduced, the first term represents the non-homogeneous part of the 
solution and its contribution is identically zero whereas the second’s reads 



W = -evo 



1 ~ (-l)”cos(f?a,rad/uo) 

s=l,n =0 ■ ~ 



a. 



\ R 



Substituting the explicit expression for o:* „ we have 



W=W 



2 \ 



47T£:od J 

y' / 

=t^=0 VJl(P^)/ 9r 

1 

[p2 4- {wnR/d'fyf 



l-(-l)"cos 






(2.5.72) 



(2.5.73) 



In Fig. 2.10 we illustrate two typical terms from the expression above 
as a function of the particle’s momentum. The (normalized) energy stored 
at 10.7 GHz (corresponding to s = l,n = 1) is shown in the left frame 
and we observe that for 7^ = 2.5 the energy reaches its asymptotic value 
[W(5 = l,n = 1) 2:^ 4]. This is in contrast to the energy stored in the 
35.5 GHz (s = 3, n = 3) wave which at the same momentum reaches virtually 
zero level; the asymptotic value [H^(s = 3, n = 3) ~ 0.5] is reached for a much 
higher momentum (7/? = 15). Figure 2.11 illustrates the normalized energy 
of all the frequencies below 300 GHz. 
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yP yP 

Fig. 2.10. Normalized energy generated at 10.7 GHz (left frame) as a function of the 
particle’s momentum. In the right frame the normalized energy stored at 35.5 GHz, 
is presented 




0 100 200 300 



/ (GHz) 



Fig. 2.11. Normalized energy as a function 
of the frequency as generated by a particle 
whose normalized momentum is 7 /? = 15 



Exercises 

2.1 Determine the boundary condition associated with charge conservation. 
How it relates to (2.1.13-16)? 

2.2 In the context of Sect. 2.2.4, calculate the electromagnetic field associ- 
ated with the moving charge (2.2.22-23). Calculate the Poynting vector 
associated with this field. With this result calculate the total power. Is 
there a force acting on the moving particle? 

2.3 Show that the power radiated in free space by the current distribution 
in (2.3.2) is given by P = 770 /^ {(jodjcf' /127t. 
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2.4 Calculate the energy velocity (Sect. 2.3.3) assuming two modes TMqi 
and TMq 2 above cut-off. Plot the energy velocity as a function of the 
ratio of the two modes 0.3 < ^ = |^oiMo 2 | < 3.0. 

2.5 Calculate the radiation impedance of the TMqi in a circular waveguide 
of radius R. Assume a current distribution 

Jr{r,z,uj) = IAzJi{pir/R)6{z)pi/2nrR. 

2.6 Calculate Green’s function associated with the system described in Sect. 
2.5.1. 




3. Elementary Electron Dynamics 



There are numerous topics which can and probably should be discussed 
as background to the investigation of distributed electron-wave interaction. 
Among these, a fraction will be presented here with emphasis on basic con- 
cepts which are of relevance to the principles to be elaborated in the next 
chapters. All topics considered throughout the text rely on classical mechanics 
(Sect. 3.1) and without exception they are consistent with the special theory 
of relativity (Sect. 3.2), therefore the fundamentals of these two theories are 
summarized. 

Beyond reviewing the fundamental concepts of relativistic classical dy- 
namics, we consider in Sect. 3.3 some of the methods of electron generation 
and discuss the Child-Langmuir law which draws a limit on the maximum 
current achievable when applying a voltage on a cathode from which elec- 
trons are emitted. After electrons are generated, they are typically guided 
by magnetic fields and waveguides to the interaction region. In Sect. 3.4 we 
present some basics of beam propagation in free space with uniform or peri- 
odic magnetic field and in a uniform and disk loaded waveguide. The section 
concludes with the basic measures of beam quality: emittance and brightness. 

Last section is dedicated to space-charge waves. After introducing the ba- 
sic concepts of fast and slow space-charge waves, we consider two instabilities 
which can develop when these waves are present. One is the resistive wall in- 
stability and the other is the two-beam instability. The section and the chap- 
ter conclude with a discussion on the interference of two space-charge waves 
and their interaction with a cavity as it happens in relativistic klystrons. 



3.1 Classical Dynamics 

In a substantial fraction of the interaction schemes it is sufficient to describe 
the electron- wave interaction in the framework of classical mechanics and for 
this reason we shall not discuss here quantum mechanic effects. The classical 
approach includes either the Newtonian equation of motion, or Lagrangian or 
Hamiltonian formalism. In all cases the relativistic framework is considered. 
Furthermore, in all cases of interest many particles are involved and conse- 




78 



3. Elementary Electron Dynamics 



quently, statistical methods are invoked and for this purpose, we present the 
kinetic and the fluid approximations which are used throughout the text. 



3.1.1 Newtonian Equations of Motion 



The elementary equations which describe the dynamics of a particle at the 
classical level are given by 

^ [m7(t)v(t)l = F{t) , (3.1.1) 

where F(t) is the force acting on the particle and if an electromagnetic fleld 
is present then the force is given by the so-called Lorentz force which reads 

F(t) = -e{E[r(i),f] + v{t) x B[r(t),f]} ; (3.1.2) 



e and m represent the charge and the rest mass of the electron respectively, 
v(t) is its velocity vector at any point in time and 



7(0 = 



1 

- v{t) ■ v{t)/c^ 



(3.1.3) 



The electromagnetic fleld, E(r(t), t) and B(r(t), t) is the fleld at the particle’s 
location. 

A full description of the particle’s dynamics requires to determine also 
the location of the particle at each point in time; this is given by 



^r(i) = v(f) . (3.1.4) 

The state- vector of such a particle is a 6D vector and it consists of the relative 
location of the particle r{t) and its momentum i.e. [r(t), rri'y{t)v{t)]. 

As in the case of Maxwell’s equations, the energy conservation can be 
deduced from these equations. For this purpose (3.1.1) is multiplied scalarly 
by v(t). After substituting (3.1.2) in the right-hand side we can And that 
the second term contribution is identically zero since the product v x B is 
orthogonal to both the velocity vector and the magnetic induction. In the 
left-hand side we have 

mv{t) ■ ^['yit)v{t)] 

= Tni 7 (t)^ [v(t) • v{t)] + m [v{t) ■ v(t)] ^ 7 (t) , (3.1.5) 

which can be simplifled if we now use the deflnition of j{t) in (3.1.3) to 
express v • v as c^[l - 7 “^(t)] which yields 

= -ev(0-E[r(f),f]. 



(3.1.6) 
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This is the expression for single particle energy conservation. Note that there 
are two different representations of the equations of motion: (i) it is possible 
to substitute (3.1.3) in the equation of motion and then we have to solve for 
the three components of v i.e. solve only (3.1. 1-2). (ii) Another possibility is 
to postulate (3.1. 1-2,6) [which anyhow yields (3.1.3)] and solve for the three 
components of v and for 7. 



3.1.2 Lagrangian Formalism 



It is convenient in many cases to use a different approach when formulating 
the dynamics of a single particle. The basic concept is to introduce a scalar 
function L, called Lagrangian, from which the vector equation of motion can 
be derived. This function depends on the velocity and location of the particle 
and in general it may also depend on time. Without loss of generality we can 
define the action as 
t2 

dtL(v,r;t), (3.1. 




and require that the motion of the particle from time ti to time ^2 is such 
that the line integral is an extremum for the path of motion. To formulate 
this statement mathematically it implies to require that this action is at an 
extremum with respect to a virtual change ^r, hence 



pt2 

= S dtL{v,r;t) = 0, 

Jti 



dt6L{v,r;t) = 0, 



“'"'“‘■■■ar dtav 



^I>[ 
/: 



dr 
IdL 



&v dt 

d dL 



= 0 , 
0 , 



(3.1.8) 



In this context by “virtual” we mean an infinitesimal change in the config- 
uration space due to an infinitesimal change of the coordinates system, 6r, 
consistent with the forces imposed on the particle at the given time. In the 
last line of the equation above we used the fact that after the integration 
by parts, the variation at and *2 is identically zero. Thus, in order to sat- 
isfy 61 = 0, the Lagrangian has to be a solution of the following differential 
equation 



dt 





(3.1.9) 



This is called Lagrange’s equation and it is identical with the (relativistic) 
equations of motion, provided that L is chosen to be 
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L = —mc^y/l — V • v/c^ + e(^ — v • A) , (3.1.10) 

where ^ is the scalar electric potential and A is the magnetic vector potential. 

At this point we are in position to define in a systematic way the mo- 
mentum of a particle in the presence of an electromagnetic field. This will be 
referred to as the canonical momentum associated with the coordinate r and 
it is defined by 
dL 

= m — , ^ == — eA 

a/1 — V • v/c^ 

= m 7 v — eA. (3.1.11) 

With this definition in mind and Lagrange equation we can already point 
out one of the advantages of the Lagrangian formalism. If L is not an ex- 
plicit function of one of the coordinates (say x) then the second term in 
(3.1.9) vanishes. This, in conjunction with the last definition, implies that 
the corresponding component of the canonical momentum (in this case px) 
is a constant. Therefore the constants of motion can be deduced from the 
symmetry of the system. 

3.1.3 Hamiltonian Formalism 

In particular if L does not depend explicitly on time then by its differentiation 
by parts and using Lagrange’s equation we obtain 

^^__d ^ ^ 

dt dr dt dv dt dt \ 9v / ^ 9v dt 

dt dt \ dv ) 

Subject to this condition, the expression in brackets is a constant and is 
proportional to the total energy in the system. Based on this last result it is 
convenient to define the so-called Hamiltonian of the system as 

= V • p — L . (3.1.13) 

For a relativistic particle it reads 

H = w ' (m 7 V — e A) — |^— mc^ a/ 1 — v • v/c^ -h e (^ — v • A) , 

= mc^7 — , (3.1.14) 



According to the last expression and comparing it to the free particle case, the 
energy, in the presence of an electromagnetic field, is given by E" = H e^. 




3.1 Classical Dynamics 



81 



Bearing in mind that, according to the special theory of relativity, the energy 
and the momentum are related by E‘^ = + m^c^, we conclude that 

the Hamiltonian of a relativistic particle expressed in terms of momentum p 
[using (3.1.11)] is given by 



H = y^(p + eA)^c2 + 



{mc^Y 



e^. 



(3.1.15) 



This is also a scalar function and as in the case of the Lagrange’s function, 
there are a set of equations which describe the motion of the system. These 
read 



dr _ dH 

d^ 9p 

[ 

^ 

dt dr 



(3.1.16) 

(3.1.17) 



Neither the Lagrangian nor the Hamiltonian formalisms include more infor- 
mation about the system than that provided by the Newtonian equations of 
motion; however as indicated in the case of the Lagrange function, the con- 
stants of motion can be determined in an easier and more systematic way. In 
addition, the formulation of the dynamics of more complex variables can be 
“naturally” formulated. Consider, for example, a dynamic variable ^(p, r, t) 
and suppose it is required to determine its equation of motion. At first glance 
the vector equations of motion [(3. 1.1-2)] give us a limited hint as to how to 
proceed whereas the Hamiltonian formalism is very helpful since firstly we 
can write 

d^ _ dg dg dr dg dp 

dt dt ^ dr dt dp dt ’ 



dg dg dr dg dp 
dt ^ dr dt ^ dp dt 



(3.1.18) 



and secondly substitute Hamilton’s equations. The result is 
d^ _ dg dg dH dg dH 

dt dt ^ dr dp dp dr ’ 

= ^ + (3.1.19) 



The latter definition is also known as the Poisson brackets. Hamiltonian for- 
mulation and a generalization of Poisson brackets provides the basis for the 
quantum formulation of microscopic electron’s dynamic. A more detailed dis- 
cussion on classical mechanics can be found in books by Goldstein (1950) and 
Landau and Lifshitz (1962). 
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3.1.4 Kinetic Approximation: Liouville’s Theorem 



The formulation presented above relies on a single particle interacting with 
the electromagnetic field and no direct interaction is considered other than 
through this field. Even in the absence of an external electromagnetic field (or 
a very simple one) there are numerous electrons in any system and it is not 
possible to solve instantaneously the equations of motion for all electrons, 
therefore statistical methods are invoked. Instead of information regarding 
each particle, we consider the probability density, /(r, p, t), to find a particle 
at a given time t in the 6-dimensional phase-space element rp (r-h6r)(p-f- 
^p); this probability density satisfies 

/ oo roo 

dr dp/(r, p, i) = 1 . (3.1.20) 

-OO j — OO 



Although the notation is the same, it is important to realize the difference 
between (r, p) in this sub-section and the previous one: previously, (r, p) were 
the coordinates of a given particle in a 6D phase-space whereas here, we do 
not know the location of any of the particles and (r, p) in (3.1.20) are the 
variables of the probability density. 

Assuming that we know this probability density function, the charge den- 
sity is 



^(r, t) = -en(r, t) 



/ OO 

dp/(r,p,f), 

-OO 



(3.1.21) 



where no is the average particle density and the current density is 



/ OO 

dpv/(r,p,t) . 

-OO 



(3.1.22) 



These two expressions indicate that, in principle, if we know this function 
we should be able to calculate the electromagnetic field. Motivated by this 
fact, we proceed and determine next the dynamics of this probability density 
function. According to Liouville’s theorem, the density of particles in phase- 
space as measured along the trajectory of a particle ^ is invariant This is valid, 
for non-interacting particles and closed system; however the formulation can 
be generalized to include collisions and external effects. For a collisionless 
ensemble, the Liouville theorem can be formulated as 



^/(r,p,i) - 0. (3.1.23) 

Using the Hamiltonian dynamics in terms of Poisson brackets as formulated 
in (3.1.19) we have 
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^/(r,P,0 = 0 

_ df(r, p,t) , , 

— 1" {/(r,P,i),«| 

^ dfjr, p, t) ^ dfjr, p, t) ^ df(r, p, t) 
dt dt dr dt dp 

^ ^/(r,P,*) , 9f{r,p,t) 

dt dr 

- e [E(r, t)+vx B(r, t)] ■ = q . (3.1.24) 

dp 

This is also referred to as Vlasov equation. 

Let us now present a very simple solution of this equation which also re- 
flects on the character of the interaction of charges in plasma. In contrast to 
the case of a gas where each individual atom interacts only with its nearest 
neighbor due to the short range character of a neutral atom, in the case of 
charged particles the range of the Coulomb force is long and consequently 
many particles, in its vicinity, might be aflFected. We consider a static electric 
held (E = — V^) which develops in a neutral system due to a local pertur- 
bation in the neutrality of the system. The Hamiltonian in this case reads 

H = (3.1.25) 

2m 

and the solution of (3.1.24) can be checked to read 

f{r,p,t) = foexp{-H/kBT), (3.1.26) 

where A:b = 1.38066 x 10“^^JK“^ is the Boltzman constant and T is the 
absolute temperature of the particles; /o is determined using (3.1.20). Inte- 
gration over the momentum can be performed analytically thus the density 
of the particles, according to (3.1.21), reads 

n(r) = . (3.1.27) 



A potential which develops in the distribution, causes a change n(r) — no 
in the particle density; no is the average density of the particles. The latter 
affects in turn the electric scalar potential ^ hence 

V^^(r) = —no - ll . (3.1.28) 

So L -I 

Assuming e|^|/A;BT <C 1, we can expand the right-hand side in Taylor series 
of which we keep only the first term. If we further assume spherical symmetry, 
we can readily solve (3.1.28) and the electrostatic potential is given by 




(3.1.29) 
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where Ad is the Debye length, defined by 



A 



2 

D 



eoksT 

noe^ 



(3.1.30) 



The solution in (3.1.29) indicates that the potential generated by this per- 
turbation is screened on a scale of the Debye length and beyond this radius 
its effect is vanishingly small. In order to get a feeling of this effect let us 
consider a relativistic beam of 3 mm radius which carries IkA and whose 
temperature is 1000° K. Debye length in this case is 80 \im. With this char- 
acteristic length parameter we can define the typical (Debye) sphere whose 
volume is 47 tAq/ 3 . In this range the charge has a non-negligible effect on 
adjacent particles. The number of the particles affected by the perturbation 
mentioned above, is proportional to the product of the averaged particles’ 
density, no, and the volume of the Debye sphere. In order to avoid effects of 
such fluctuations it will be reasonable to require that no particles (other than 
the source) will be in this sphere i.e.. 



no 




< 1 , 



(3.1.31) 



which also means that the density has to be larger than a critical value ric 
given by 



no > Tie 




(3.1.32) 



Whenever the kinetic approximation will be used it will be assumed that this 
condition is locally satisfied. 



3.1.5 Hydrodynamic Approximation 

In the framework of the kinetic approximation presented above, at a given 
location there is a finite probability to find particles of different velocities. In 
many cases the number of particles is sufficiently high such that in a small 
volume we can attribute to all particles a certain velocity and density. In other 
words, in an infinitesimal volume the average velocity of all the particles, is 
taken to be identical to that of a single particle which satisfies 

^ [m 7 (r, t)v{r, t)] = -e [E(r, t) + v(r, t) x B(r, t)] . (3.1.33) 

In contrast to the case presented in Sect. 3.1.1, the velocity v represents a 
field, m is the rest mass of the particle and 7 satisfies 

^ [mc^ 7 (r, t)] = -ev(r, t) ■ E(r, t) . 



(3.1.34) 
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The particles’ density in the infinitesimal volume at the given time, n(r, f), 
satisfies the continuity equation 

V- [n(r,t)v(r,t)] + -^n{r,t) = 0, (3.1.35) 

which is equivalent to the charge conservation introduced in context of 
Maxwell’s equation (see Sect. 2.1.1). These three equations, (3.1.33-35), rep- 
resent the basic equations of the hydrodynamic approximation. In the context 
of the equations above, the derivative d/dt is given by 

i = |+v(r,<).V. (3.1.36) 

Assuming that the velocity and density fields were established, the charge 
and current densities read 

g(r,t) = -en(r,t), (3.1.37) 

and 

J(r,t) = -en{r,t)v{r,t) . (3.1.38) 

In order to quantify this approximation we can state that any variations of 
the velocity (or density) field on the scale of an infinitesimal volume are neg- 
ligible on the scale of the distance between any two particles in this volume. 
If the density in the mentioned volume is n then the characteristic distance 
between each two particles is I thus 

|V-v| 1 

VV 7- (3.1.39) 

If, for example, the largest spatial variation is determined by the radiation 

field i.e. A, then the condition above implies that A x <C 1; for relativistic 
beam of radius 3 mm carrying a current of 1 kA, the density is 7 x 10^^m“^, 
the characteristic length / is / ~ 110 pm therefore as long as the radiation 
wavelength is larger than 1000 ^im the approximation will be completely jus- 
tified. However for a strongly bunched beam there will be regions in space 
where the density is orders of magnitude smaller than the (initial) average 
density and consequently the validity of the fluid approximation has to be 
properly re-examined. An equivalent formulation relies on the temperature 
of the beam which is assumed to be zero namely, the momentum distribution 
is described by a Dirac delta function. This is obviously an idealization and 
in practice we deal with low temperatures and the criterion can be based on 
(3.1.32) and formulated as n > nc. 
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3 . 1.6 Global Energy Conservation 



In Chap. 2 we developed the Poynting’s theorem from Maxwell’s equations 
and it was indicated that it is associated with the power and energy conser- 
vation of the radiation field. It was formulated as 



O " -| -I 

V-S + - -£0£rE-E + -M0/irH-H 



= - J E , 



(3.1.40) 



where S = E x H is the Poynting vector and J was assumed to be given. 
At this stage we can release this constraint since the current density was 
determined in (3.1.38) in terms of the density and velocity fields. Our goal 
now is to formulate the global energy conservation of the electromagnetic, 
velocity and density fields as a conservation law e.g., charge conservation 
in (2.1.12). For this purpose, we substitute the current density definition in 
(3.1.40). In addition, we use the definition of the total electromagnetic energy 
density W from (2.1.19) to write 

V • S + — W = env • E . (3.1.41) 



The scalar product on the right-hand side is identical to that in (3.1.34), 
therefore the last equation yields 



v.s + lw' 



-me n— 7 ; 
dt 



using the definition in (3.1.36) we have 



V • S + = -mc^ 

dt 



= —me 



d 

n^7 + nv • V7 
^{nj) - 7^n + V • (nv7) - 7V • (nv) 



(3.1.42) 

(3.1.43) 



The continuity equation in (3.1.35) further simplifies this expression since the 
sum of the second and the fourth terms on the right-hand side is zero, hence 

v.[s + mc^n7v] -f ^ [Wd-mc^n^] = 0. (3.1.44) 

This expression is the global energy conservation of the electromagnetic, ve- 
locity and density fields. The total energy fiux is given by the first term and 
it is the sum of the electromagnetic Poynting vector and the kinetic energy 
fiux: S -f mc^n (7 — l)v. The total energy density stored in the system is a 
superposition of the electromagnetic energy density W and the kinetic energy 
density W — 1). For these interpretations we have subtracted from 

(3.1.44) the continuity equation 

d 

V • [S -h mc^n{'y — l)v] + ^ + 'rnc^n{j - 1)] = 0 , 

C/C 

multiplied by the rest energy of the electron i.e., mc^. 



(3.1.45) 
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3.2 Special Theory of Relativity 

Modern high power radiation sources and accelerators rely on the interaction 
of electromagnetic waves with electrons whose velocity is very close to c. In 
these conditions one has to invoke relativistic dynamics. 

3.2.1 Principles 

The dynamics of the electrons as formulated so far is consistent with what is 
known as the Special Theory of Relativity as formulated by Albert Einstein 
in 1905. For an adequate formulation of its principles, we have to introduce 
the concept of the system of reference also referred to as frame of reference. 
It consists of a set of rulers to measure the distance in space and allow us to 
determine the location of an event in space and in addition, a series of clocks 
which show the time. An inertial frame of reference can be conceived as being 
attached to a free particle i.e., a particle which no forces act on, thus it moves 
with a constant velocity. Another frame of reference moving at a different but 
constant velocity is also inertial. The first principle of the theory states that: 
(i) The laws of nature are form-invariant with respect to the transformation 
from one frame of reference to another. In other words, the laws of nature 
can be written in the same form in all inertial systems of reference. As an 
example let us consider a motionless frame of reference ii(x, y^ 2 , ct). The law 
of nature in the present example will be Maxwell’s equations which read 

VxE+^B = 0, 

VxH-^D = J, 

VD = p, 

V-B = 0. (3.2.1) 

Now, in another frame of reference, R'{x', y\ z', ct'), Maxwell’s equations have 
an identical form. “Primed” notation indicates that the numbers which indi- 
cate the location and the time of the event under consideration are different 
than these measured in laboratory frame. Similarly, primed field components 
or the source terms are those measured by an observer in the moving frame 
and according to (i) they satisfy 

V'xE' + ^B' = 0, 
of 

V'xH'-^D' = J', 

V'-D' = g', 

V'-B' = 0. 



(3.2.2) 
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The two observers, one in the laboratory and the other in the moving frame of 
reference, intend to “compare notes” regarding data each one has measured. 
In this process they have to take into consideration the finite time it takes 
information to traverse the distance between two points. This brings us to the 
other principle of the special theory of relativity which states that (ii) The 
phase velocity of a plane electromagnetic wave in vacuum is the same in all 
inertial frames of reference. 

3.2.2 Lorentz Transformation 

In contrast with Newtonian mechanics, where the spatial coordinates are 
variables and the time is a parameter, according to special theory of relativity 
the attitude to time in the description of an event should be identical to the 
spatial coordinates. Therefore in order to describe the motion of a wave in 
vacuum, we denote by dr the space interval it traverses in a time interval dt 
hence, dr = cdt. The last expression can also be written as 

ds^ = dr^ — dt^ = dx^ + dy^ + dz^ — c^dt^ = 0 , (3.2.3) 

which is a generalization of the concept of distance in a regular three di- 
mensional space. As clearly indicated, in the particular case of a plane wave, 
the distance it traverses in the four dimensional space (space-time) is zero. 
By virtue of the invariance of the phase velocity the same statement can be 
written by the moving observer as 

(ds')^ = + dy'^ + dz'^ - c'^dt'^ = 0 . (3.2.4) 

Without loss of generality, we can assume that the relative motion of the two 
frames of reference is along the 2 axis and that at a certain point in space-time 
the two frames overlap; thus we assume the following general transformation 

dx' = dx , 
dy' = dy , 

dz' = aiidz — ai 2 cdt , 

cdT = 022cdt — a2idz . (3.2.5) 

Substituting these relations in (3.2.3-4) and comparing coefficients we find 
the following relations 

2 2 _ 1 

^11 ~ ^21 “ ^ ? 

2 2 _ -1 

^22 ~ ^12 — -*■ 5 

<^110^12 “ 0 ^ 220^21 = 0. (3.2.6) 

At the origin (z' = 0), we must have 2; = vot where vq is the relative velocity 
between the two frames, therefore ai2/aii = /? = vq/c. With this observation 
we can now determine the coefficients of (3.2.5). Firstly, we substitute ai2 = 
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f3aii in the second and third equation. Secondly, we substitute U22 from one 
of the resulting equations. The equation obtained for U2i can be solved and 
the result is U2i = 7/3 and 7 = [1 — /3^]“^/^. The other two coefficients can 
be readily determined and they are given by ai 2 = 7/3, ^22 = 7 and an =7. 
These coefficients define the so-called Lorentz transformation which for the 
4- vector of the coordinates (r, ct) can be formulated as 

X — X , 

y' = y, 

z' = 'f{z - Pet ) , 

ct' = j{ct - Pz) . (3.2.7) 

The transformation from the laboratory frame of reference to the moving 
one is determined by reversing the sign of /3 and replacing the prime and 
unprimed variables namely, 

X = x^ , 

y = y' , 

z = j{z' + Pet') , 

ct — 7(ct' + Pz') . (3.2.8) 

The same transformation relates the components of any 4- vector in the mov- 
ing frame and the laboratory. 



3.2.3 Phase Invariance 



The phase velocity of a plane wave was defined as the velocity an observer 
has to move in order to measure the same phase - e.g. to be on the crest of 
the wave. If according to the special theory of relativity this velocity is the 
same in all frames of reference, then we may expect that the phase itself 
is also invariant otherwise, the observer will measure a phase which varies. 
Hence, 



— k • r = Lj't' — k' • r' = const. , 



(3.2.9) 



where u) is the angular frequency and k is the wavenumber vector. Substitut- 
ing Lorentz transformations we obtain the following transformation for the 
frequency and wavenumbers: 




fc' = 7 [k, - /3^) , 
7 = 



(3.2.10) 
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As in the space-time transformation, the inverse is obtained by reversing the 
sign of (3 and replacing the prime and unprime variables i.e., 



k — k' 
h — k' 

^ 

kz=l {k'^ + , 



u 



c=^ 




(3.2.11) 



Similar to the 4- vector of the coordinates (r, ct) which describes an event in 
an inertial frame of reference, the set (k,a;/c) also forms a 4- vector which 
describes the propagation of an electromagnetic wave in vacuum. 

Another 4- vector is that of the source densities (J,c^) as can be con- 
cluded after applying invariance principle on the charge conservation law as 
expressed in (2.1.12). The detailed proof is left to the reader as an exercise. In 
addition, the potentials (A, ^/c) form a 4- vector provided that the Lorentz 
gauge is imposed. In order to prove the last statement one can check, by 
analogy to (3.2.3), that the wave equation operator 



1 

dz‘^ c? dt^ ’ 



(3.2.12) 



is relativistically invariant. Subject to the Lorentz gauge, we can write the 
wave equations for the potentials 



' a^ a^ 1^1 ( k t 

ax^ dy‘^ dz^ (? at^ \ ’ c 



-/io (J,cp) 



(3.2.13) 



Since the right-hand side is relativistically invariant, as is the wave-equation 
operator, we conclude that the three components of A and i.e. (A,^/c), 
form a relativistically invariant 4- vector. 
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Fig. 3.1. Radiation emitted by an 
electron moving in a periodic mag- 
netic field as measured in the labo- 
ratory frame of reference 
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It is instructive to examine a few of the principles presented above in a 
free electron laser - see Sect. 1.2.4. This consists of a static periodic magnetic 
field (wiggler) and an electron beam which is injected in this field with a 
velocity vq from 2; — —00 to 00 eis illustrated in Fig. 3.1. If the period of the 
wiggler is L then the magnetostatic {uj = 0) wavenumber associated with this 
field is A:w = 27 t/Z/ i.e., Bx = .Bq cos(A;w^). This magnetostatic field is seen 
by the moving electron as a wave since if we substitute the third equation of 
(3.2.8) we obtain cos[k^^^{z' (3ct')]. In the frame of reference attached to the 
electron this wave propagates from 2;' 00 to —00. Based on the argument of 

the trigonometric function we can readily identify the characteristic frequency 
the electron oscillates as a;' = cfcw7/? and the wave number as = — /Cw7* 
The same result is achieved by employing the transformations in (3.2.10): 
firstly, we observe that the wiggler ’s wavenumber in the laboratory frame of 
reference is = — few and as indicated previously, the field is static, therefore 
cv = 0. Secondly, we substitute these two quantities in (3.2.10) and obtain: 

k^ — 7[(~^w) ~ 0] ~ ~~'lkyf , 

— = 7[0 - /J(-fcw)] = . (3.2.14) 

c 

Again, this corresponds to a backward propagating wave since 

K = ---. (3.2.15) 

Under the influence of this wiggler the electron oscillates around its initial 
location {z' = 0) thus, the force in its frame is expected to have the form 
cos(ky^^pcf). As it oscillates, it emits radiation in all directions; however 
we shall consider only the waves emitted along the z' axis. In the positive 
direction it emits a wave which oscillates at cc;' and its wavenumber is A:' = 
uj' ! c. Substituting in (3.2.11) we translate the parameters of this wave into 
the laboratory frame of reference, the result being 

^ = 7 (^ +/3^) = ^w7^/^(l + /?) • (3.2.16) 



For relativistic particles {13 ^ 1) the radiation wavelength is 




(3.2.17) 



and if L = 4 cm, the radiation wavelength for a 100 MeV electron is 0.5 p.m, 
thus this scheme has the potential of generating tunable radiation at frequen- 
cies which are not achievable with atomic or molecular lasers. 

The wave emitted in the negative direction of the z' axis has a wave 
number A;' = —u^jc and in the laboratory frame of reference its frequency 
is 
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U) 

c 




(3.2.18) 



Clearly in this direction (anti-parallel to the electron) the frequency is much 
lower and even for a relativistic particle it reaches the uj ~ level. 



3.2.4 Field Transformation 

Using the Lorentz transformations introduced above and the invariance of 
Maxwell’s equations as formulated in (3.2. 1-2) one can show that the relation 
between the electromagnetic field as measured in the laboratory and the one 
measured in the moving frame of reference is 

Ex = l{.Ex ~ voBy) , 

Ey = "f{Ey + VqBx) , 

= (3.2.19) 

and 

Hx = j{Hx + v^Dy) , 

Hy = 7(iJy - vqDx) , 

= (3.2.20) 

With regard to (3.2.19) it is interesting to note that the equations of motion 
as written in (3.1.1) can be conceived as the translation of the equations 
of motion from the frame where the particle is momentarily at rest, to the 
laboratory frame of reference. In the former, only the electric field (E) affects 
the motion of the particle. When “translated” in terms of the variables as 
measured by an observer in the laboratory frame of reference, the term v x B 
appears. 

The simplest manifestation of the field transformation to the topics to be 
encountered in this text is revealed by the different form the electromagnetic 
field of a moving electron has in the different frames of reference. In its rest 
frame of reference, the potentials it generates are given by 

A' = 0, 



47tso 47T£o y/{x'y + {y')^ + (>^')^ ’ 
and correspondingly the electromagnetic field is 



(3.2.21) 
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47reo (r')3 ’ 
F' = y' 

^ 47T£o (^'0^ ’ 



* 47T£o (?'0^ ’ 

K = o, 

^; = o, 

i?' = 0 . (3.2.22) 



In the laboratory frame of reference the 4-potential is given by 



^x = 0, 



Ay =0, 

Az= 7 




= 7^- ^ 



C 47T£o f' ’ 



^ - 1-Zl.i 

c ^ c 47r£o ’ 



(3.2.23) 



which, in terms of the coordinates in this frame of reference, read 

c 47r£o +y^ + 7^(2 — j3cty ’ 

<? _ l^e_ 1 

c 47 T£o + y^ +j^(z — f3ct)‘^ 



(3.2.24) 



There are two ways now to calculate the electromagnetic field in the labora- 
tory frame of reference: we can either use the 4-vector of the potentials and 
take the derivatives i.e. 



Ex — — 



E'u — — 



Ez = 



Hx = 



= 



dAx 

dt 

9Ay 

dt 

dAz 

dt 

1 dAz 
Mo dy 
-IdA, 



_ ^ 

dx 

_ ^ 
dy 

" dz 

= id 



dx 

dy 



= 7 



7: 



47T£o R ? 
-e y 



47T£o 
—ez — 3ct 



47T£o 
— e 



R? 

-y 



H, 



Mo 

= 0 , 



dx 



= id 



CMO 47T£o R ^ 
1 —e X 



CMO 47T£o R^ ’ 



(3.2.25) 



or use transformations similar to (3.2.19-20) but from the moving frame to 
the laboratory namely. 
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Ex 

Ey 

E, 

Hx 

Hy 



^{E', + !3cB'y)=^K = ^ 
7 {E'y - !3cB',) = ^E'y = 7 



— e X 

47T£o ’ 

-e y 



E^ = J 



—ez — /3ct 
47T£:o R^ 



7 (K - /Jco;) = -7/3 cO; = J . 

7 (i?; + ^c£»;) = 7/3 c£»; = 7^ceo^^ , 



(3.2.26) 



in these expressions R = +2/^4- This example emphasizes 

the fact that the electrostatic field in the particle’s frame of reference is 
measured by an observer in the laboratory frame of reference as a time- 
dependent field. Nevertheless no net power is transmitted in the direction 
transverse to the motion but there is a non-zero Poynting fiux fiowing parallel 
to the particle and attached to it. Additional examples of the use of the 
Special Theory of Relativity can be found in books by Pauli (1958), Van 
Bladel (1984) and Schieber (1986). 



3.3 Electron Generation 

In all interaction mechanisms to be discussed in this text the electrons are 
free. But in nature electrons are attached to atoms or molecules, therefore 
they have to be extracted from the material in order to utilize them for con- 
version of energy. In this section we shall consider a few topics associated 
with electrons’ generation. There are several ways to free electrons from the 
bulk material: they can be extracted from metals by applying an electric field 
perpendicular to the metal- vacuum interface - this is called field-emission. 
In recent years this emission gained a renewed interest due to the possibility 
of building small tips (on a microns level) using very large scale integration 
(VLSI) technology. With this technique each tip emits small currents but 
since many such tips can be made on one centimeter square the current den- 
sity can be very high. The applied voltage is also low comparing to usual 
field-emitters. A second method to extract electrons is the thermionic emis- 
sion. In this case, the emitting surface (cathode) is heated and a fraction 
of the electrons in the material can overcome the work function and they 
become free. A third mechanism relies on the photo-emission effect: a laser 
beam illuminates the cathode providing the electron with sufficient energy 
to overcome the work function and in this process it is being released from 
the metal. The fourth mechanism is based on the emission from ferro-electric 
ceramics. This is a material whose molecules are initially polarized in a pre- 
ferred direction. Its internal polarization is screened by surface charge. As 
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the polarization field is altered (by external means) the screening charge is 
no longer required and consequently, electrons may become available. A fifth 
possible mechanism relies on what is called secondary emission in which case 
one electron hits a surface and releases more electrons. 

3.3.1 Child-Langmuir Limiting Current 

The microscopic details of the field emission from metal have been considered 
in literature and a short review can be found in Miller’s (1982) book. It is 
beyond the scope of our presentation to investigate the dynamics of electrons 
at the microscopic level in the metal, so we shall assume at the moment that 
whatever field is applied normal to the metallic cathode, electrons are being 
emitted. In fact, the discussion to follow is independent of the way electrons 
are extracted from the cathode. The question we shall address first is, what 
is the limiting current one can extract from a cathode by applying a voltage 
on the anode? The logic behind the search after this limit is simple: As a 
voltage is applied, electrons leave the cathode and move towards the anode. 
Since they traverse the anode-cathode gap in a finite time, the cathode is 
screened by these electrons and the field it sees is smaller - the situation is 
illustrated in Fig. 3.2. Maximum current limit is reached when the electric 
field on the anode is zero that is to say, the cathode is screened. 
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Fig. 3.2. Child-Langmuir limiting cur- 
rent: electrons in the gap screen the 
cathode 



A typical voltage pulse on the anode is 100 nsec or longer and in com- 
parison, the time an electron moving at 0.5c traverses a 3 cm gap is on the 
order of 0.2 nsec. The three orders of magnitude difference between these two 
time scales justifies the static approximation used next. In a one dimension 
system the electric scalar potential is a solution of the Poisson equation 



dz^ 




(3.3.1) 



where n(z) is the particle’s density in the anode-cathode gap and it is yet to 
be determined; e is the charge of one electron. The dynamics of the particles’ 
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density is determined (within the framework of the hydro-dynamic approx- 
imation) by the continuity equation which in the case of a static problem 
reads 



■^[n{z)v{z)] = 0. (3.3.2) 

(iZ 

The velocity v(z), is governed by the equations of motion but in this partic- 
ular case it is more convenient to use the single particle energy conservation 
(3.1.34) which in conjunction with (3.1.36) and the static case considered 
here {d/dt = 0) reads 



dz 



l{z) 



e0{z) 

mc^ 



= 0 . 



(3.3.3) 



At the cathode the potential is zero and the initial kinetic energy of the 
electrons is mc^{j{0) - 1) implying, 



7 (z) = 7(0) + ^ . (3.3.4) 

mc^ 

Expression (3.3.2) indicates that the current density J is constant in space 
and it reads 



J = —en{z)v{z) = const.. 



(3.3.5) 



Equations (3.3. 1-3) govern the dynamics of the electron in a static po- 
tential. In order to proceed to a solution of these equations it is convenient 
to substitute (3.3.4) in (3.3.1); in the resulting expression, we substitute the 
density from (3.3.5) and obtain 



d2 

dz2'>' 



eJrio 7 
mc2 ^72 _ 1 ’ 



(3.3.6) 



where we also used the fact that 770 = I/csq. The coefficient on the right-hand 
side has units of 1/length^, therefore we firstly define 






eJrjo 

mc^ 



(3.3.7) 



and secondly define the normalized coordinate (^ = Kz. Assuming that the 
electric field is not zero over the entire domain, the next step is to multiply 
(3.3.6) by d7/dC and get 



ii. 

2dC VdC/ 



dC 



= 0 , 



which implies that 



1 

2 




const .. 



(3.3.8) 



(3.3.9) 
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As explained above, we consider the limit when the cathode is completely 
screened by the space-charge in the gap, therefore at ^ = 0 the electric field 
vanishes and according to (3.3.3) d7/dC = 0. However for the generality let 
us eissume that the electrons are injected in the gap with some initial energy 
i.e., 7(C = 0) = 7o > 1, which implies 



1 d7 



72 - 1 - - 1 . 



The last expression can be integrated and the formal result is 

, / 

^70 



KgV2 = r 






(3.3.10) 



(3.3.11) 



where 7 an = 1 + e V an /mc^ , Van is the voltage applied on the anode and g 
is the anode-cathode gap. The non-relativist ic case can be readily calculated 
since 7 ~ 70 + ^7 and taking 70 = 1 we have 






(3.3.12) 



which reads 

j _ 16 mc^ 1 / cVan \ 

18>/2 ego \ mc^ ) 



3/2 



J[kA/cm2] = 2.33 Ym^ ; (3.3.I3) 

this is the Child-Langmuir limiting current. Although this expression was de- 
veloped for a planar diode, the scaling of the current with the voltage remains 
the same in other geometries, therefore in analogy to the conductance in a 
metallic resistor, one can define the perveance as, P = I where / is the 
total current which fiows in the diode. For reasons which will become clearer 
later in this chapter, the lower the perveance, the greater the possibility to 
achieve higher efficiency of energy conversion. 

In order to have a feeling about this relation we can calculate the limiting 
current and for 1 MV and 3 cm gap we find it is 260 A/cm^. It is important 
to realize that this is a supremum. For example, if the applied voltage is only 
100 kV, then the limiting current is 8.2 A/cm^ but a field E VanA — 3 
MV/m is not sufficient to extract virtually any current in this geometry, 
via field emission. In the case of thermionic emission, the current J emitted 
when a metallic cathode whose work function is heated to an absolute 
temperature T is given by 

J[kA/cm2] ~ 0.12 . 



(3.3.14) 
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for T = 1400° K and =2 V the current density is 15 A/cm^. If we go back 
to the example above, we realize that for the first case (Van =1 MV) we can 
not reach the space-charge limiting current since the thermionic cathode can 
generate only one third of this limit. On the other hand applying Van =100 
kV the system is space-charge limited and we do not utilize the entire po- 
tential of the thermionic emission. A similar situation occurs in the case of 
photo-emission. 





<|)(V) <|)(MV) 

Fig. 3.3. Limiting current when the electrons enter the diode with an initial energy 
e^o 



In the examples presented above the initial energy of the electrons at the 
surface of the cathode was zero i.e., (70 = 1). If the electrons have an initial 
energy which corresponds to 70 > 1, then the current density at the anode is 
given by 



h 






2g^ 




d7 



\/\/7^ - 1 - V7o - 1 



where the characteristic electron current 

^ mc^ , . 

/e = 1.355 kA; 

er]o 



(3.3.15) 



(3.3.16) 



this current is related to the Alfven-Lawson current I a = ^Trmc^ferjo = 
AttIq — 17 kA. In Fig. 3.3 the normalized current density J = Jg^lle is 
plotted as a function of the anode potential the energy of the electrons 
is a parameter, 70 = 1 -h e^olmc^ and ^0 = 0, lOkV and 100 kV. The 
difference between the two frames is the applied anode voltage; in the left the 
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maximum voltage applied is 1 kV whereas in the right, the maximum voltage 
is 1 MV. At low anode voltages the current density varies linearly with the 
voltage and the resistance of the anode-cathode gap is determined by the 
initial energy of the electrons; qualitatively it can be shown that the current 
density is proportional to the square root of the initial energy (provided that 
^ ^o)- In order to emphasize the effect we observe that at = 100 kV 

the normalized current density is J ~ 10“^ comparing to less than 2 x 10~^ 
for zero initial energy. This implies a factor of 50 larger limiting current. 
At ^ = 500 kV the difference is only a factor of 2 i.e., J{^o = 0) ~ 0.6 
comparing to J(^o = 100 kV) ~ 1.2. Note that for the cases the electrons 
have an initial energy, the current presented above is the increment due to 
the applied voltage. 

The Child-Langmuir limiting current is a byproduct of the energy con- 
servation, so to exceed this limit, one has to provide the necessary energy. 
In the examples presented above the required energy was provided by the 
initial kinetic energy of the electrons. If (neutral) plasma is formed on the 
cathode surface this plasma can, in principle, traverse the diode gap and in 
the process the current increases. Assuming that the front of this plasma 
cloud advances with a velocity i^pi then the current density is given by 



j{t) = 



2/e 

%g-vp\tY V ) 



(3.3.17) 



this effect is called gap closure. The enhanced current associated with this 
process is accompanied by fluctuations which in turn may alter the beam 
quality. 



3.3.2 Beyond Child-Langmuir Limit: Ferro-Electric Emission 

One way to exceed the Child-Langmuir limit is to provide energy additional 
to that applied by the source which controls the anode voltage. And here 
there are several possibilities: it is possible, for example, to inject electrons 
with certain kinetic energy, into the diode gap by enforcing phase transition 
from ferro-electric to antiferro-electric - see Riege (1993). Another possibility 
is to provide energy by electrostatically coupling the diode gap to a capacitor 
located in the back of a gridded cathode. As in the previous case ferro-electric 
ceramic is involved but no phase transition occurs. We shall consider next 
the latter case. 

The basic concept here is to utilize the electrons which screen the polar- 
ization fleld P of a ferro-electric ceramic. It is important to emphasize that 
we do not know, as for now, what is microscopic emission process. Charge 
is released once the internal polarization fleld is altered e.g., by applying an 
external voltage - see Fig. 3.4. 

In order to envision the process consider two charges ±Q separated by 
a distance d; the positive charge is located dX z = —d and it represents 
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Fig. 3.4. Surfaee charge 
screens the polarization 
field in the material. As 
the latter changes the 
electrons on the gridded 
surface redistribute 



the screening charge on the back electrode of the ferro-electric ceramic. The 
negative charge is located at z = 0 and represents the interface to the diode 
gap. As the polarization field is altered, the number of charges required for 
screening drops to Q — q. Charge located at the back electrode can not leave 
but it can do so in the front electrode and the charge —q is redistributed 
in the gap. As we did for the screening charge, we shall consider here the 
charge distribution in the diode gap to be point-like. The potential which it 
experiences is given by 



0{z) 



Q Q-q 

A-Keo{z + d) 47 reo|- 2 | 



Q I Q Q 

Ai:eo\2g + d - z\ Ai:e(j\2g - z\ 



.(3.3.18) 



The quantity V = ${ATreog)/qQ is plotted for qjQ = 0.95 and djg = 0.2 in 
Fig. 3.5 where it is represented by the continuous line. 




z / g 



Fig. 3.5. The potential induced in the diode gap 
by the polarization field from the ferroelectric ce- 
ramic 
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We do not have to know the details of the exact distribution of the elec- 
trons in order to estimate their impact on the potential distribution in the 
gap. For such an evaluation we assume that (i) the plane of zero potential 
is actually on the cathode. If no current is measured on the anode for zero 
voltage (Van = 0 ), we deduce that (ii) the electric field near the anode be- 
haves as if no electrons were injected into the gap. Bearing in mind that (Hi) 
the anode potential Van is known, we consider a solution of the ID Poisson 
equation which satisfies the boundary conditions mentioned above i.e., 

= . (3.3.19) 

9 9 9^ 

The amplitude ^ is determined by substituting (3.3.19) in the Poisson equa- 
tion and integrating the resulting expression over the entire length of the 
diode. The source term in the Poisson equation is then proportional to the 
charge in the gap and therefore so is explicitly ^ = ^|Qgap|/35o^ where 
A is the diode area. According to this simplified potential distribution the 
minimum occurs eX z = gjZ and its value there is ^min — see dashed 

line in Fig. 3.5. If all the charge (say lOfiC) which initially was on the surface 
of the ferro-electric is repelled into the gap, ^min approaches the 1 MV level. 

In equilibrium (Van == 0)? the potential in (3.3.19) supports stable oscil- 
lation of the electrons and consequently, the net current is zero. The average 
kinetic energy, mc^ (70 — 1 ), associated with the oscillation can be calculated 
by averaging the expression for the energy conservation over the gap spacing. 
Using (3.3.19), it can be shown that 70 reads: 



70 



^ + 36 ^’ 



where 
Q = 

~ e^Amc? ' 



(3.3.20) 



(3.3.21) 



As we may have expected, the average kinetic energy of the electrons increases 
linearly with the total amount of charge in the gap (Qgap). To complete the 
description of the equilibrium state, we denote the average particle density 
in the cloud with n and a crude estimate of this quantity is the total number 
of particles divided by the effective gap volume i.e., h Qga.pl eg A. 

When a positive anode voltage (Van) is applied, the potential in the gap 
is described by the first term in (3.3.19). It will be assumed now that this 
potential is much smaller than the induced potential, therefore the charge 
density does not change. As in equilibrium, we can now calculate the average 
change in the velocity field of the two fiows we mentioned above. Using again 
energy conservation we find 



6/3± = ± 



1 1 



2 /?o7o 



■Van , 



(3.3.22) 
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Fig. 3.6. Gap resistance as a function of the charge 
repelled in the gap 



corresponding to the outgoing and backflowing electrons. The total current 
in the system is determined by these two quantities and the density of par- 
ticles /an = eAnc{6l3-\. — 8(3-) which Anally allows us to determine the gap 
resistance /?gap: 



> _ Van 

~ /an 



1 5 ^ 2 



70 + 1 
7o - 1 



(3.3.23) 



As in the case when energetic electrons were injected, the I — V curve is 
linear. Experimental results indicate that for anode voltages of 300 — 600V 
currents in excess of 100 times the Child- Langmuir limit were measured [I vers 
(1993)]. Figure 3.6 illustrates the gap resistance as a function of the total 
charge released into the gap. As indicated previously, the Child-Langmuir 
limiting current relies on energy conservation. The energy associated with the 
excess of current is provided by the the ferro-electric ceramic by electrostatic 
coupling. The excess of current was measured for several hundreds of volts 
applied on the anode. A typical potential induced in the gap, is on the order 
of ^min = 100 kV thus for an anode voltage much larger than this value (as 
in the case of energetic electrons) the Child-Langmuir limit is expected to be 
reached again. 



3.4 Beam Propagation 

Once the electron beam has been generated, it has to be confined to a small 
region in space and guided towards the interaction region. Naturally, most 
beams tend to diverge under the repelling effect of the electrostatic force, 
therefore external means have to be applied in order to preserve the beam 
shape. The most common way to guide electron beams is to apply a static 
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magnetic field which can be either uniform or periodic. In this section we shall 
consider the propagation of a cylindrical beam i.e., assuming an azimuthally 
symmetric system. 

3.4.1 Beam Propagation in Free Space: Uniform B-Field 

In the absence of the guiding magnetic field a non-neutral beam will diverge 
under the infiuence of the repelling electrostatic force. If the applied magnetic 
field is too low, the beam will also diverge but after a longer duration. As 
the guiding field exceeds a certain value, which will be determined here, 
the trajectories are stable. In order to investigate the electron motion let 
us consider the two transverse components of the equations of motion. The 
radial component reads 



= {Er+ ~ VzB^) , 

at 'y at r ^ 7717 

whereas the azimuthal component is given by 
Id e 

— — (yyvVcf)) = {Eff) VfBz “h VzB-p) . 

r at m 



(3.4.1) 



(3.4.2) 



Before we actually proceed to the stability analysis it will be instructive 
to examine the last equation more thoroughly. It will be shown next that this 
equation, for a static and an azimuthally symmetric magnetic field, contains 
the information regarding the conservation of the canonical angular momen- 
tum i.e., r X p. For this purpose, we define the magnetic fiux encompassed 
by an electron which is at a distance r from the axis by 



^{r,z) = f dr' 2 nr'Bz{r\z) . 
Jo 



The absolute time variation of this quantity is given by 
dr dz 



d}E _ dr dz 

dt dr dt dzdt 



(3.4.3) 



(3.4.4) 



and it can be simplified by using the definition of the magnetic flux and 
also the fact that the divergence of the magnetic inductance B vanishes i.e., 
V • B = 0: 



= Z'KrBzVr 
at 



(3.4.5) 



If we now compare the right-hand side of the last equation with the right- 
hand side of (3.4.2) we observe that in the absence of azimuthal electric field, 
they are virtually identical and therefore by substituting (3.4.2) in (3.4.5) we 
obtain 
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dt 



^ — —r{rri'yvcfi) 



= 0 . 



(3.4.6) 



This expression indicates that for a particle “born” with zero azimuthal mo- 
tion in a magnetic field, the azimuthal motion is determined entirely by the 
local fiux, its radial location and the energy. A different interpretation of the 
same result can be achieved by noting that we can represent the magnetic field 
in terms of the azimuthal magnetic vector potential as Bz = [d{rA^)/dr]/r 
therefore substituting in the definition of the fiux we obtain 



r{m'yv^ - eA^) = = const. , 



(3.4.7) 



which is the longitudinal component of the canonical angular momentum. 

With this result we can now investigate the radial component of the equa- 
tion of motion. For this purpose, it is assumed that the guiding magnetic 
field is uniform (jBq), thus the azimuthal component of the magnetic vec- 
tor potential is A^f, = ^tBq. Consequently, the canonical angular momentum 
conservation implies 

rp^ = r {m'yv^ - eA^) 

= r (m'yv^ - e^rBo 



= rm 






(3.4.8) 



where i?c is the (non-relativistic ) cyclotron angular frequency defined by 




(3.4.9) 



We can use the last expression in (3.4.8) and substitute in (3.4.1); the 
result is 



d2 



:r — 






dt‘^ ' 4^2 ^3 



2 r7 



e 

m'y 



(^Eqr VzBfpi^ 



(3.4.10) 



In this expression we neglected the energy variation and ro is the radius 
where the electron was “born” - it is tacitly assumed that at this location 
the azimuthal velocity vanishes (u^ = 0). 

For further simplification of the equation which describes the radial mo- 
tion we shall next evaluate the two field components in the right-hand side of 

(3.4.10). The radial component of the electric field represents the field gener- 
ated by electrons which are located at radii smaller than that of the particle 
hence using (2.1.3) which in our case reads 



-^rEr{r) = -—n{r), 
r dr Sn 



and assuming uniform distribution of particles, we find that 



(3.4.11) 
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Er{r) = r. (3.4.12) 

In a similar way, we consider (2.1.2) to calculate the azimuthal component 
of the magnetic field; the relevant component reads 

[rH^{r)] = -en{r)v^{r) . (3.4.13) 

r dr 

As in the previous case, we assume that both the density and the velocity 
are uniform in space hence 

H4>{r) = -^r. (3.4.14) 

These two expressions [(3.4.12,14)] can be substituted in the right-hand side 
of the radial component of the equation of motion [(3.4.10)] which then reads 



d2 



a" 



lf?2 



dt^ 






e^n 



2 r7 



2 msoj^ 



(3.4.15) 



In equilibrium, there are no time variations, therefore the beam radius (i?b)is 
a solution of 



J?L 



{Ri - rlf + ^^(-Rb - ^o) • 



1 






2Rbj 



2j 



(3.4.16) 



which is 



R 



2 

b 






(3.4.17) 



in these expressions we used the non relativistic definition of the plasma 
frequency 



e^n 
msQ ’ 



(3.4.18) 



From the expression in (3.4.17) we conclude that a real (thus stable) solution 
exists only if 



Ql > 2 ujI- . 
- 



(3.4.19) 



Note that from (3.4.15) we can have a clear measure of the way the beam 
diverges in the absence of a guiding magnetic field. When i?c = 0 it is conve- 
nient to define f = r(t)/ro and r = With this notation (3.4.15) 

reads 
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A general solution of this equation is a superposition of sinh(r) or cosh(r). 
If, for simplicity, we assume that the radial velocity at r = 0 is zero then 
f = cosh(r) which clearly indicates that the beam diverges. 

Existence of equilibrium [(3.4.19)] does not ensure stability since a small 
deviation might evolve into an unstable state i.e., the beam might diverge. 
However in this particular case it can be shown (see also Exercise 3.4) that the 
condition in (3.4.19) also ensures the stability of the beam. Note that there 
are two characteristic length parameters which determine the beam radius: 
the first (ro) is trivial and denotes the radius where the particle was “born”. 
In order to establish the second, we use the definition of the total current 
I = envoTrR^ and substitute it in the expression for the plasma frequency, to 
rewrite (3.4.17) as 



R 



2 

b 



r 



2 

0 






(3.4.21) 



where Lq = {2/n){l/^P){erjoI)mc^ /{ecBo)^^ and finally the beam radius is 
determined by 



— 2 ^^0 \/^o + 



(3.4.22) 



Prom this expression, we conclude that the beam radius increases monoton- 
ically with Lq, therefore for a given ro, the beam is compressed when the 
guiding field or the kinetic energy is increased. The radius increases when 
the current is raised. In addition, it is possible to deduce the equilibrium 
radius of the beam corresponding to electrons “born” in a zero magnetic 
field and on axis (ro — 0), its value {Rh ^ Lq) is determined entirely by the 
guiding field, current and kinetic energy. 



3.4.2 Beam Propagation in Free Space: Periodic B-Field 

Generation of a uniform magnetic field for guiding an intense relativistic 
beam may require a substantial amount of energy. This magnetic field is 
generated by discharging a large bank of capacitors in solenoids and it can 
become quite energy consuming when high repetition rate is required. In the 
latter case the main alternative is to consider the use of permanent periodic 
magnets (PPM) for guiding the beam. The magnetic field configuration is 

Bz{r, z) = Bq cos{k^z)lQ{ky,r ) , 

Br{r, z) = Bo sin{k,^z)li{ky,r) , (3.4.23) 

where Ajw = 27t/L and L is the period of the permanent magnetic field. In 
order to present the stability condition, the analysis will be limited to a 
narrow pencil beam of maximum radius i?b which is much smaller than the 
periodicity of the field namely, ky^R^ 1 hence 
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Bz{r, z) = Bo cos{ky^z ) , 



Br{r, z) = Bo sm{k^z)-k^r . 



(3.4.24) 



This field can be derived from the azimuthal component of the magnetic 
vector potential: 



= Bocos{k^z)^r , 



(3.4.25) 



For simplicity we shall further assume that the electrons are “born” in a re- 
gion of zero magnetic field and their initial azimuthal motion is zero; therefore 
according to the conservation of the canonical angular momentum, [(3.4.7)] 
we conclude that 



Vcf) 






ri?c cos(kwz) 



(3.4.26) 



Neglecting energy variations and substituting the last expression in the radial 
component of the equation of motion, (3.4.1), we obtain 



d2 



■ 1 ^ ■ 


' 1 


■ 1 


— ri?c cosyky^z) 
_27 


H i?c COs(/Cw^) 
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— ri?cCos(fcw> 2 ) 
27 



= [Br 

mj 






(3.4.27) 



Using the expressions for the electric and magnetic field developed in the 
previous section [(3.4.12,14)] and assuming that the longitudinal motion is 
predominant i.e., \vz\ > \V(f>\ we find 



d2 

d^2 



r + 



4^2 '^c COS^ {Q^t) 2^3 



0 , 



(3.4.28) 



where i?w = k^jVo and vo is the velocity of the electron. For a zero order 
stability estimate, one can average the square brackets on time, thus the re- 
sulting coefficient of r{t) has to be positive for the electrons to follow confined 
trajectories i.e.. 




(3.4.29) 



Comparing this expression with the condition for a uniform field [(3.4.19)] it 
is evident that in the periodic case, on axis, the amplitude has to be by a 
factor of a/ 2 larger. 
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3.4.3 Beam Propagation in a Uniform Waveguide 

In the previous sub-section we determined the necessary condition for the 
propagation of an electron beam in free space when guided by a static mag- 
netic field. In this sub-section, we shall investigate the propagation of the 
beam in a waveguide assuming that an infinite magnetic field is applied such 
that only longitudinal motion is permitted - the basic configuration is illus- 
trated schematically in Fig. 3.7. The region under investigation is far away 
from the entrance to the waveguide, therefore longitudinal variations are ne- 
glected and only radial variations are of interest. The presence of the metallic 
boundary at r = i? changes the potential experienced by the beam and con- 
sequently since the total energy is the sum of kinetic and potential energy, 
the former varies across the beam. 



i ^ 


IR 











Fig. 3.7. Electron beam in a circular 
waveguide 



In order to envision the effect, consider a beam which at the input (free 
space) has a uniform spatial distribution and, more important, all the elec- 
trons have the same kinetic energy mc^ (70 — 1). Since the potential varies in 
the waveguide’s space, electrons which are at a different distance from the 
wall experience different potential and therefore their kinetic energy differs. 
The potential energy comes at the expense of the kinetic energy. That is to 
say that if electrons injected into a waveguide have at the input the same 
kinetic energy, then by increasing their number {N) we increase the poten- 
tial and decrease their velocity (v). In terms of the injected current, which is 
proportional to the product Nv, it reaches a maximum value and beyond it, 
even if we increase the number of electrons injected, the current remains un- 
changed since electrons bounce back. Let us now investigate this phenomenon 
in a systematic way. In the waveguide the electrostatic potential satisfies the 
Poisson equation: 

(3.4.30) 

Green’s function associated with this equation is a solution of 



--^r— ^(r) = — en(r) . 
r dr dr Sq 



l_d 
r dr 






r'), 



(3.4.31) 



and it reads 
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G(r|r') 



1 

27T 



ln{r/R) 


for 


0<r' <r <R, 


ln{r'/R) 


for 


0 < r <r' < R. 



Based on Green’s scalar theorem the potential reads 

^(r) = J drV'ln n{r') + J drV'ln n{r') , 

and in particular at the edge of the beam (r = iZb) it reads 

^{Rh) = — — e In [ drV'n(r') . 

^0 \ R J Jo 

Using energy conservation 

7 X- = const. , 

mc^ 

= 70, 

and charge conservation 
J = —env = const. , 



(3.4.32) 



(3.4.33) 



(3.4.34) 



(3.4.35) 

(3.4.36) 



we can write 



- -—In 
ceo 




1 - (70 + 



e<^(r') 

mc^ 




(3.4.37) 



The expression mc^ {'yo — 1) represents the kinetic energy before the parti- 
cles entered the waveguide. For a narrow pencil beam, the potential is not 
expected to vary significantly on the beam cross-section, therefore we can 
replace ^(r') with ^(iZb) thus 



27 t mc^ \ / 



(3.4.38) 



The function ^(x) is plotted in Fig. 3.8 for 70 = 3. The extremum occurs 

for xo = —70 + 7^^ C(^o) = — (lo^^ ~ therefore the maximum 

current which can fiow in the waveguide is given by 



mc^ 27 t / 2/3 

6770 HR/Rh) “ V 



(3.4.39) 



Any attempt to inject a higher current in the waveguide will cause electrons 
to bounce back to the diode and a virtual cathode may develop. 
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Fig. 3.8. C as defined in (3.4.38) is plotted as a 
function of the normalized potential 
{x = e^{Rh)/m(?) on the beam envelope 



Another implication of (3.4.38) regards the effective kinetic energy of the 
beam. For a given initial energy, the kinetic energy decreases with the in- 
creasing current due to the potential energy associated with the space-charge 
effect. Figure 3.9a illustrates the effective kinetic energy of the electrons as 
a function of the current, for i?=2cm, i?b = 3 mm and 70 = 3. For this par- 
ticular set of parameters the effective kinetic energy drops to 7 = 2.0 when 
3.9 kA are injected; the limiting current in this case is 5kA in which case 
7 = 1.56. In other words, in the diode the electrons are accelerated to the 
1 MeV level; however in order to propagate in the waveguide, the electrons 
have to overcome the potential barrier associated with the collective effect of 
their presence in the waveguide - this potential barrier is almost 500 keV. This 
effect inflicts limitations on the maximum efficiency of a device since if, for 
example, the diode had generated a IMeV x 3.9 kA ~3.9GeV beam, in the 
waveguide, the maximum power available for radiation generation is 0.5 MeV 
X 3.9 kA 2GeV and the maximum radiation conversion efficiency is 50% 
since what counts is the effective kinetic (available) energy in the waveg- 
uide. Figure 3.9b illustrates the maximum (theoretical) efficiency, defined as 
(7 — l)/(7o — 1), as a function of the perveance. 

The limiting current which can propagate in the waveguide is directly re- 
lated to the Child-Langmuir limiting current in a diode as it becomes evident 
in particular at low voltages (cVan/^c^ < 1) since 70 = 1 -h cVan/^c^ and 




me? 27t 

eryo \n{R/Rh) 




(3.4.40) 



which has an identical form to (3.3.13). For this reason a high efficiency device 
has always to be designed based on a low perveance diode. 

It was indicated that the space charge effect causes a transverse spatial 
variation of the electron’s kinetic energy which clearly may alter the inter- 
action with electromagnetic waves. However in the analysis above, it was 
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Current (A) Perveance (pperv) 

Fig. 3.9. (a) Normalized kinetic energy of the electrons in the waveguide as a 
function of the injected current. The initial energy is alway the same, (b) Maximum 
potential efficiency as a function of the perveance 



assumed that the beam is sufficiently narrow such that variations across its 
section could be neglected. A parameter of importance is the location of the 
beam relative to the waveguide’s wall as it becomes evident from (3.4.39) 
that by increasing the distance between the external wall and the beam, the 
limiting current becomes smaller. In order to examine this effect more accu- 
rately, one can examine the limiting current of an annular beam of radius 
Rb and 6r thickness (much smaller than Rb). The approach is similar to the 
above and the result is similar except for the different meaning Rb has in this 
case. The closer the beam is to the waveguide’s wall, the higher the limiting 
current and therefore the lower the potential depression. To emphasize this 
effect even further, consider two thin annular beams of two different radii - 
for details see Exercise 3.5. The kinetic energy of the electrons in the outer 
beam is larger than that of the electrons in the inner beam. 

3.4.4 Beam Propagation in a Disk-Loaded Waveguide 

If the geometry of the waveguide is not uniform the limiting current differs 
from one region to another and so is the kinetic energy of the electrons. We 
shall now investigate the limiting current in a disk loaded waveguide as drawn 
in Fig. 3.10. The radius of the beam Rb is assumed to be small such that 
the potential can be considered uniform on its cross-section. The periodicity 
of the waveguide is denoted by L, the disk width is d, its internal radius is 
Rint and the external radius of the waveguide is iJext- The electrostatic field 
is derived from the electric scalar potential ^(r, z) which satisfies 
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rLTunJun 



Fig. 3.10. Beam propagation in a cor- 
rugated waveguide 



^ 

r dr^ dr dz'^ 



^(r,z) = — n{r^z). 
^0 



(3.4.41) 



We shall assume that the beam is guided by a very strong magnetic field 
which confines the motion of the electrons only to the longitudinal direction. 
Consequently, for a static case the charge conservation reads 



J = — en(r, z)u(r, z) = const. , 



(3.4.42) 



where u(r, z) is the longitudinal velocity. Prom the energy conservation law, 
we can conclude that 



7 (r, 2 ) = 70 + 



e^(r, z) 
mc^ 



(3.4.43) 



hence 



i_a 

r dr dr 



+ 



d^ 

dz^ 



^{r, z) = -K^ [1 - (70 + ^(r, z)) ^ 



- 1/2 



(3.4.44) 



where ^ and — eJr]o/mc^. The solution can be formally 

written as 

_ pR’int pL 

^{r,z) = 27tK^ / dr'r' / d^' 

Jo Jo 

X G(r,2|r-',2') [1 - (70 + ^{r',z'))~^] ^ ; (3.4.45) 

G(r, z\r' , 2 ') being Green’s function of the system. It satisfies 



[1 d d 

r — -\- 

r dr dr 



dz^ 



-1 



G{r,z\r\z') = - — 6 (r-r') 6{z-z'-nL){3AA6) 

zTrr ^ 



subject to the boundary conditions on the walls of the waveguide. Let us 
now determine the explicit expression for this function. In the inner cylinder 
(0 < r < -Rint) we have 
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Gi{r,z\r',z') = G{r < Rir,t,z\r',z') 



= 

n=—oo 

oo 

+ Hr',z’)loi\kn\r)e-^>^-^; 



(3.4.47) 



kn = 2imlL. The first term represents Green’s function for the boundless case 
whereas the second is the effect of the boundaries. Consequently, gn{f'\r') is 
given by 



9 o{r\r') = - 



j r \n{r/Ro) for 0<r' <r < Rq, 



27tL 



\ 



ln{r'/R^) for 0 < r < r' < /?o 



(3.4.48) 



and for n ^ 0 



9n(r\r') 



1 r Ko(|fc„|r)Io(|fc„|r') for 0 < r' < r < oo , 



27tL 



Io(|A:n|r)Ko(|fc„|r') for 0<r'<r<oo. (3.4.49) 

In the grooves (iJjnt < r < i?ext) Green’s function reads 
G 2 (r, z\r', z') = G(i?i„t <r < i?ext, z\r', z ') , 

OO 

= 'Yh [9u{z - d)] , 



(3.4.50) 



l/=l 



(3.4.51) 



where = 'kv/{L - d) and 

Ti/{t) = Io(^i/^)Ko(^i/iiext) ~ Ko(^i/r)Io(^i/i?ext) • 

In addition, we shall use 

Tl{r) = Ii(gi/r-)Ko(gi/jRext) + Ki(g„r)Io(gyiiext)- (3.4.52) 

Next we impose the boundary conditions at r = ijjnt; the continuity of the 
potential implies 



0 



Gi(r = Rinuz\r',z') = 



for 0 < a: < d , 



G 2 {r = i?int, z\r', z') iox d< z < L. (3.4.53) 

This can be simplified by multiplying by o'*"* and integrated over one period 
of the structure; the result reads 



fl'n(-Rintk')e^*"^' + hn{r' ,z')lo{\kn\Rint) 



L-d 






(3.4.54) 



i/=i 
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where 



Un,u = sin[g^(2: - d)] . 



(3.4.55) 



Continuity of the radial electric field in the aperture {d < z < L) implies 



dr 



G2{r, z\r' , z') 



-1 T — Rii 



^Gi(r,z\r',z') 



(3.4.56) 



J r=Ri, 



which after using the orthogonality of the sin function in the domain, implies 



Ur\z') = Uv',z')qMR^,) 

n 

+ 2Y,hn{r’,z')\kn\h{\kn\Rint)Ul^. (3.4.57) 

n 



Equations (3.4.54,57) determine Green’s function. It is convenient to sub- 
stitute (3.4.54) in the latter; the result reads 

Y^Xu,^^U{r',z') = Su{r',z'), (3.4.58) 

where 









L — dTfj,{Rint) 1 I; 



Ildfcnl j?int) jj 
Io(|fc„|i?i„t) 



(3.4.59) 



and 



s,{r',z') 

n 

„ 'd9n(r\r') _ , Ii(|A:„|r) 



(3.4.60) 



r — Rii 



With Green’s function determined, we proceed and simplify (3.4.45) by 
using the fact that the potential does not vary substantially over the beam 
cross-section and average in the 2 ; direction over one period of the structure 
i.e., #6 = fo ^{r = Rb, z)dzlL: 

_ r _ rt-| — 1/2 

§b ^2 ttK ^ [1- (70 + ^i) J 

pH-int rL 1 pL 

X drV / dz'- dzG{r = R^,z\r',z^). (3.4.61) 

Jo Jo ^ Jo 

Substituting the explicit expression for Green’s function established above, 
performing the integration over 2 ; and r coordinates and following the same 
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procedure as in the previous section, we find the following expression for the 
limiting current 



^ ^ 27T / 2/3 _ 3/2 

er?o F(,ln(i?i„t/i?b) J ’ 

where is the boundary factor and is given by 

f^V iL-dr 1 

\irj HRint/Rb) 

E ^2i/+l(-^int) ] 

1)^(2// +1) • 



(3.4.62) 



(3.4.63) 



The dependence of this factor on the external radius i?ext> disk width d 
and periodicity of the structure is presented in Fig. 3.11a-c for i?b = 3 mm 
and Rint = 9 mm. Figure 3.11a shows the boundary factor as a function of 
Rext/Rint and we observe that for L = 7.7 mm and d = 1mm, Fb reaches a 
maximum value of 1.1 when i?ext = 1-fi^int and any further increase does not 
change the boundary factor. Figure 3.11b illustrates this factor as a function 
of the disk thickness and we observe that it decreases with the increasing 
d. Finally, Fig. 3.11c indicates that the boundary factor increases with the 
increasing periodicity (d = L/2). 





^ext int d / L ^ / J^int 

Fig. 3.11. Boundary factor, Fb, as a function of the (a) external radius, (b) disk 
thickness and (c) period 
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3.4.5 Beam Emittance and Brightness 



A permanent periodic magnetic field can be conceived as a set of magnetic 
lenses which guide the electrons. In an ideal periodic structure without beam- 
wave interaction the shape of the beam is conserved. In order to examine the 
propagation of the beam we shall assume that the longitudinal motion is 
predominant such that Vz ^ |vy|. Consequently, we can replace the time 

derivative d/dt with Vzdjdz thus the transverse motion in a longitudinally 
periodic structure can be modeled by 

d2 

-^dxi + KlSxi = a . (3.4.64) 

At this stage we shall consider only one component of the transverse mo- 
tion dxi^ which represents the distance of the zth particle from axis. An ideal 
system is represented by a constant periodicity, therefore Kq is space inde- 
pendent. Consequently, the trajectory is described by 

6xi{z) = AiCos{Koz (j)i) , (3.4.65) 

and its first derivative, denoted by 6x!^{z), is given by 

6x[{z) = -AiKo sin{Koz -h (j)i) . (3.4.66) 



In the phase-space the locus of each trajectory is an ellipse 




= 1 . 



(3.4.67) 



If we denote by a = max(Ai) the largest amplitude among all particles, then 
the area of the ellipse is given by 



ne = 7ra{aKo) = ttKoo^ , 



(3.4.68) 



and it defines the emittance e of an ideal beam. This corresponds to the area 
in the 6x,6x' space. It is natural to define the emittance in the “normal” 
phase space i.e., x, px- For this purpose the 6x' ,is multiplied by 7/? since 
Px — mc^(36x' . Consequently, the normalized emittance, Sn^ is defined as 



en = iPe, (3.4.69) 

omitting the (constant) me term from the momentum definition. It should 
be pointed out that occasionally the emittance is also defined with the tt 
included; in this text we prefer the definition of above. 

An ideal periodic beam is only a convenient model which provides us with 
an intuitive interpretation of the emittance. In all practical cases the system 
is not periodic either due to imperfections in the guiding system or due to the 
amplification or acceleration process. In the model introduced above, these 
effects can be represented by a space dependent Kq{z) i.e.. 
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cp 

+ Kl(z)6xi = 0. 

The solution in this case has the form 
6xi{z) = Ai{z) cos[il){z) + <j)i{z )] , 



(3.4.70) 



(3.4.71) 



where for a constant Kq we have ij;{z) = Kqz. Substituting in (3.4.70) and 
using the orthogonality of the trigonometric functions sin and cos we obtain 
two equations 



cos[..]: -^+kI{z)A,-A,\^-^ =0, 

. r 1 ^dAid'ib . d?'ib 

The second equation can be multiplied by Ai and written as 



(3.4.72) 



In particular, a particle which oscillates with a maximum amplitude a satisfies 
_ r< 



For a constant Kq and comparing with (3.4.68) we have 
C = e. 



(3.4.74) 



(3.4.75) 



With this relation we can determine the equation for the envelope a by sub- 
stituting (3.4.74) in the first equation of (3.4.72); the result is 



dP / \ 9 1 

-a + K,{z)a-e ^ 



(3.4.76) 



Next stage is to introduce a general definition of the emittance which is 
not dependent on the solutions presented above. Such a definition was used 
by Lapostolle (1971) and it is given by 






(3.4.77) 



This definition can be tested against the trivial solution in (3.4.65-66). As- 
suming that the phases and the amplitudes Ai are (statistically) indepen- 
dent, it can be readily seen that the second term is identically zero for a 
uniform distribution of phases and 

{{6xf) = \{AD, 



{{6x'f) = -Kl{A^), 



(3.4.78) 
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therefore 



s - 2Kq{A^) . 



(3.4.79) 



If the quantity {A^) corresponds to the mean square value of the amplitudes 
(Af) = 0 ? / 2 the emittance obtained is identical with that determined in 
(3.4.68). In order to have an idea as for the emittance value we can quote 
here the emittance measured at the Cornell Electron Storage Ring as reported 
by Rubin (1992): for a 5.289 GeV electron beam e ~ 0.25 x 10”^mrad. 

In the discussion so far we have considered only one out of the two trans- 
verse dimensions; in order to attribute the emittance to the adequate dimen- 
sion we denote the emittance associated with the motion in the x direction 
by Ex and in a similar way we define Sy as the emittance associated with 
the motion in the y direction. With these two definitions it is convenient to 
introduce another quantity which provides a figure of merit regarding the 
beam quality. This is the brightness: 



B = 



I 

{irex){Trey) 



F(. 



(3.4.80) 



Ff is a geometrical form factor on the order of unity. As the emittance the 
normalized brightness can be defined as Bn = Bf(3'^j‘^. Both brightness and 
emittance provide information regarding the beam quality which is crucial in 
particle accelerators or sources of very high frequency radiation such as ultra 
violet or X-Rays. More detailed discussion on emittance can be found in the 
book by Lawson (1988). 



3.5 Space-Charge Waves 

All the effects considered so far were either static or quasi-static. In this sec- 
tion we shall introduce some elementary concepts of waves which propagate 
along electron beams. For this purpose consider a beam whose unperturbed 
beam density is no and its zero order velocity is vq (the effect of potential 
depression is already included) ; the beam is guided by a very strong magnetic 
field. Consider an electric field Ez is excited in the system and its form is 

E,(r,z,Lj) = E{r)e-^'^^. (3.5.1) 

The z component of the linearized equation of motion implies that the linear 
perturbation in the velocity field denoted by 6v is given by 

— V{)k)6v = —eEz ; (3.5.2) 

here m and e a re the mass and the charge of an electron respectively; 7 = 
l/y/l — (^o/c)^. Next we can determine the perturbation in density {6n) 
using the continuity equation; the result is 




8n = no • 

(jj — vok 
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(3.5.3) 



The current density defined in (3.1.38) is linearized in the perturbation terms 
i.e., Jz = —e{6nvQ + no8v) and it reads 



Jz — 3 / ^ 

7 *^( 0 ; — voky 



(3.5.4) 



where Up is the plasma frequency as defined in (3.4.18). Next we use 
(2.1.38,41) and substitute the result in the wave equation for the magnetic 
vector potential ((2.1.39)) which then reads 



r dr dr \ / I — vok^ 



Az{r,k;u;) = 0. (3.5.5) 



In an infinite system d/dr = 0, there are two sets of solutions 



=0 



(3.5.6) 



The first set corresponds to a pure electromagnetic wave and the second 
represents the dispersion relation of the so-called space-charge waves. There 
are two such waves, both propagating parallel to the beam with a phase 
velocity close to the average velocity of the beam 



t^2 — 

p ~ ^ 3^2 • 



(3.5.7) 



In contrast to regular electromagnetic waves, the space-charge wave has only 
an electric field and its magnetic component, in the absence of transverse 
variation, is identically zero even if the time variations are very rapid. 

In a waveguide of radius R the boundary condition [Ez{r = i?) = 0] 
imposes the following dispersion relation 



7 ^( 0 ; — voky^ 



(3.5.8) 



and as above there are two groups of solutions: the electromagnetic modes 
group whose asymptotic behavior can be determined from the limit when no 
beam is present (u)^ = 0) namely, (w/c)^ - = {ps/Rf. We discussed this 
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group in the context of electromagnetic TM modes in Chap. 2. The second 
group represents waves which propagate along the beam and they can be 
approximated by 



— ±: Sk 
Vo 



s ? 



6k‘t= 






— 




(3.5.9) 



provided that the plasma wavenumber Kp is much smaller than uj/vq. Note 
that the factor ^5 is always smaller than unity such that each mode sees 
a reduced plasma frequency. An extensive discussion on space-charge wave 
can be found in a book by Beck (1958). In this section we shall review five 
instructive topics. 



3.5.1 Slow and Fast Space-Charge Waves 



The waves which correspond to have a phase velocity 

UJ 



t^slow — 



.(+) 



Vo 



1 + VoSks/uJ 



< VQ, 



(3.5.10) 



which is slower than the beam average velocity (r^o) therefore these are called 
slow space-charge waves. The waves which correspond to ki ^ have a phase 
velocity 



'^fast 



(jJ 



k 



(-) 

s 



VQ 

1 — vo^ks/uj 



> Vo, 



(3.5.11) 



which is greater than the average velocity of the beam and these are referred 
to as fast space- charge waves. 



3.5.2 ‘‘Negative” and “Positive” Energy 

The contribution of the space-charge wave to the average kinetic energy den- 
sity is determined based on the global energy conservation in (3.1.45) which 
is given by 

6E = vac^^ [(5n^7* + 6n* 6^] . 



(3.5.12) 
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We can now express ^7 in terms of 6v namely ^7 = and then use 

the expression in (3.5.3) to write 

f)E = ^mc^|5n|^7^/?^— (y~ '^ 0 ) • (3.5.13) 

2 noc \K / 

This result indicates that the slow space-charge waves have a total kinetic 
energy density which is smaller than the average kinetic energy of the beam 
i.e., 

^^^siow = \mc^\6nf'y^(3— {vsioy, -vq) <0. (3.5.14) 

Z UqC 

For this reason these waves are also referred to as “negative” energy waves. 
Fast space-charge waves have “positive” energy since 

(?;fast - -^ 0 ) > 0 . (3.5.15) 

2 noc 

When distributed interaction between electrons and electromagnetic waves is 
possible we will see that the slow space-charge waves play an important role 
in the process. Both fast and slow space-charge waves play a very important 
role in klystrons where the interaction is limited to the close vicinity of a 
cavity gap. 

The real (averaged) power change in each one of the modes is identically 
zero as is readily seen by examining the current density term in (3.5.4) and 



Re 




Re 









7^(0; — vo^)^ 2 






(3.5.16) 



Since all the /c’s are real then clearly the right hand side is zero. However in 
a superposition of two space-charge waves the real power may be non-zero. 
This is the basis for the operation of relativistic klystrons. 



3.5.3 Resistive Wall Instability 

When electromagnetic waves propagate in a waveguide with lossy wall, a 
fraction of the power is absorbed in the wall. Since the process is linear, 
namely the power absorbed per unit length is proportional to the local power 
flow, the wave decays exponentially in space. In the case of space-charge waves 
the situation is diflFerent - it will be shown that the slow space-charge wave can 
actually be amplifled due to the complex impedance at the metallic surface. 
Before we examine a realistic case it is instructive to investigate a simplifled 
model. For this purpose we assume that the beam propagates instead of 
vacuum in a lossy medium which is characterized by = l-\-aljujSQ - where 
a is the conductivity of the medium. It can be shown that the dispersion 
relation of the space-charge waves as formulated in (3.5.6) should be updated 
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by replacing Sq Soer- This implies that — > c^p/^r- In the right-hand 

side the expression is complex and since the solution for k has the form 
k± = u /vo ± Kp / y/e^ we clearly see that one of the solutions corresponds to 
a growing wave. 

Let us now examine this process in a more realistic system. Consider a 
waveguide of radius R made of a material of finite conductivity a ^ ljso. The 
beam which propagates is electromagnetically characterized by (3.5.4) and 
for simplicity, we shall assume that it fills the entire waveguide. The magnetic 
vector potential for, r < i?, is a solution of (3.5.5) and its solution reads 

A,{r,k;u;) = Alo{Ar) , (3.5.17) 



where 






U!‘ 



1 - 



OJt, 



— vok)"^ 



The impedance at r = i? is the ratio 



^beam — 



_ E,(r = R) 



H4,{r = R) ' 

{u/cf - k^ lo{AR) 



■3Vo 



Aujjc Ii(ili?) ■ 

In the metallic wall, the magnetic vector potential satisfies 



1 ^ 7,2 

— r-r^ 

r dr dr 



(3.5.18) 



(3.5.19) 



(3.5.20) 



(3.5.21) 



A^{r,k‘,uj) = 0, 

and the solution for r > R reads 
Aj(r, fc;w) = SKo(Hr), 

where + junoa. The impedance at the discontinuity is 

_ E,(r = R) 

" H^{r = R) ' 

. (w/c)2 - fc2 Kq{ER) 

Euj/c Ki{ER) ' 

Imposing the boundary condition, as we have done before, is equivalent to 
the requirement that the two impedances are continuous at the metallic wall 
(r = R) i.e.. 



(3.5.22) 



•^wall — ‘^beam ? 



(3.5.23) 



and this determines the dispersion relation in a lossy waveguide. In order to 
illustrate the effect of the lossy material on the propagation of a space-charge 
wave, we consider a solution which has the form 
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k = — q, 
Vo 



(3.5.24) 



and (jj/vo ^ |g|. Furthermore, for sufficiently high conductivity we have a 
ujso and for simplicity we consider the limit ujR/c » 1. Consequently, the 
dispersion relation can be simplified to read 






-^/3-y/juJj^ = -7/3 Wi— 
u V ueo 



(3.5.25) 



According to the last term on the right, for a relativistic beam the right-hand 
side is much larger than unity, therefore on the left-hand side the second term 
has to satisfy ^p/^o7^? hence 



- 3 -I -2 = 



(3.5.26) 



The expression for the dispersion relation can be simplified by defining 
2_eJr]oujeo 1 



mc^ a ( t / 5 )^ 



(3.5.27) 



(3.5.28) 



with these definitions the dispersion relation reads 

VW + 3 = 0. 



(3.5.29) 



We used above the definition of the plasma frequency in (3.4.18) and of 
the current density \J\ = enovo- This simplified dispersion equation has two 
solutions: g = (1 + j)/\/2 representing a slow space-charge wave which grows 
exponentially in space 



^-jzk _ Q-jz[uj/vQ+qQ{l-\-j)/\/2] 



^-Jz{ujho+qQlV2)^zqo/y/2 



whose imaginary part determines the spatial growth rate of what is called 
the resistive wall instability. Note that the “negative” energy wave is the 
one which grows. This is the case in all the schemes of collective beam-wave 
interaction. The second solution, q = -(1 + j)go/\/2, describes a fast space- 
charge wave which decays exponentially in space. The similarity to the simple 
model presented at the beginning of this sub-section is evident. 
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3.5.4 Two-Beam Instability 

The phase velocity of space-charge waves is close to the average velocity 
of the beam. If two beams move close to each other at two different but 
close velocities the space-charge waves which may develop along these beams 
can convert energy from dc to rf. In order to investigate the effect of two 
different velocities we examine two annular beams which have two different 
velocities v\ and V 2 \ their radius is i?b,i and i?b, 2 - For simplicity it is assumed 
that the thickness of both beams is much smaller than the wavelength and 
it is equal in both cases A). The inner beam (subscript 1) carries 

a current /i, and I 2 is the current carried by the outer beam - subscript 
2. Both beams propagate along a very strong magnetic field, in a metallic 
cylindrical (lossless) waveguide of radius R - see Fig. 3.12. The static problem, 
of determining the kinetic energy of each one of the beams given the energy 
at the input of the waveguide, is left as an exercise to the reader (Exercise 
3.5). In this section we examine the dynamic problem of propagation of wave 
in this system. It will be shown that if the velocity difference is larger than 
some threshold value, the space-charge wave can grow exponentially in space 
similar to the case of the resistive wall instability. 




Fig. 3.12. Two-beam insta- 
bility: two beams of differ- 
ent currents and different ve- 
locities move in a cylindri- 
cal waveguide. Under certain 
circumstances dc energy is 
converted into rf 



The electromagnetic field is derived from 
which is a solution of 
.2: 

Az{r,z,u>) = -fioJz{r,z,u)) . 









a magnetic vector potential 



(3.5.31) 



We are looking for a solution which, as a function of z, has the form 
therefore the current density in each one of the beams is 

J2. 

Jzir ~ Rvt T ~ Ry') ^) ? (3.5.32) 

~ IZVy) 

where i/ = 1,2. The solution is split now in three different vacuum regions: 
between the waveguide wall and the outer beam {R > r > i?b ,2 + ^/2) the 
solution is 



Az{r,k,cj) = ATo{r) 



(3.5.33) 
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where To(r) = Io(T'r)Ko(r.R) — Ko(Jrr)Io(rE) and — (w/c)^. In what 

follows we shall also use Tl(r) = Ii(rr)Ko(rR) + Ki(rr)Io(FE). Between 
the two beams (i?b ,2 - A/2 >r > i?b,i + A/2) the solution is 

A;,{r,k,u)) = BKo (rr) -I- CIo (rr-) , (3.5.34) 

and in the last region, i?b,i - A/2 > r > 0, the solution is 



Az{r,k,u)) = Dlo(rr). (3.5.35) 

In order to determine the dispersion relation we impose the boundary 
conditions at the discontinuities imposed by the current density sheets. In- 
tegrating (3.5.31) in the vicinity of each one of the discontinuities results in 
the following expression 



_ dA^ {r, k, w) 



1 R 2 



dr 



= -fJ'O / drr Jz{r,k,(jj) . 
lr=iEi JRi 

At r = i?b,2 this implies 

ri?b,2Ar^(i?b,2) - ri?b,2 [-BKi(ri?b,2) + cii(ri?b,2)] 






'p,2 



U 






A7b(i?b,2)^b,2^ . 



I - kV2Y 
Continuity of the longitudinal electric field implies 
^To(i?b,2) = SKo(rit!b,2)-CIo(ri?b,2). 

In a similar way at r = i?b,i have 

ri?b,i [-5Ki(ri?b,i) + cii(ri?b,i)] - ^^b,iMi(r/?b,i) 



7i(w 



ii _ .2\ 

-fcUi)2Vc2 '" ) 



£»io(ri2b,i)iib,i^ , 



and 



(3.5.36) 



(3.5.37) 



(3.5.38) 



(3.5.39) 



£»io(ri?b,i) = BKo(ri?b,i) - C'io(ri?b,i) • (3.5.40) 

It is convenient to introduce the following notation for the description of 
the dispersion relation: = FR^^^, U = To{Rb,,^) and = T/,{Rb,u). In 

addition, we define n = Ii(ai)/Io(ai) - /(w - fct;i)2 and T 2 = 4/^2 + 

~ ^^ 2 )^) with these definitions the dispersion relation reads 

Ki(a2)Ii(ai) — Ki(ai)Ii(a2) 

+ T2 [Ko(a2)Ii(ai) -I- Ki(ai)Io(a2)] 

~ [Ki(a2)Io(o:i) + Ko(ai)Ii(a2)] 

+ T1T2 [Io(a2)Ko(ai) - Ko(a2)Io(o;i)] = 0 . (3.5.41) 
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We shall now simplify this expression on the basis of several realistic assump- 
tions: (i) the beam radius is large on the scale of the wavelength i.e., \aj,\ » 1 
hence 



n = T2 + (tiT 2 - 1) tanh(a2 ~ oti) , (3.5.42) 

where Ti ~ l — — and T 2 = — ctanh(ai -a 2 ) +cc;p^ 2 /(^ ~ ^^ 2 )^* 

(a) Close enough to resonance the plasma terms in the last two expressions 
are assumed to dominate thus 

n - kvif , 

T 2 ^p^ 2 / “ kv2f . (3.5.43) 



Next we assume that (in) the velocities of the two beams are close such that 
we have dv = {v 2 — v\)/2^ | 6 i>| vq where vq = {v\ -h t^ 2 )/ 2 . We consider a 
solution of the form 

k = — + 6k, (3.5.44) 

Vo 

subject to the constraint that (iv) the change of the amplitude and phase is 
small in the scale of one wavelength i.e. that \6k\ <^u;/vo- Consequently, 



Oti/ 




(3.5.45) 



with (3 = vo/c and 7 = [1 — With these simplifying assumptions 

the dispersion relation (in terms of 6k) is a simple quadratic equation which 
reads 



6k^ + 26k 6ko 



Kl - Kl 

Kl + Kl 



+ 



KlK^ 

Kl + Kl 



tanh(a2 ~ c^i) = 0 , 



(3.5.46) 



where 



6ko = 



(jo 6v 
V o Vo ’ 



^ /e 27ri?b,i/ c 7^/33 ’ 



(3.5.47) 



and it has two solutions. If the velocity difference 6v satisfies 



> 



1 






^ (JL- 

C \Rb,i 



+ -3^1 tanh 
R\>,2 J 






then the two solutions are complex. One growing in space and the other 
one decaying. This is a simplified version of the condition for the occurrence 
of what is called the two-beam instability. Assuming that this condition is 
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satisfied then the instability is represented by the imaginary part of the wave 
number 

Im(^fc) = - \{Kl + K^) tanh(a2 - ax ) . (3.5.49) 

Note that the spatial growth rate decreases when the separation between the 
two beams is increased and it is maximum in case of overlap. 

3.5.5 Interference of Space-Charge Waves 

We shall examine next the effect of local perturbations on space-charge waves. 
For a description of this kind of effect it is convenient to adopt a transmission- 
line notation. The radial electric field is associated with the voltage 

V{z) = + F_e?'^p^] , (3.5.50) 

and the azimuthal magnetic field is associated with the current 

I{z) = . (3.5.51) 

In these expressions ke = = a;p/t;o7^/^, 

= , (3.5.52) 

j3 = vq/c and 7 = [1 — Note that, in contrast to transmission lines 

where the two possible waves propagate in opposite directions, here both 
waves propagate in the same direction but with two different phase velocities. 
Let us assume now that both voltage and current are known at 2: = 0 hence 

V^(O) = Uo , 

/(O) = Jo . (3.5.53) 

Subject to these two conditions the amplitudes V± can be calculated and the 
voltage and current modulation on the beam read 

V (z) = Uo cos{Kpz) + j sin(i^p2:) — — — (3.5.54) 

— Z— 

X (Z+(IoZ_ - Uo) + Z-{IoZ+ - Uo)) , 

I{z) = lo cos{Kpz) + j sin{Kpz)- — {Io{Z+ + Z_) - 2{7q) 

Z_|_ — Zi — 

When the initial current modulation is zero (/q = 0) these equations read 
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V(z) = 


cos(Kpz) — j sin(RTp 


1 + 

1 1 


I{z) = 


-2 

j sm(A:pz) ^ 





(3.5.55) 



and associated with this modulation the total (real) power which develops 
along the beam oscillates in space and it is given by 



p{z) = \nB[viz)r{z)] 



Ut 

2t]o0 




(3.5.56) 



Note that this power is zero at z = 0 and it grows monotonically until it 
peaks at z = Ap/4(Ap = 2tt/Kp) as is the current modulation. Beyond this 
point both the real power and the current decrease monotonically until they 
reach zero at z = Ap/2. This fact is utilized in relativistic klystrons for further 
amplification of the modulation by placing a cavity at z = Ap/4. Let us now 
examine this effect. 




T t 

z=0 z=Ap/4 



Fig. 3.13. Schematic of 
beam-cavity interaction 
in the framework of the 
transmission line formu- 
lation. The amplitude of 
the space-charge waves is 
significantly affected by 
the cavity 



In the framework of the current model the cavity will be represented by 
an RLC circuit whose impedance is 






(3.5.57) 



where Q is known as the quality factor of the cavity and together with Zq 
they determine the impedance at resonance i.e., Zcav = as illustrated 

in Fig. 3.13. The incident waves are given by (3.5.50-51) and the transmitted 
ones by 
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Y^^(^z) = _j_ Y' Qj^p(z-><p/^)'^ 

I^r{z) = + ^e^'*’p(^~'^p/'‘)| . (3.5.58) 

The boundary condition at 2 ; = Ap/4 can be determined from the fact that 
the current associated with the incident and transmitted waves has to be 
continuous i.e. 



I 



4 




(3.5.59) 



and the voltage associated with the incident waves is the sum of the trans- 
mitted and the voltage on the cavity aperture: 



V 



4 




d" ^av 



(3.5.60) 



Subject to these boundary conditions the transmitted waves are given by 



Vtr{z) = V{z)^Z,,,I 




Q~j^e i^~^p/^) 



X 



— COS 



Kp 



z 



^p 

4 



+ i- 







Itr(z) = I{z) + 2jl 

(3.5.61) 

In Fig. 3.14a we illustrate the normalized current density as it develops in 
space; the normalization is with the average current injected. The parameters 
in this case are: 7 = 3, = 3mm, I = IkA, Uq = IV and Zcav=3000 Q. 

Prior to the cavity the modulation is negligible (0.001%); however the cavity 
causes a dramatic (local) change in the amplitudes of both fast and slow 
space-charge waves. Beyond the cavity the modulation increases monotoni- 
cally by almost 5 orders of magnitude to almost 90%. This figure has to be 
interpreted as the general trend (or the potential) of the method rather than 
literally since within the framework of the linearization we performed, only 
relatively small perturbation of the average value of the current is permitted. 

The interference between these two waves is responsible to the propaga- 
tion of real power. Assuming that the terms associated with the cavity are 
dominant the power conversion beyond the cavity is 
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0.0 02 0.4 0.6 0.81.0 0.0 0.2 0.4 0.6 0.8 1.0 



2z/Xp 

Fig. 3.14. (a) Current modulation as it varies in space, (b) Normalized power (in 
dB) as it develops after the cavity 




which is plotted in Fig. 3.14b normalized to Pq = Uq/^/Stjo and presented 
in dB. For this particular example the cavity causes an increase of more 
than 50 dB. It is important to emphasize here that in contrast to the case 
of the two instabilities introduced in the last two sections, the amplitudes 
of each one of the space-charge waves are constant in space and only the 
interference between the two generates the average power mentioned above. 
The maximum power occurs at the location of maximum current which is 
after an additional z = Ap/4. Hence, 






2t7o/3 \cKpJ 



p I'^cavl 

V 4 / [ T]o cKp 



(3.5.63) 



The last term in the square brackets is the amplification term due to the 
presence of the cavity. 




Exercises 131 



Exercises 

3.1 Show by substituting (3.1.10) in Lagrange’s equation of motion that 
they are identical to the Newtonian equations of motion. Repeat the 
exercise with Hamilton’s equations of motion. 

3.2 Show in a systematic way that if the charge of an electron is the same 
in all frames of reference then the set (J,cg) forms a 4- vector. 

3.3 Show that the condition in (3.4.19) is sufficient to ensure stability of the 
beam. Hint: linearize the equation of motion and assume that in spite 
oscillation the total current is preserved. 

3.4 Apply Lorentz transformation to Maxwell’s equations [(3.2.2)] and get 
the transformation for the electromagnetic field in (3.2.19-20). 

3.5 Calculate the limiting currents of two thin annular beams of radii i?i and 

moving in a waveguide of radius R {R > R 2 > Ri); both beams are 
generated by the same diode, thus the initial kinetic energy [mc^ (70 — 1)] 
is the same. Determine the kinetic energy of the electrons in each one 
of the beams. Repeat the exercise for two beams of different initial 
energies and currents. In both cases the beams propagate in cylindrical 
waveguide of radius R. 

3.6 Show that in dielectric loaded waveguide the limiting current of a pencil 
beam is given by 

Rd\Rj 

The dielectric (Sr > 1) fills the region R > r > Rd\ the beam radius 
is iZb and it is smaller than the inner radius of the dielectric, Note 
that with the dielectric, for the same waveguide radius i?, the limiting 
current is larger which means that the potential depression is smaller 
and consequently, the kinetic energy is larger. 

3.7 Calculate the limiting current for an annular beam of radius Rb which 
carries a current I and its thickness is A and it moves outside a metallic 
waveguide of radius R, 

3.8 Calculate the two-beam instability for the case of a motionless plasma 
and a pencil beam moving through the plasma in a waveguide of radius 
R. The radius of the beam is i?b? its plasma density is and the density 
of the background plasma is denoted by rih. 

3.9 Compare the Debye length with the plasma wavelength. For a tempera- 
ture of 1000° K, which one is larger? What is your conclusion regarding 
the use of the hydrodynamic and kinetic approximations. 

3.10 Develop the Child-Langmuir limiting current using the Lagrangian for- 
mulation. Hint: consult Chodorow and Susskind (1964) p. 125. 

3.11 Use the integral / E • dl = 0 in order to calculate the potential depres- 
sion of a pencil beam in a waveguide. Hints: (a) include the diode in 



/.ax = - 1) 

er/o V / 



3/2 



In 



-1 
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your contour, (b) assume perfect conductors and (c) in the beam region 
the contour closes on axis. 




4. Models of Beam- Wave Interaction 
in Slow- Wave Structures 



In this chapter we investigate the fundamentals of distributed beam-wave 
interaction in a slow- wave structure. A dielectric loaded waveguide was chosen 
as the basic model in the first sections because it enables us to illustrate the 
essence of the interaction without the complications associated with complex 
boundary conditions. Throughout this chapter the electron beam is assumed 
to be guided by a very strong magnetic field such that the electrons’ motion 
is confined to the longitudinal direction. Furthermore, the kinetic energy of 
the electrons is assumed to take into consideration the potential depression 
associated with the injection of a beam into a metallic waveguide. 

In the first section we present part of Pierce’s theory for the traveling- wave 
amplifier applied to dielectric loaded structure and extended to the relativis- 
tic regime. The interaction for a semi-infinitely long system is formulated 
in terms of the interaction impedance introduced in Chap. 2. Finite length 
effects are considered in the second section where we first examine the other 
extreme of the beam- wave interaction namely, the oscillator. In the context of 
an amplifier it is shown that refiections affect the bandwidth and in addition, 
the beam shifts the frequency where maximum transmission occurs. 

The macro-particle approach is described in Sect. 4.3 where the beam 
dynamics instead of being considered in the framework of the hydrodynamic 
approximation i.e. as a single fiuid fiow, is represented by a large number of 
clusters of electrons. Each one of the clusters is free to move at a different 
velocity according to the local field it experiences but the electrons which 
constitute the cluster are “glued” together. This formalism enables us to 
examine the interaction in phase-space either in the linear regime of operation 
or close to saturation. It also permits investigation of tapered structures and 
analysis of the interaction of pre-bunched beams in tapered structures. 

In Sect. 4.4 we extend the concept of the interaction impedance to a com- 
plex quantity and formulate the equations accordingly. This impedance is 
allowed to vary in space and no prior assumption on the form of the electro- 
magnetic field is made but it is assumed that the effect of the interaction is 
local. In other words, the power at a given location can be determined by the 
electric field which acts on the electrons at the same location. The chapter 
concludes with a further extension of the macro-particle approach formalism 
to include the effect of refiections. This framework combines the formulations 
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of an amplifier and an oscillator and permits us to quantify and illustrate the 
operation of a realistic device which is neither an ideal amplifier nor an ideal 
oscillator. 

With the exception of the first section which, as indicated, is a review of 
Pierce’s TWT theory, most of the material presented in this chapter has been 
developed in recent years as part of an effort to develop high power traveling- 
wave amplifiers. The first experiments on high power TWT performed at Cor- 
nell University [Shiffier (1989)] indicated that lOOMW of power at 8.76GHz 
can be achieved before the system oscillates. Although no rf break-down was 
observed, the fact that the input is no longer isolated from the output, allows 
waves to be refiected backwards and this feedback could cause the system to 
oscillate. In order to isolate the input from the output the TWT was split in 
two sections separated by a sever (waveguide made of lossy material which 
operates below cut-off). The second set of experiments on a two stage high 
power TWT indicated that power levels in excess of 400 MW are achievable 
with no indication of rf break-down [Shiffier (1991)]. In this case however the 
spectrum of output frequencies was 300 MHz wide and a significant amount 
of power (up to 50 %) was measured in asymmetric sidebands. The latter 
observation was investigated theoretically [Schachter (1991)] and it was con- 
cluded that it is a result of amplified noise at frequencies selected by the 
interference of the two waves bouncing between the ends of the last stage. 
In fact we have shown [Schachter and Nation (1992)] that what we call am- 
plifier and oscillator are the two extreme of possible operation regimes and 
any practical device operates somewhere in between, according to the degree 
of control we have on the reflection process. It was suggested to eliminate 
the problem using the transit-time isolation method. This method was suc- 
cessfully demonstrated [Kuang (1993)] experimentally and power levels of 
200 MW were achieved at 9GHz. The spectrum of the output signal was less 
than 50 MHz wide and the pass-band of the periodic structure was less than 
200 MHz. 



4.1 Semi-Infinite Structure: Pierce-Like Theory 

In the previous chapter it was justified to decouple the two groups of solu- 
tions described by the dispersion relation in (3.5.8) because the propagating 
electromagnetic modes have a phase velocity larger than c, whereas the space- 
charge waves have a phase velocity which is of the order of vq . In principle, 
it is possible to slow down the phase velocity of the electromagnetic wave, 
in the absence of the beam, below c and then, the waves may become cou- 
pled - it is there where resonance occurs. One possibility to slow down the 
phase velocity, which will be considered throughout this chapter, is to load 
the waveguide with a dielectric material. In Fig. 4.1 we illustrate schemat- 
ically the dispersion curve of an electromagnetic wave which propagates in 
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a dielectric loaded waveguide. The space-charge wave intersects the former’s 
curve at resonance. 




/(GHz) 



Fig. 4.1. Solution of the dispersion relation of the 
electromagnetic and space charge waves. The reso- 
nance is at the intersection of the two curves. The 
upper curve is the asymptote of the electromagnetic 
mode: k = uj-y/e^/c 



4.1.1 Dielectric Filled Waveguide 



As a first step we shall assume full overlap between the beam and the dielec- 
tric. Although, in general no such overlap is permissible, this model will be 
used to explain in a simple way the quantities which describe the beam-wave 
interaction in a slow- wave structure. A realistic but somewhat more complex 
picture will be presented in the next sub-section. The dispersion relation of 
the TMos modes in the presence of a dielectric material (Sr) is given by 



cc;"- 



1 - 






-Voks^ 



El 

B? ’ 



(4.1.1) 



ks represents the wavenumber of the sth mode and ps is the zero of the zero 
order Bessel function of the first kind i.e., Jo(ps) = 0. For simplicity it is 
assumed that only the first mode, 5 = 1, is excited and in the absence of the 
beam the solution of the electromagnetic wave is given by 



k 



( 0 ) _ 
1 “ 






(4.1.2) 



where R is the radius of the waveguide. The solution of the dispersion relation 
with the beam present is further assumed to have the form 



ki = + 6k . 



(4.1.3) 



Substituting this relation in (4.1.1), assuming that the beam effect on the 
distribution of the electromagnetic field is small on the scale of one wavelength 
i.e.. 
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\6k\^ , (4.1.4) 

neglecting the beam effect on the wave which propagates anti-parallel to the 
beam and finally assuming that 

(4.1.5) 

we obtain the following simplified version of the dispersion relation 

= (4.1.6) 

In this expression Kq is the coupling wavenumber and Ak = cj/vq — 
represents the slip between the beam and the electromagnetic wave; this is 
more easily observed when dividing Ak by u since 



^ - J_ _ J_ 

UJ Vq t^ph 



(4.1.7) 



The dispersion relation in (4.1.1) is a fourth order polynomial whereas (4.1.6) 
is a third order polynomial since the effect of the beam on the reflected 
wave was neglected. This dispersion relation was initially presented by Pierce 
(1947) in the context of beam- wave interaction in a helix - and it will be re- 
ferred to hereafter as the Pierce’s approach. Soon afterwards Chu and Jackson 
(1948) presented the formulation based on full electromagnetic field analysis. 
In both cases the dynamics of the beam was non-relativistic since the regime 
of operation at the time did not require relativistic analysis. 

A third order polynomial has explicit analytic solution [see Abramowitz 
and Stegun (1968) p. 17]. Two of its roots are complex provided that 



q = Ak^ 4173^0 ^ 



and then the imaginary part of 6 A; is equal to 



Im (6k) 



-q^ - -K^ + {Koqf^ 



2 



-q^ - -Kl - {Koqf^ 



-,1/3 

1 1/3 



(4.1.8) 



(4.1.9) 



which can be readily shown, by assuming that Ak and Kq are independent^ 
to have its maximum at 

Zlfc = a; f — - — ) =0. (4.1.10) 

This is also the resonance condition (see Fig. 4.1) and it can be formulated 
as 
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i^ph = Vo , (4.1.11) 

which indicates that maximum growth rate occurs when the electron beam 
is synchronous with the wave. At resonance (4.1.6) has three solutions 



6ki = —Kq , 



6k2^Ko\\-j^ 



6kz - Ko 




, (4.1.12) 



corresponding to the three waves which propagate in the forward direction. 
The first wave has a constant amplitude and its phase velocity is larger than 
Vo; the other two waves have a slower phase velocity and their amplitude vary 
in space. The third solution corresponds to a wave whose amplitude grows 
exponentially in space. The maximum spatial growth rate is therefore 



Im {6k) max 




(4.1.13) 



Further discussion of the interaction between electromagnetic waves and 
space-charge waves in slow-wave structures can be found in the early litera- 
ture e.g., Pierce (1950), Slater (1950), Hutter (1960), Chodorow and Susskind 
(1964), or more recently in Gilmour (1986). At this point we wish to empha- 
size the difference between the operation of a traveling-wave tube in the 
relativistic and non-relativistic regime [Naqvi (1996)]. We have emphasized, 
in the context of (4.1.9-10), that maximum gain occurs at resonance if we 
assume that Kq and Ak are independent. But clearly this is not generally 
the case since both quantities are velocity dependent as revealed by their 
definition in (4. 1.6-7). Furthermore, the validity of (4. 1.8-9) is limited to the 
close vicinity of the expansion point, therefore we should solve (4.1.1) with no 
additional approximations. The result is illustrated in Fig. 4.2 for two cases. 
In one case the phase velocity of the wave is /?ph = 0.3 corresponding to a 
non-relativistic regime and in the other, /?ph = 0.9. In both cases at “reso- 
nance” (/? = /3ph) the spatial growth rate was designed to be the same. We 
observe that at low velocities the predictions of the Pierce approach behave as 
expected but at higher energies the peak gain occurs at much lower velocity 
than anticipated by the model. This can be attributed to the 7 /? dependence 
of the coupling coefficient (A"o)* At low energies the coupling occurs in a rel- 
atively narrow range of velocities and as a result, the change in Kq is small 
and the peak gain occurs at resonance. At higher energies, although the gain 
might have decreased if Kq were constant, it actually increases because of 
the increase in Kq due to its l/j(3 dependence. For a large deviation from 
resonance the slip will ultimately take over and the gain drops. Now to some 
further comments regarding the kinematics of the interaction: 

Remark 1. From the resonance condition (4.1.11) we conclude that maxi- 
mum gain is achieved at a frequency which is related to the geometric and 
mechanical parameters by 
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P 



Fig. 4.2. Imaginary part of the wavenum- 
ber as a function of the beam velocity in 
two different cases. In one the wave is de- 
signed to propagate at low phase velocity 
(/^ph = 0.3) and the second at high phase 
velocity (/?ph = 0.9). In both cases the 
gain at resonance, (3 = /Iph, was designed 
to be the same 



PlVp 1 

R yJer{vo/cY - 1 



(4.1.14) 



If we assume that at a frequency, a;o, there is no longer growth, i.e., q{u = 
o;o) = 0, and uq is only slightly apart from the resonance frequency a;r (o;o = 
uJj: 3-600 and cjr) then we can make a crude estimate the frequency range 

in which the ideal system under consideration will amplify. For this purpose 
we use the condition for an imaginary solution in (4.1.8) and the definition 
of Ak in (4.1.10): we substitute 00 
thus 



■ 00^3-600 and k\ = -f- = ojj) 600 



LOr + 60J ( 0 ) ^ ^ ^ f\ 

k\ dojVgY 4 “ — 0 . 



We shall define the interaction bandwidth, 6oJi, as equal 600: 



SiOi =6CV= 

4^/'^ t’O — '^gr 



(4.1.15) 



(4.1.16) 



This result indicates that the interaction extends beyond the resonance fre- 
quency (o;r) in an interval which is linearly proportional to the maximum 
spatial growth rate (Im (5fc)niax)‘ 



dJwi = vim . (4.1.17) 

Furthermore, the closer the group velocity is to the beam velocity, the broader 
the interaction and finally, note that this quantity is not dependent on the 
total interaction length. 
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Remark 2. The coupling coeflScient Kq can now be represented in terms of 
more familiar quantities. First we define the average current which flows along 
the waveguide as / = enoVoTTR?, Next we define the cross-section through 
which the wave propagates as Sw = 7ri?^. The interaction impedance defined 
in (2.3.29) was calculated for the present configuration in (2.3.30), reads 
= ^o(Pic/^r<^-R)^//?en* With these quantities we can express Kq as 



1 1 cj el Z'ljii 1 

2 Sw c mc^ {iPY 



(4.1.18) 



In the linear regime, the linearity of Kq in the interaction impedance is a 
general feature whenever the electrons interact with a TM mode and their 
oscillation is longitudinal. And so is its dependence on the normalized mo- 
mentum of the particle, 7/?. The last expression can also be formulated in 
terms of the energy velocity using (2.3.33) as 



3 ^ 1 1 g; e/770 1 1 

° 2Sw c mc^ (7/3)3 ’ 



(4.1.19) 



which indicates that the growth rate is inversely proportional to the energy 
velocity. Since in most cases of (our) interest this is equal to the goup ve- 
locity, we observe that if we substitute in the expression for the interaction 
bandwidth, the latter still decreases with the group velocity as SuJi oc 

Remark 3. The entire approach relies on a linearized hydrodynamic approx- 
imation. Which implies that the deviation from the initial average energy is 
small i.e.. 



7> |^7l- (4.1.20) 

Later we shall adopt the single particle equation of motion for description of 
the electron dynamics and it will be shown that an individual particle can 
have energy which is more than twice the average initial energy. Nevertheless, 
the average energy modulation of all particles can still be relatively small - 
namely the relation in (4.1.20) still holds. 

Now to the dynamics of the interaction. Let us consider a system of length 
d and assume that we know the value of the field at the input i.e., Ez{r, z = 
0) = EoJo{pir/R). Furthermore, at this location the beam is not modulated 
yet thus, 6v{z = 0) = 0 and 6n{z = 0) = 0. According to the three modes we 
found previously [(4.1.12)] we can write the solution for Ez as: 

E,{r, 2, w) = Jo . 

(4.1.21) 

The three conditions above determine three sets of algebraic equations: 
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El + E 2 “h -E-3 — Eq , 



E2 

“T(o) 



+ 



£■3 



u/vo — — Ski 

Ei{k'^'> + 6ki) 

{oj/vo — (w/fo — — Sk^y 



w/vq — — Sk2 u^/vq — — Sks 



= 0 , 



+ 



’ + Sk2) 



( 0 ) 



+ 



E3(fcf ^ + Sks) 



(tj/vo - k^°^ - Sks) 



= 0, (4.1.22) 



and in principle, we can now solve for £ 1 , £2 and £3 such that we can 
determine the total electromagnetic field at the output {z = d). For the 
sake of simplicity we shall limit our discussion to the solution near resonance 
(where according to the Pierce approach the gain reaches its maximum). 
The three Sk's are of the same order of magnitude so we can estimate that 
|£i| I £ 2 ! ~ I £ 3 1 ~ £ 0 / 3 . Therefore, the 2 component of the electric field 
is 



E^{r,z,uj) ® 



X + e- 



■jSksz 



]• 



(4.1.23) 



According to the three solutions in (4.1.12) the first 6k is always real therefore 
its amplitude is constant, the amplitude of the second decays exponentially, 
and the third grows in space. The local gain is the ratio between the local 
amplitude and the amplitude at the input therefore is given by 



G(z) 



\E{z)\ 

|£( 0 )| 



1 

3 

1 

3 



^-jSk2Z 

^3jKozl2 ^-V3Kozl2 ^VSKoz/2\ . 



(4.1.24) 



note that the whole expression was devided by which corresponds 

to Re(^A; 2 ) and Re(< 5 A: 3 ). The expression in (4.1.24) is illustrated in Fig. 4.3 
where we present G{z) in dB for several values of Kod. Although one of the 
solutions grows exponentially in the first part of the interaction region, the 
local gain is zero - this effect is referred to in literature as spatial lethargy since 
it takes some space for the exponentially growing wave to become dominant. 
We can estimate this lethargy length d\ by determining the location where 
the amplitude of the first and third waves combined, reach the value at the 
input i.e., |exp(3j£oc^i/2) 4 - exp(\/3£oc?i/2)|/3 = 1 . This equation can be 
solved numerically and the result is 

^ 1.412 

‘''““kT’ 



(4.1.25) 
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Fig. 4.3. The way the gain develops in space for 
Z / d different values of the coupling coefficient Kq 



the second wave decays exponentially therefore it is neglected in this calcula- 
tion. We shall further discuss this effect in the context of the macro-particle 
approach in Sect. 4.3. At the end of the interaction region we can also neglect 
the mode which has a constant amplitude (assuming that the gain is large 
enough) and the total gain (at z = d) is defined as 



gain^B = 201ogio 



l_v/3Xod/2 

3 



(4.1.26) 



The total gain and the lethargy length are related by 

^ 1jj-1 J3 X 10g«in(dB)/2Oj (4.1.27) 

The effect is evident in Fig. 4.3 and using the relations above we found for 
Kod = 3 the lethargy length is 0.47 d while the gain is 13 dB. For twice 
this growth {Kod = 6 which can be achieved by increasing the current) the 
lethargy length is 0.23 d and the gain is 35 dB. 



4.1.2 Partially Filled Waveguide 

Although in the previous model, the beam and the dielectric were occupying 
the entire space of the waveguide, has its tutorial merit, it is impractical with 
regards to the generation of radiation. In general no beam-dielectric overlap is 
permitted namely, there has to be a significant distance between the electron 
beam and the structure which slows down the wave. In this sub-section we 
shall consider the interaction between a beam of radius i?b and a wave which 
propagates in a waveguide partially filled with dielectric material (sr). The 
dielectric occupies the region between Rd < r < R where R is the radius of 
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the waveguide and Rd> Rh~ see Fig. 4.4. The system is semi-infinitely long, 
thus no reflections occur. 





Fig. 4.4. A dielectric loaded waveguide. The radius of the guide is denoted by R. 
Rd and Rh stand for the the dielectric inner radius and beam’s radius, respectively 



As a first stage we shall consider the electromagnetic problem in the 
absence of the electrons. A TMqi mode is assumed to propagate along the 
waveguide and it is described by the z component of the magnetic vector 
potential, which in the vacuum gap (0 < r < Rd) reads: 

A,{r, z,uj) = Aoh{rr)e-^'^^ , (4.1.28) 

where = k‘^ — In the dielectric material {Rd < r < R) the magnetic 

vector potential is given by: 

A^{r, z, uj) = SoTo(«r)e-J''^ , (4.1.29) 

where k? = £r(^/c)^ — Io(0 is the zero order modified Bessel function of 
the first kind and 



To{Kr) = Jo(/^r)yb(^^) — lo(^^)Jo(^^) • (4.1.30) 

The electromagnetic field in the vacuum gap is 

H4r,z,u) = -^0— rii(rr)e-^''^ , 
fJ'O 

Er.(r,z,u;) = -Aq— rii(rr)e-^''^ , 

(jJ 

E,(r,z,u;) = -Ao—r\{rr)e-^>^^ . (4.1.31) 

JUJ 

In a similar way in the dielectric material, 

H^r,z,uj) = Bo— KTi(«r)e-^'=^ , 

Mo 

Er{r,z,uj) = Bo KTi(Kr)e-^''* , 

UJSy 

Ez{r,z,u) = Bot^ — K^To(Kr)e~^’°'‘ , 

JLVSr 



(4.1.32) 
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where 

Ti(/cr) = Ji(/^r)lo(«^) ~ yi(/^r)Jo(/^il) . (4.1.33) 

In order to determine the wavenumber k we now impose the boundary 
conditions at r = jRd- the continuity of implies 

-AoriiirRd) = BoKTi(KRd) , (4.1.34) 

whereas the continuity of Ez 

-Aor%{rRd) = Bo—K^To{KRd) . (4.1.35) 

From these two equations the dispersion relation of the passive (subscript pa) 
device reads 

Dpa(w, k) = sM^d)Ti(xd) - ^h{0d)To{xd) = 0 , (4.1.36) 

where 9d = and Xd = f^Rd- Figure 4.5 illustrates a solution of this dis- 
persion relation [line (a)]. For comparison, two other dispersion relations are 
plotted: line (b) represents the empty waveguide, whereas line (c) corresponds 
to a waveguide filled with the same dielectric. From the dispersion relation 
we observe that at low frequencies (long wavelength) the mode behaves as 
if no dielectric exists. At high frequencies the mode is primarily confined by 
the dielectric slab. 




Fig. 4.5. (a) Solution of the dispersion re- 
lation in (4.1.36).(b) represents the empty 
waveguide, whereas (c) corresponds to a 
waveguide filled with dielectric 



Next we shall consider the eflFect of the electron beam. In this case the 
magnetic vector potential in the beam region 0 < r < R^y is given by 

A,(r,z,uj) = Aolo{Ar)e-^'^\ 



7^(cj — Vok)^ ’ 



A^ = r^ 



(4.1.37) 
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with the plasma frequency, Up, defined in (3.4.18). Accordingly, the electro- 
magnetic field reads 

H4r,z,uj) = -Ao—Ah{Ar)e-^^\ 
fJ'O 

Er{r,z,uj) = -Ao — Ali{Ar)e-^'^^ , 

UJ 

E,(r, z, oj) = -Ao^r\{Ar)e-^'‘^ . (4.1.38) 

JUJ 

In the vacuum gap between the beam and the dielectric (iZb < r < iZd) the 



potential is 

A,(r, z,Lj) = [Bolo(rr) + CoKo(rr)]e-^''^ , 


(4.1.39) 


while the electromagnetic field is 

H^{r,z,uj) = r[BoIi(rr) - CoKi(rr)]e-^'=* , 

2 

Er{r,z,u;) = -^r[Boli(rr) - CoKj (Pr)] , 
2 

E,{r, z,u>) = [BoIo(Pr-) + CoKo(Pr)]e-^''" . 


(4.1.40) 


In the dielectric the expression is similar to (4.1.29): 
A;,(r,z,uj) = DoTo(Kr)e~^^^ , 


(4.1.41) 


and the electromagnetic field 

H4r,z,cj) = Do— «Ti(Kr)e-^''^ , 
1^0 

r^k 

Er{r,z,uj) = Do KTi{Kr)e~^^^ , 

(jJSy 

E,{r, z, w) = Do . j 

JUJSr 


(4.1.42) 



In order to determine the dispersion relation we now impose the boundary 
conditions at r = iZb and r = iZd- Continuity of implies at r = iZb: 



AoAhiARb) = r[BoIi(rilb) - CoKi(riib)] , (4.1.43) 

while at r = iZd: 

-r[BoIi(r/?d) - C7oKi(ri?d)] = DqkTi{kRa) . 



(4.1.44) 
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Similarly the continuity of the longitudinal component of the electric field 
{Ez) implies oX r = R\y\ 

Ao{-r'^)lo{AR^) = i-r^) [Bolo(m) + CoKoCriJb)] , (4.1.45) 

and at r = i?d- 

(-r2) [Bolo(riid) + C7oKo(riZd)] = Do^K^ToinRd) . (4.1.46) 

These are four homogeneous equations and the non-trivial solution is deter- 
mined from the condition that the determinant of the corresponding matrix 
is zero. Thus the dispersion equation of the active (subscript act) system is 

Z>act(t^, k) = £>pa(w, k) + J9beam(w, k) = 0. (4.1.47) 



The first term is the dispersion relation of the passive system and the second 
(T^beam) represents the beam effect: 



earn (u),k) 



rh{rRb)lo{ARb) - AloiRRbMARb) 
rKi{rRb)lo{ARb) + AKoiFRbMARb) 



X 



SrKomTiiXd) + ^Ki{0d)Toixd^ • 



(4.1.48) 



The solution of the dispersion relation in the beam absence is denoted 
by A;^^^(a;) and the effect of the beam will be represented by a deviation, 6k, 
from this value namely, k = + 6k. If we now expand the first term in 

(4.1.47) around k^^\ we find 



D^^{uj,k^^^)+6k 



'dDpa{u;,ky 


= 6k 


’dDpi,{oj,ky 


dk 


k=kW 


dk 



fc=fc(0) 



(4.1.49) 



since by the definition of k^^\ the dispersion function Dpa(o;, is identi- 
cally zero. Regarding the second term in the dispersion relation of the active 
system (4.1.47), we can readily check that for o;p = 0 the beam term Dbeam 
is zero. We shall consider only the correction of the first order in the term 
therefore we can neglect the beam effect in the denominator 
of Dbeam which after a first order Taylor expansion implies 



£>beam(w,fc(°))^ 






27^(0; — Uq/c)^ 






k=k<°'> 

(4.1.50) 



In the process of evaluating this expression the following relation was used 
Io(x)Ki(x) + Ii(x)Ko(x) = 1/x and db = RRb- Equations (4.1.49-50) can be 
substituted in the active dispersion relation (4.1.47) and the result written 
in an identical form as (4.1.6). The beam- wave coupling is determined by 
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R y xdTpjxd) 
Rd) lo(^d) 



{dPpA 

{ dk J 



fc=fc(0) 



(4.1.51) 



The effect of the radius in the case of a pencil beam is now clearly revealed 
since the coupling coefficient Kq is 



= K^iO) [lg(06) - 



(4.1.52) 



The modified Bessel function of the first kind is a monotonic function thus 
for Rh 0 the coupling coefficient Kq has its minimum and grows with 
increasing beam radius. This fact can be readily understood bearing in mind 
that the slow wave which interacts with the electrons decays exponentially 
from the dielectric surface inward. The larger the radius of the beam, the 
stronger the electric field it encounters, therefore the coupling is stronger. 
Further discussion on the interaction in a dielectric loaded waveguide was 
presented by Walsh (1987). 



4.2 Finite Length Effects 

All the examples of beam- wave interaction presented so far, such as resistive 
wall instability - Sect. 3.5.3, two-beam instability - Sect. 3.5.4 and traveling- 
wave interaction in the last two sub-sections, disregard the possibility of 
reflections from the output end. In practice, there are several causes for re- 
flections to occur: (i) the characteristic impedance of an electromagnetic wave 
in the interaction region differs from the impedance of the input and output 
waveguides, (ii) Even if at a given frequency this impedance mismatch can 
be tuned, at others, reflections may dominate and control the interaction 
process. (Hi) In any interaction scheme the electromagnetic energy has to be 
decoupled from the beam. This decoupling process is always associated with 
some kind of discontinuity, therefore in this regard, reflections are an inherent 
part of the interaction. 

In order to illustrate the effect of reflections, we first consider the extreme 
where the interaction is dominated by reflections - which is the case in an 
oscillator. It will be shown that in zero order the amplitude of the electro- 
magnetic field in an oscillator is constant in space but varies in time whereas 
in an amplifier, it is constant in time but it varies in space. The oscillator 
analysis is followed by an investigation of the effect of reflections on an am- 
plifler and the section concludes with some remarks on the interaction in an 
extended slow- wave cavity. 
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4.2.1 Oscillator 



The simplest configuration we can conceive for an oscillator is a section of an 
amplifier with two reflecting mirrors at the two ends. There are two major 
differences between an amplifier and an oscillator: (i) in an amplifier the 
frequency is set externally whereas the wavenumber is determined by the 
waveguide and the interaction. Consequently, (ii) the amplitude of the wave 
varies in space but at a given location it is constant in time. The opposite 
holds for an oscillator; the wavenumber is set by the cavity (mirrors) and 
the frequency is determined internally by both cavity and interaction. The 
amplitude is constant in space (at a given moment) and it varies in time. 
Therefore, if we assume that the distance between the two mirrors is d, then 
from the condition that E'r(r, z = 0, d) = 0 we conclude that 

k = (4.2.1) 

where u is an integer which labels each longitudinal mode. In the remainder 
we shall assume that the interaction is only with one of these modes (z/ = 1). 
In the beam absence the resonant frequency is 






C /^f 



(4.2.2) 



and the beam introduces a small deviation 8uj = u — Uj: which is a solution 
of the following dispersion relation 

= (4.2.3) 

where similarly to the amplifier case i?o is the coupling frequency and Au = 
Von Id—Ur is the slip. The main difference here is that in contrast to (4.1.6) the 
right-hand side is positive thus the same analysis of the third order polynomial 
can be applied for (4.2.3). We shall not repeat it but rather present the 
important results. The maximum temporal growth rate occurs at resonance 
and it is given by 

^a;i = i?o, ^a;2 = -^I^o(l -i\/3) , ^Cc;3 = -^I^o(l + jV3) • (4.2.4) 

The first solution corresponds to a wave whose phase velocity is larger than 
the average velocity of the electrons (i;o)- The other two have phase velocities 
smaller than vq. The second solution represents a wave which is decaying in 
time whereas the third grows. 

Comparing the dispersion relation for the amplifier (4.1.6) with the dis- 
persion relation for the oscillator (4.2.3) we find that the relation between 
i?o and Kq is given by Qq = Klvgrvl which implies that the connection be- 
tween the maximum temporal growth rate [Im (<5o;)max] in an oscillator and 
the maximum spatial growth rate in an amplifier [Im (^fc)max] is 
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Im {Suj)jnax 1 _ //Q /d2\^/^ 



(4.2.5) 



As in the amplifier case, we can define the temporal lethargy as the period 
of time, Ti, during which the electromagnetic energy in the oscillator starts 
to grow exponentially relative to the situation before the beam was launched 
(here we have assumed that initially the cavity was filled with electromagnetic 
energy): 



1.412 



(4.2.6) 



If we consider a system which is characterized by Kod = 4, d = 20 cm, 
(3 = 0.9 and /3gr = 0.2 then the temporal lethargy is 0.4 nsec, therefore on 
the scale of a pulse of hundreds of nanoseconds this is negligible. However if 
Kod = 0.04 (keeping all other parameters the same) the temporal lethargy is 
40 nsec which becomes significant. 

In most cases of interest the cavity is not initially filled with electro- 
magnetic energy and the mirrors/walls are not ideal refiectors. As a result, 
the electromagnetic signal has to build up from noise and at the same time 
to overcome ohmic loss (to the walls) or radiation loss (through extraction 
ports/mirrors). All the combined loss mechanisms cause a decay in the elec- 
tromagnetic field which, as a zero order, can be described by the variation in 
time of the energy which in turn, can be assumed to be proportional to the 
total amount of energy stored at a given time i.e.. 



^W+—W^0. (4.2.7) 

dt "Hoss 

On the other hand, in Sect. 2.5.3 it was shown that a single particle excites 
a variety of electromagnetic waves in a cavity. When a uniform distribution 
of particles is injected into a cavity, waves of different frequencies and phases 
are generated and absorbed in the same time. This is noise induced by the 
beam in the cavity. For a coherent signal to develop from noise it is necessary 
that the beam-wave interaction will exceed some threshold which can be 
expressed in terms of the injected current. This amount is determined from 
the condition that the growth due to the interaction at least cancels the decay 
due to loss mechanisms i.e.. 



^y/3f2Qt/2 Q t/Tioss ^ 



(4.2.8) 



Using this expression we can explicitly write for the threshold current 



/th = 



16 mc^ Su 



7^/3 



3v^ er)o (cTIoss)^ t-^rTloss 

3 ^ S, 



^int 



= 3.08Je7^/3 



( CT [oss ) ^ (^r 'Hoss ) 



^int • 



(4.2.9) 
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Note that this current is proportional to the dielectric coefficient of the in- 
teraction and it scales as 7 ^. 

4.2.2 Gain and Bandwidth Considerations 

One of the main assumptions in the analysis of the beam- wave interaction in 
an amplifier so far was that there are no reflections from the output end of the 
structure. In the previous sub-section we examined the dramatic change in 
the characteristics of the beam- wave interaction as reflections are deliberately 
introduced causing temporal rather than spatial growth. Based on the (pure) 
electromagnetic analysis presented in Chap. 2 the assumption of zero reflec- 
tions in an amplifier is not justified in general since the wavelengths of the 
electromagnetic wave (and thus the characteristic impedance) in the inter- 
action region and the extraction region are different. If discontinuities in the 
characteristic impedance occur they generate reflected waves. The reflected 
waves interfere (constructively or destructively) with the incoming waves to 
generate transmission patterns which were discussed in Sect. 2.5.1. According 
to this picture there are frequency ranges for which the transmission coeffi- 
cient has a maximum or minimum. When the beam is present the situation 
is somewhat more complex since, in addition to the regular electromagnetic 
mode which can propagate, there are also space-charge waves which carry 
energy. However, in the case of a sufficiently long system such that at the 
output end the exponentially growing mode is dominant we can still assume 
only two waves bouncing between the input and output ends. 

The starting point is similar to what was presented in Sect. 2.5.1: consider 
a waveguide of radius R is filled with a dielectric material according to 

{ 1 -00 < z <0, 

€r 0 < Z < d, 

1 d<z<oo. (4.2.10) 

A wave is launched from 2 ; — ^ — 00 toward the discontinuity at z = 0 and 
for sake of simplicity we shall assume that this wave is composed of a single 
mode (TMoi i.e., s = 1 ). The ^ component of the magnetic vector potential 
in the first region (— 00 < z < 0 ) is given by 

Az(r, -00 < z < 0,c^) = Jo (pi^) , (4.2.11) 

where A[n is the amplitude of the incoming wave and Aj-ef represents 
th e amplitude of t he reflected wave because of the discontinuity; ki = 
— (pi/i?)2. Between the two discontinuities at z = 0 and z = d 
the solution has a similar form 

A,(r, 0<z<d,uj) = Jo (pi^) [Ae-^^^ + , 



(4.2.12) 
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where k 2 = — (pi/RY. The term Ae is an “effective” wave 



which represents all three modes we discussed in Sect. 4.1. Finally in the 
third region there is no reflected wave thus 

Az{r,d < z < oo,uj) = Jo (pi^) . (4.2.13) 

The four, as yet unknown, amplitudes Aref, ^tr? ^ and B are determined 
by imposing the boundary conditions at ^ = 0, d: 

[^in - Aref] = Zg [A - B] , (4.2.14) 

^in H" ^ref = A A B , (4.2.15) 

Z2{Ae-^'^+ - = ZiAr (4.2.16) 

and 

+ Be>^- - Atr • (4.2.17) 

In these expressions the following definitions were used: 



-0+ = ifc? represents the phase and amplitude variation of the effective wave 
as it propagates from z = 0 to d and xp- = k 2 d represents the phase shift 
of the backward wave. Note that the effect of the beam was neglected in the 
impedance terms. 

The transmission coefficient is defined as r = Atr/^in and is given by 



4ZiZ2e~^^^+-'^-^ 

eJi’- (Zi + Z 2 Y - e-J>+ (Zi -Z 2 Y' 



(4.2.19) 



Before we consider the beam effect on the transmission coefficient let us ex- 
amine the passive device namely when no beam is present. The wavenumbers 
in this case are the same thus 0^ = 0_ = 0 = /c 2 d and the transmission 
coefficient reads 



^Z\Z2 

eo^iZi + Zs)2 - e-^>(Zi - Zs)^ ’ 



(4.2.20) 



The peaks of the transmission coefficient occur when 2k^^d = 2mr and the 
valleys at 2 k 2 d = titt. According to the first relation, the “distance” {Ak 2 ) 
between two peaks is {Ak 2 )d = tt. Using the definition of the group velocity, 
Vgr ia (2.3.24), the “distance” Af, between two peaks is approximately given 
by 
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The subscript pa indicates that this is the bandwidth of a passive device. 
In general, the bandwidth of a given peak is the difference between the two 
frequencies for which the transmission coefficient is half (-3 dB) of its peak 
value. Since there are cases where the total height of the peak is less than 
3dB, we define in this case the bandwidth as the distance between two peaks 
(or two bottom points). If the impedance mismatch is much larger and the 
difference between the peak and bottom values is much larger then the band- 
width is explicitly dependent on both impedances. At least in what concerns 
the operation of a traveling-wave tube the trend is to work with minimum 
reflections, therefore the definition in (4.2.21) is sufficient for our purpose. 

Our next step is to calculate the bandwidth of an active device. For this 
purpose we direct our attention back to the expression for the transmission 
coefficient in (4.2.19). It was mentioned above that the effect of the beam 
is effectively represented by e~-^^+. This is the ratio between the amplitude 
of the wave at the output and input. According to the simplified interaction 
model we developed in Sect. 4.1 we can represent this ratio as 



3 



(4.2.22) 



where 6k^ is that solution of (4.1.6) which has a positive imaginary part as 
presented in (4.1.12) for the resonance case. In this expression it has been 
tacitly assumed that this growing wave is dominant. 

In this effective representation we have two contributions: one is the real 
part of the wavenumber and the other is its imaginary part. We shall consider 
first the effect of the real part. We already indicated that, without electrons, 
the peaks in the transmission coefficient are separated by 2 k 2 (l = 27 t (n = 
0, ±1, ..). In a similar way when the beam is injected they occur at [2k2 + 
Re(^A; 3 )]d = 27m. Consequently, the frequency shift, in the location of 
the peak due to the interaction is 

Sf -^UgrRe(^A;3) , (4.2.23) 



The maximum frequency shift is expected to occur at maximum gain, namely 
at resonance hence: 



Sfn 



47tV3 



Ugrim (6ks) 



(4.2.24) 



As an example, consider coupling coefficient Kq = 30 m“^ and group velocity 
of 0.5 c; the anticipated frequency shift is 180 MHz. For a group velocity 10 
times smaller the frequency shift drops to 18 MHz. Here it is important to 
emphasize two aspects: (i) The effect of the beam on the reflection process at 
the end of the extended cavity was ignored. This is not always justified since 
the capacitive effects at the ends may become significant and consequently the 
impedances, which we assumed to be virtually frequency independent, may 
vary significantly causing an additional frequency shift, (ii) When we mention 
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here “frequency shift” what is meant is that the frequency where maximum 
gain occurs, shifts from one frequency to another but the system operates 
all along in a linear regime, namely the frequency at the output is identical 
with that at the input and only the frequency where maximum transmission 
occurs, varies because of the interaction. Next we shall examine the effect of 
the imaginary part of the wavenumber on the transmission coefficient. 

The transmission coefficient near the peak and close to resonance is given 
by 



(Zi + ^2)2 - (Z2 - Zi)2e'^^orf/2 ’ 



(4.2.25) 



where Kq has been defined in (4.1.6). In the relatively close vicinity of a peak 
we may approximate the transmission coefficient for the case when no beam 
is present by: 



'pa 



/i 

Vif-fo^ + fV 



(4.2.26) 



where fo is the frequency where the peak is located and, 2\/3/i is the 
bandwidth of the peak which according to the definition in (4.2.21) equals 
(2\/3/i =)i?gr/2c?. When the beam is present, the wave is amplified by a gain 
factor, g{f) which at resonance reads g{fo) — ^Qy/^^od/ 2 ^ gy analogy with 
the expression in (4.2.25) we can write the transmission coefficient for an 
active system as 



Tact I ^ 



figjf) 

V(/-/0-<5/max)"fl2(/) + /r 



(4.2.27) 



The bandwidth is the difference between the two frequencies at which |ract| 
reaches 1/2 of its peak value. Ignoring the frequency shift, these two frequen- 
cies are a solution of 



(/ - fo)^ = 4/i5 ^(/o) - fi9 ^(/) • (4.2.28) 

Next we assume that the interaction bandwidth [see (4.1.17)] is much broader 
than /i, therefore the right-hand side in the last expression can be approxi- 
mated with 3/i p”^(/o). This result indicates that the bandwidth of an active 
(and high gain) system (-4/) act is related to the gain and passive device band- 
width, (4l/)pa, by 

(^/)act = (4.2.29) 



or 






(4.2.30) 
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This result indicates that the product bandwidth x gain is constant. For 
example, a gain of 25 dB in a system whose passive bandwidth is 200 MHz 
causes the bandwidth of the active device to be 11 MHz. 



4.2.3 Interaction in an Extended Cavity 



If we examine the condition for the occurrence of the peaks in the last section 
and the resonance condition for cavity creation (see Sect. 4.2.1) - we find that 
the two are identical. In fact we have indicated in Sect. 2.5.1 that the denom- 
inator of the transmission coefficient determines the resonance frequencies of 
the system. Whether these frequencies are real or imaginary depends basically 
on whether electromagnetic energy can leave the system either as a propa- 
gating wave [Davis (1994)] ot via a dissipative (ohmic loss). An additional 
insight on the nature of the process can be achieved if the transmission coef- 
ficient of a system with two discontinuities (three characteristic impedances 
- see Fig. 2.3 in Sect. 2.5.1) is represented in terms of the local reflection 
and transmission coefficients. For this purpose let us define the transmission 
coefficient from the first region (— oo < 2 ; < 0) to the second (0 < z < d) by 
Ti 2 as 



2Zi 

~ Z1+Z2 



(4.2.31) 



where Zi and Z 2 are the characteristic impedances in each one of the regions. 
The reflection from the first region when a wave impinges from the second 
region is denoted by ^21 and is given by 



^21 



^2 — 

+ Z 2 ’ 



(4.2.32) 



and correspondingly the wave reflected from the third section when the wave 
impinges from the second is 



^23 



Z2 — Z3 
Z3 -h Z2 ’ 



(4.2.33) 



in a similar way, the wave which is transmitted into the third section in this 
case is 



2^2 

^ Z3+Z2 



(4.2.34) 



Using this notation in addition to the phase and amplitude advance as de- 
scribed in the previous sub-section and e^^“), we find for the trans- 

mission coefficient of the active system [(4.2.19)] the following expression 



e“J>+ 

T 23 • 



'Tact — ^^12 



1 - 



(4.2.35) 
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Using this notation we can now emphasize several aspects of the finite length 
effect: 

Remark 1. The transmission coefficient of the active system depends on the 
ability to couple the power into the system (ri 2 ), the gain and the reflection 
process in the interaction region (the middle term) and on the ability to 
extract the power out of the system {t 2 s) 

Remark 2. The middle term denominator includes all the information about 
the effect of reflections on the interaction process and in addition, it provides 
us with a criterion regarding transition to oscillation. As in the case of the 
empty cavity the eigen-frequencies of the system are determined by the zeros 
of the denominator i.e., 

1 - Q2iQ23e~^^^e~^^- = 0 . (4.2.36) 

From this expression we conclude that the necessary condition for oscillation 
is 



g{f)\Q2s\\Q2i\ > 1 • 



(4.2.37) 



The physical interpretation of this expression is the following: consider a wave 
of an amplitude 1 at the input end of the interaction region. As it traverses 
the system the wave is amplified according to the gain in the system, g{f). At 
the output end it is partially reflected (|^ 23 |) and it undergoes an additional 
reflection (|^ 2 i|) at the input. If the amplitude after this last reflection is 
larger than unity the amplitude will continue to grow in time after each 
round trip thus the system will oscillate. In order to illustrate the effect let 
us consider two systems: (i) \q 2 s\ = \q 2 i\ = 0.1, for which case the maximum 
gain before oscillation occurs is 20|logio(0.1 x 0.1)| = 40 dB. (ii) The other 
case of interest represents a situation in which one end (typically the input) 
is effectively short circuited thus |p 2 i| = 1-0 and the second has a reasonably 
good transition such that the effective reflection coefficient is |^ 23 | = 0.05; the 
maximum gain before oscillation in this case is 20| logio(0.05 x 1.0) | = 26 dB. 



Remark 3. If the system does not operate in a regime which is close to oscil- 
lation, it is possible to write the transmission coefficient of the active system, 
in the following form: 



Tact — '^ 12 ^ 






oo _ _ n 

(Q2iQ2ze-^^^e-i^-) 



T23 



= Ti2e 






Ln=0 

1 + 021 0236-^’^+ + (021 0236"^’^+ 






(4.2.38) 



^23 • 



In the framework of this notation it is tacitly assumed that the electron pulse 
is infinitely long and there are an infinite number of reflections (as the number 
of terms in the sum). This is obviously not the case in practice and only a 
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limited number of terms has to be considered according to the pulse length 
and the time it takes the signal to complete one round trip. 

Remark 4- If there are fluctuations in the current or voltage the expres- 
sion in (4.2.38) is more adequate for generalization purposes than (4.2.25). 
Let us denote the total round trip amplitude and phase shift by .R = 
using this notation, the transmission coefficient of the 

active system reads 



'Tact — 'T'12^ [l -f i? + + R^ • * • T23 . 



(4.2.39) 



If the current varies along the pulse, then R{I) is a function of the current 
and the natural generalization will be 



Tact = ri 2 e-J^+ [l + R{h) + R(h)R{l2) + R{h)R{l2)Ril3) 



jT-23, 

(4.2.40) 



where indicates the average current in the course of the z/th reflection. We 
shall return to this subject when we discuss the generalized formulation of 
an amplifler and an oscillator. 



4.2.4 Backward- Wave Oscillator 

In the type of structures on which we have based our model so far the wave 
and the energy it carries flow both in the same direction. Therefore, if the 
input of an amplifler is at 2 ; = 0 and the beam flows in the positive direction, 
then power is converted from the beam to the wave. Consequently, comparing 
the power at a location d far enough from the input we will And that P{z = 
d) > P{z = 0). Furthermore, the wave at z = 0 does not “know” that it 
is going to be amplified since there is no reflected wave or in other words 
there is no feedback to provide this information. On the other hand, in an 
oscillator, the mirrors at both ends together with the structure itself provide 
a feedback which cause the amplitude at the input to follow the amplitude 
at the output such that approximately the amplitude of the wave is constant 
in space. 

Imagine now a situation in which the wave propagates in the positive 
direction, but the energy flows in the opposite direction - this is exactly 
the case in periodic structures which will be discussed in the next chapter. 
The information regarding the interaction is carried by the wave opposite to 
the beam and in fact the input and the output trade places: the input in 
such a case is at z = d and the output is at 2 : = 0. In order to quantify our 
statements we shall start from the expression for the interaction wavenumber 
as presented in (4.1.19) and since it was assumed that the energy velocity 
and the phase velocity are parallel we can now consider a situation in which 
Pen is negative and so is Kq, As a result we get, instead of (4.1.6), 
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6k{8k - Akf = Kl , 



(4.2.41) 



where the only difference is that the right-hand side is positive (as in the 
oscillator). The solution at resonance is different and it reads 
6k\ = Kq , 



6k2 = -Ko 




6k^ = -Ko(l+j^ 



(4.2.42) 



As in the traveling-wave amplifier the wave propagates in the forward direc- 
tion, therefore similar to (4.1.21), we can write 

E,{r, z, uj) =Jo (pi (4.2.43) 

X . 



Since at the input {z = d) the beam is assumed to be uniform (not bunched) 
and the initial amplitude is £^ 0 ^ the boundary conditions imply 
El + E2 -l- E^ = Eq , 



^ I ^ I ^3 

uj/vq — — 6ki uj/vq — — 6k2 u;/uo — k^^ — Sk^ 

Eijkf'^+Ski) ^ E2{kf^+6k2) 

{u)/vq — k^^'^ — 8kiY (w/fo — k^^ — 6k2)^ 



as in the traveling-wave 
plitudes El, E 2 and E^. 
the gain is given by 



E3{k<f^^ + 6k3) 



-I- 



(uj/vo - - 6k3y 

tube case these three equations determine the am- 
At the output, the third solution is dominant; thus 



= 0; (4.2.44) 



^ I -5^(0) I ^ I V3Kod/2 
^-\E{d)\-3^ 



(4.2.45) 



Although the right-hand side is identical to the traveling-wave amplifier re- 
sult, the fact that in this case the feedback is inherent in the interaction 
process and is not dependent on load impedance, makes the backward de- 
vice substantially less sensitive to the load. Furthermore, Carmel (1989) has 
shown experimentally that the presence of a stationary background plasma 
(gas) can improve substantially the efficiency of the system. In fact, several 
years before that Carmel (1973) had shown that high power microwave radi- 
ation can be generated by a backward- wave oscillator driven by a relativistic, 
high current, electron beam. 
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4.3 Macro-Particle Approach 



The hydrodynamic approximation is adequate for the description of the in- 
teraction in the linear regime when we wish to consider the variation in the 
average dynamic variables - density and velocity fields. As we approach sat- 
uration, the spread in the velocity and density field becomes significant and 
the validity of the hydrodynamic approximation becomes questionable. In 
order to solve the problem we have to adopt a more fundamental approach 
- which is based on the solution of the single-particle equation of motion. 

There are at least three ways to develop the simplified set of equations 
which describe the interaction between electrons and a wave. All three have 
the one particle equation of motion in common and assume that the ba- 
sic form of the solution of the electromagnetic field is preserved. The three 
methods differ in the way the equation which describes the amplitude and 
the phase of the electromagnetic field is developed. One possibility is to start 
from the non-homogeneous wave equation for the magnetic vector potential, 
the second method is to start from the wave equation for Ez and in the third 
method the starting point is Poynting’s theorem. Throughout this text we 
shall use either the first (Chap. 6) or the third. It is the latter which will be 
used in this section. 



4.3.1 Simplified Set of Equations 



The starting point is Poynting’s theorem: 

V-S + 4w^ = -J-E. 

at 



(4.3.1) 



Assuming that the walls of the system are made of an ideal metal, then all the 
power flux flows in the ^ direction thus we can integrate over the cross-section 
{ttE?) of the system: 

d pR d 

— 27t / drrSz{ryZ,t) + —27T drrW{r,z,t) 
tyz Jq at Jq 

= -27t [ drrJz{r,z,t)Ez{r,z,t). (4.3.2) 

Jo 



We assume that a very strong magnetic field confines the electron motion to 
the 2 ; direction; therefore the only non-zero component of the current density 
is longitudinal. Furthermore, the system is assumed to operate in the linear 
regime and it oscillates at a single frequency u. For the present purposes we 
average out over one period of the wave T = 27^1 u and if we assume that 
there is no reflected wave and consequently, there is no change in the amount 
of electromagnetic energy stored in the system, then (4.3.2) reads 
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dz 



nR j pT 

Itt J drr — J dtS;:{r,z,t) 

j-R J pT 

- 27 t j drr — j dtJz{r,z,t)E^{r,z,t). 



(4.3.3) 

The first term is the total average power which propagates along the system: 

(4.3.4) 



P{z) = 2i:J^ drr^J^ dtSz{r,z,t), 



and according to the definition of the interaction impedance for a very thin 
pencil beam it is given by 



P(z) = 



7tR^ 1 
Zint T 



f 



dtEl(Rh,z,t) . 



(4.3.5) 



The factor two difference between this equation and (2.3.29) is due to the 
fact that in the latter, the field has already been averaged on time. The 
principal assumption of the current approach is that at a given frequency 
and at a given location, the same interaction impedance which relates the 
total average power to the longitudinal electric field in vacuum, relates the 
same quantities when the beam is also present. Consequently, Poynting’s 
theorem now reads 

cT 



dz 



JLl f 

^int T Jq 



dtEj{R\)^z^t) 



I dt Ez (-^b 7 ^) ^ J z (r J z y , 



(4.3.6) 



where again we used the thin beam approximation namely, the transverse 
variations of the electric field are negligible across the beam thickness, there- 
fore the electric field was extracted from the integral in the right-hand side 
of the equation. 

Within the framework of the single particle description, the current den- 
sity of an azimuthally symmetric flow of electrons is given by 



Jz{r, z, t) = Vi(t)6 ^z - 2 ,(i)j -^6 r - rt(t)j ; 



(4.3.7) 



Zi{t) and ri{t) are the longitudinal and the radial location of the electron 
at a time t. With this definition of the current density the radial integration 
is straightforward and it reads 

pT 



dz 



J dtEz{Rb,z,t)y^^Vi{t)6^z - Zj{t)^ . 



^ZiYit 1 
7Ti?2 f . 



(4.3.8) 
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The second main assumption in this approach is that the effect of the 
beam on the (single mode) distribution of the electric field is only longitudi- 
nal. In other words, if in the beam absence, the longitudinal electric field in 
the beam region was given by Ez{Rh’> t) = Eq cos{u)t — kz — Oq) where the 
amplitude (Eq) and the phase (6o) are constant, in the presence of the beam 
the same component reads 



Ez{Rh’> z, t) = E{z) cos ut — kz — 6{z) 



(4.3.9) 



and both the amplitude and the phase are allowed to vary in the longitudinal 
direction. We proceed now by performing the time integration on both sides of 
(4.3.8). In the left-hand side, the integration over the trigonometric functions 
is straightforward and in the right-hand side, we take advantage of the Dirac 
delta function, thus 



_d 

dz 




^^^rE{z)(cos UTi(z) 




(4.3.10) 



where Ti{z) is defined as 

n{z) = Ti{0)+ f dc-^, 
Jo ^nC) 



(4.3.11) 



and it represents the time it takes the zth electron to reach the point 2 ;. Vi{z) 
is the velocity of the zth electron at 2;, iV is the total number of electrons in 
one period (T) of the wave and (•••) = * * * • We can now identify 

eN IT as the instantaneous current i.e., I = eNjT. 

It is convenient at this point to adopt a complex notation namely, E{z) = 
E{z)e~^^^^\ which permits us to write (4.3.10) as 

E(z)^E*iz) + E*{z)£E(z) 

= , (4.3.12) 



l_d 
2 dz^ 






where Xi(^) = ^Ti{z) — kz. The last expression can also be written as 



E{z) 



E*{z) - 



dz 



+ E*(z) 






= 0 
(4.3.13) 



and since it has to be satisfied for any E{z), we conclude that 



(4.3.14) 



which describes the dynamics of the amplitude and phase of the electromag- 
netic field and its dependence on the distribution of particles. 
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The next step is to simplify the equation of motion of the electrons. Since 
the motion is in one dimension it is more convenient to use the single particle 
energy conservation as introduced in (3.1.5). Using the explicit expression for 
the electric field in (4.3.9) and following the motion of the electron in space 
we have 

+ "'I ■ 

It is more convenient to present these two equations [(4.3.14) and (4.3.15)] 
using a normalized notation. For this purpose we normalize a; to the length 
of the interaction region and define C = z/d as a. normalized coordinate. The 
normalized (complex) amplitude of the longitudinal component of the electric 
field in the region of the beam is 



a(C) = 



eE{z)d 



mc^ 



and the coupling coefficient a is 



(4.3.16) 



e/^int d? 
mc^ nB? ' 



(4.3.17) 



Using this notation the variation in space of the normalized amplitude is 
given by 



(4.3.18) 

and the single particle energy conservation reads 

^7i(0 = + c. c.] . (4.3.19) 

To complete the description of the particles’ dynamics we have to determine 
the dynamics of the phase term Xi- According to its definition and (4.3.11) 
we find 

^.Xi(0 = - K , (4.3.20) 

d^ Pi 

where K — kd and Q = udjc. The last three equations form a closed set of 
equations which describe the interaction. 

Before we proceed to solutions of this set of equations for a practical 
system, it will be shown that the approximations involved do not affect the 
global energy conservation. This is readily obtained by averaging the single 
particle energy conservation (4.3.19) and substituting the equation for the 
complex normalized amplitude (4.3.18): 
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In addition, we will show how this set of first order differential equations 
leads to the same solution we found using the hydrodynamic approximation. 
To retrieve this limit we take twice the derivative of the amplitude equation 
in (4.3.18). After the first derivative we obtain 



A" 

dC 



2 «(C) = -ja 



n 

0i 




Q-JXiiO 



(4.3.22) 



and after the second 



d^ 

^a(C) = -jan 



(/3i7i)' 



dC^‘ 




(4.3.23) 



Next we substitute the explicit expression for the single-particle energy con- 
servation from (4.3.19) and consider only the slow varying term. The result 
is: 



i o 
dc^ 



1 



a(C) = -a 




2 

Q-JXiiO 



(4.3.24) 



The differential equation on the left-hand side is equivalent to the third or- 
der polynomial obtained using the hydrodynamic approximation. According 
to this expression, if the variation in the momentum is small, the spatial 
growth rate is given by the imaginary part of the root of the characteristic 
polynomial: 



Im (k) = 



yl 

2 



1 d 1 uj 

2 mc^ 'kE? c 




(4.3.25) 



and this is identical with the result in (4.1.13). The right-hand side term 
in (4.3.24) represents the driving term in the system. If at the input the 
phase and the velocity of the particles are completely uncorrelated then its 
contribution is zero. As the interaction progresses in space, the phase and the 
velocity of the particles become correlated and its contribution increases. 



4.3.2 Phase-Space Distribution: Linear Regime 

We shall now investigate the beam- wave interaction using this set of simpli- 
fied equations (4.3.18-20). The slow- wave structure consists of a dielectric 
loaded waveguide which is 20 cm long. The system is driven by a 850 kV, 
450 A electron pencil beam. In addition, a wave is launched at the input. The 
longitudinal component of the electric field at the beam location is assumed 
to be 1 MV/m. For a practical solution of the equations of motion we di- 
vide the entire ensemble of electrons into 64 clusters equally populated with 
electrons. The internal distribution in each one of these clusters is assumed 
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to remain unchanged along the interaction process. Figure 4.6 illustrates the 
way the gain and the efficiency 



vi%) = 



(j{z = 0)^ - 

(l{z = 0)^-1 



X 100, 



(4.3.26) 



vary along the system. As in the hydrodynamic model we observe first the 
“buid-up” region where the gain is effectively zero, followed by a region where 
the gain (in dB) increases linearly. The efficiency in this case is less than 10% 
which means that the average energy has dropped by less than 10%. This 
is, on average, what one can expect from a single-stage traveling- wave tube 
(TWT) without special intervention. Both the lethargy and the linear gain 
section are in reasonable agreement with the regular Pierce approach. 
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Fig. 4.6. Gain and 
efficiency along the 
interaction region. 
The upper curve 
represents the gain 
and the lower one 
shows the efficiency 



We shall now exploit the present formalism to investigate more systemat- 
ically the interaction process. Figure 4.7 illustrates the way the phase-space 
distribution evolves along the interaction region. At the entrance 2; = 0.0 d, 
the clusters are uniformly distributed in the domain — tt < x < ^ 

I7 — 2.665| < 0.005. After crossing 20% of the interaction region, the electrons 
in-phase with the wave were decelerated while those in anti-phase (x = i^r) 
are accelerated. As the electrons advance to 2; = 0.4 d, the bunching process 
continues and the electrons’ energy spread is now ±6% around the initial 
average value. At this stage the bottom point of the distribution starts to 
be shifted towards X = This is also the point where the collective ef- 
fect becomes dominant and the gain starts to grow exponentially. The two 
processes mentioned above (increase of the energy spread and distribution 
shift) continue as electrons advance towards 2; = d. At 2: = 0.6d the en- 
ergy spread is already ±10% and the bottom point of the distribution has 
slipped 0.8 radians from x = 0- In fbe last 20% of the interaction region 
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Fig. 4.7. Phase-space distribution at various locations along the interaction region 
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the electrons are strongly bunched and the energy spread ( “peak-to-peak” ) 
is actually larger than the average kinetic energy of the electrons at the input 
(7max = 3.5 , 7min = 1.75). This is a remarkable result bearing in mind that 
the efficiency (and thus the change in the average energy) is less than 10%. 

The slow and fast electrons have a completely diflFerent (relative) weight 
on the interaction process. According to (4.3.25) the spatial growth rate is 
proportional to 



L\ 



-.1/3 



(4.3.27) 



therefore the low momentum electrons have a much larger effect on the in- 
teraction process than the fast ones. 

In order to have a more quantitative measure of the energy spread we can 
determine its variation as a function of the other parameters. The first step 
is to define the energy spread as 



A't = yj ( 72 ) - ( 7)2 . 



(4.3.28) 



Next if we multiply the single particle energy conservation equation (4.3.21) 
by 7i and average over the entire ensemble we obtain 




(4.3.29) 



In a similar way, the variation in space of the square of the average energy is 
given by 



= - [a(C)(7i)(e^^'^^^) + c.c.] . 



(4.3.30) 



If we now subtract (4.3.30) from (4.3.29) and use the definition of the energy 
spread we find 



- a*iO [(7ie-^'^‘(^)) - (7i)(e-^’^‘(^^)' • 



(4.3.31) 



This expression indicates that the energy spread is controlled by two principal 
quantities: (z) the amplitude of the radiation field which is obvious since the 
latter determines the modulation. But this is not sufficient since (ii) the phase 
and energy of all particles have to be correlated i.e., 

K^.e^x.(C)) _ (7i)(e^7i(0)|> 0 , (4.3.32) 



in order to cause any variation of the energy spread. Otherwise even for a 
large amplitude of the radiation field, the change in the energy spread is zero. 
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Fig. 4.8. Phase-space distribution at the end of the interaction region 



4.3.3 Phase-Space Distribution; Saturation 



The next step is to investigate the saturation process. For this purpose 
we increase the total length by 50% such that now d = 30 cm. Satura- 
tion occurs when the electrons start to “absorb” energy from the wave. 
This will happen when the electrons which were initially decelerated reach 
the point of tt phase with the wave and they start to be accelerated. To 
examine the conditions for saturation we shall first resort to the hydro- 
dynamic model. Consider the longitudinal component of the electric field 
which is a self consistent solution of the interaction process near reso- 
nance: E{z) Eocos[(jjt — z{ujfvo — The amplitude of 

the oscillation can be estimated by substituting in the equation of motion: 
mvo{voKo)^ 7 ^ 6 z = eEoe^^^^. Accordingly the saturation length is defined 
by ^Kq 6 z{z = dsat) = 'TT hence 



4at 1 , L 

— 7 - = —7= fii 27 t 

d y/SKodl2 L 



(4.3.33) 



For the present parameters dsat/d = 0.7. 
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We examined the saturation within the framework of the macro-particle 
approach and the result is illustrated in Figs. 4.8-9. Figure 4.8 illustrates 
the phase-space distribution only in the last 33% of the interaction region 
since in the first 67% it is identical with what we presented in Fig. 4.9. We 
observe that the bottom of the distribution {z = 0.7 d) is almost at the tt 
point. Beyond this point slow electrons are accelerated. This is accompanied 
by a decrease in the gain and efficiency as illustrated in Fig. 4.9. 




4.3.4 Interaction in a Slowly Tapered Structure 



In order to increase the efficiency (and consequently the gain) we have to 
compensate for the energy lost by the electrons. The velocity drop associated 
with this process and the collective effect itself, cause the phase shift we 
presented above. In order to adjust the relative phase between the wave 
and the slow electrons we can taper the slow-wave structure. In terms of 
the dielectric loaded waveguide this can be done by changing the dielectric 
coefficient along the z axis or changing the radius of the waveguide and/or 
dielectric slab. Let us now examine the case when er{z) varies in space. We 
shall assume that this variation is small such that 



W I dSrjz) , 1 

C ' dz ' Sr{z) 



(4.3.34) 



Subject to this condition the equations which describe the dynamics of the 
amplitude and the particles’ dynamics remain unchanged and only the phase 
equation becomes 




i? 

A(0 



-KiO, 



(4.3.35) 
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Fig. 4.10. Gain and efficiency 
as function of the slope of the 
dielectric coefficient as defined 
in (4.3.36) 



since the normalized wavenumber is AT^(C) = • To simplify 

the analysis even further we assume a linear variation in space of the dielectric 
coefficient Sr namely 

^r(C)=^r(0) + CiC. (4.3.36) 

We may now ask what is the optimal value of the slope Ci, given the 
initial electromagnetic field and the beam characteristics, to obtain maximum 
efficiency and gain. We expect such an optimal value to occur from inspection 
of Fig. 4.9: When the phase velocity is constant, at 2 ; = O.Sd the phase shift is 
such that they are in anti-phase. Gradually slowing down the phase velocity, 
by increasing 6t, we may push the saturation beyond z = d. Increasing Sr 
too much could cause the wave to be too slow and the beam-wave coupling is 
weak and consequently, the system does not reach saturation, thus remaining 
in the linear regime without extracting maximum energy from the beam. 

For the parameters mentioned above we found that the peak occurs at 
Cl = 0.65 and the efficiency was increased from the 6% in the uniform case 
to 31% as illustrated in Fig. 4.10. This increase in efficiency is accompanied 
by 10 dB increase in gain. Figure 4.11 illustrates the gain and the efficiency 
for a slope which is somewhat below the optimal value Ci = 0.6. Comparing 
to the uniform case (Fig. 4.10) the saturation point was shifted from 2 ; = O.Sd 
to 2 ; = 0.9d. 



4.3.5 Noise 

One of the disadvantages of the hydrodynamic approximation is that the 
beam is conceived as a fluid and as such, the particle character of the elec- 
tron is lost. As a result, for evaluation of noise effects one has to postulate 
velocity or density fluctuations - see discussion by Haus (1959). In the present 
approach the individual character of the particles is preserved. If a single elec- 
tron is launched into a slow-wave structure which at a given frequency has 
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Fig. 4.11. Variation of gain and efficiency in space for linear tapering somewhat 
below the optimal value 



an interaction impedance Zint, then the variation in the amplitude E{z) is 
given by 



— E (z) — dz'(uj/vi{z')-k)] 

dz ^ ttR^T 



(4.3.37) 



We ignore now the effect of the radiation field on the particles such that in 
the phase term we can take Vi as constant. At the output of the structure 
the electric field is 



Ei{d) = sinc[(w/t;i - k)d/2 ] ; (4.3.38) 



here sinc(a:) = sin{x)/x. For a uniform distribution of electrons the average 
electric field at the output is zero due to the random phase of the particles 
relative to the wave: = 0. Nevertheless, each such electron emits 

spontaneous radiation whose power level at the output is given by 

Pi = ^\Ei{d)\\ (4.3.39) 



The total average power of spontaneous radiation emitted by a uniform beam 
is 



1 e ' 


(p . 2 


( ^ 1 


\ d] 




nB? 


^ 

V'^^0 


)-A 



(4.3.40) 



This power is linearly proportional to the number of electrons (since I = 
eN/T). 
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4.3.6 Super-Radiant Emission 

If for a uniform beam the power emitted was proportional to the number 
of electrons N, in the case of a pre-hunched beam, the emitted power is 
proportional to iV^. In order to show that we shall again ignore the effect of 
the radiation field on the electrons. Contrary to the previous case where the 
low level of emitted power justifies completely this assumption, in this case it 
is no longer justified and for an adequate solution one has to take into account 
the variation in the electrons’ phase-space distribution. Nevertheless, in order 
to have a zero order estimate we shall ignore the effect of the radiation on 
the electrons. In the framework of this approximation the amplitude equation 
reads 

^E{z) = . (4.3.41) 

the phase (x 2 ( 0 )) fhe energy ji are correlated and for simplicity we 
shall consider a cold bunch (very small energy spread) which has a phase 
distribution — tt < — xo < Xi(0) < Xo < tt, hence 

E{d) = sinc(xo)e“-^^'^/''°“^^'^/^ sine 5 * (4.3.42) 

Note that at the limit Xo = 'Tt we obtain the result of a uniformly distributed 
beam namely, E{d) = 0. As we shall see a significant amount of the kinetic 
energy of the electrons is transferred to the radiation field, therefore we in- 
troduce now a correction to the assumption that v remains unchanged. If the 
efficiency is 100%, the velocity at the output is zero so we shall consider the 
average value of sinc[(o;/i;o — k)d/2] at the input (i; = t;o) and 

output {v = 0); the result is sinc[(a;/t?o — k)d/2]. The power 

emitted in this case is 

1 9 d , f UJ ,9 1 /, n A n,\ 

Psr ^ J ^ Sine [(- - fcj 2J ^°4 • 

For Xo = 7 t/2 , (3 = 0.92, I — 400 A, d = 20 cm, R = 1.0 cm, Zi^t = 25017 the 
maximum power radiated is of the order of 250 MW which is more than 70% of 
the instantaneous power carried by the beam (0.85 MV x 400 A ~ 340 MW). 
This crude estimate of the super-radiant emission is related to spontaneous 
radiation 

Psr OC N sinc^xoF’sp , (4.3.44) 

which emphasizes our statement at the beginning of this sub-section regarding 
the factor N difference between the power emitted in the two processes. 
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4.3.7 Resonant Particle Model 

In Sect. 4.3.2 we found that as electrons lose energy to the wave, their velocity 
is decreased and therefore they slip from the resonance condition. We have 
also shown, using a very simple model, that this effect can be corrected if 
the slow-wave structure is tapered. Let us now examine this process in a 
more systematic way. Our goal is to determine how the structure should vary 
in space in order to extract maximum energy from a given distribution of 
electrons and a given input field. As stated, this requirement (in general) will 
be very difficult to meet; however we can solve the problem for a limited set 
of distributions. In particular, we can solve for a very narrow phase-space 
distribution which can be approximated by a single macro-particle and this 
solution gives us a crude design as for how the structure should vary in 
space. With such a design we can release somewhat the constraint on the 
initial particle distribution and address more practical problems. 

The equations which describe the dynamics of a system which consists of 
a single macro particle and an electromagnetic wave are given by 

^ar(C) = , 

^7r(C) = + c.c. , 

The coupling coefficient a, is considered to be constant but the wave number 
in the phase term is allowed to vary (the important variations are assumed to 
be controlled by the phase term). We further assume that (i) the electrons are 
ideally bunched such that they form a single macro-particle which (ii) remain 
“glued” together along the entire interaction region. (Hi) The initial velocity 
of the macro-particle is equal to the phase velocity of the wave. The problem 
is to determine the necessary variation in the wavenumber of the slow-wave 
structure in order to keep the macro-particle in resonance along the entire 
interaction region. This last condition can be mathematically formulated as 

^Xr(C) = ^-i^(C)=0; (4.3.46) 

subscript r indicates the resonant particle. Because of this condition this is 
called the resonant particle model Prom the first term in this equation we 
conclude that the phase is constant (xr) along the interaction region, therefore 
the integration of the amplitude equation is straightforward 



®r(C) = ^(0) + 



(4.3.47) 
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Fig. 4.12. Solution corresponding to the resonant particle model: amplifier left 
frame and accelerator right frame. In practice the loading (change in the EM energy) 
is small in a linear accelerator as further discussed in Chap. 8 



Our natural next step is to substitute this expression into the single par- 
ticle equation of motion; the result is 

7r(C) = 7r(0) - Ca(0) cosxr - ay • (4.3.48) 

In order to determine the wavenumber of the structure, the last result is 
substituted in (4.3.46) and obtain 

According to the initial phase of the resonant particle with the wave the 
latter will gain {xv = tt) or lose {xr = 0) energy and the system operates as 
an accelerator or amplifier respectively. In either one of the two cases, the 
solution above satisfies the global energy conservation i.e., 

7r(C) - 1 + ^l«r(C)P= 7r(0) - 1 + ^|«r(0)|^ . (4.3.50) 

In an amplifier the normalized kinetic energy ( 7 r — 1) at the input is much 
larger than the electromagnetic energy per particle (|ar(0)p/2a). The situ- 
ation is reversed in an accelerator - see Fig. 4.12. However, in practice the 
loading effect (change in the electromagnetic energy) in the case of an accel- 
erator is usually small. As an example consider a system which operates as an 
amplifier at 10 GHz, its length is 2 m and the normalized coupling coefficient 
is a = 2.5. The initial energy of the electrons corresponds to 7 r = 2.55 and 
the input radiation power corresponds to an initial amplitude of Ur(0) = 0.05. 
According to (4.3.47-48) the energy at the output (for = 0) will correspond 
to 7 r = 1.25 thus the efficiency is more than 80%. 

The resonant particle model, as presented above, is obviously an ideal- 
ization of a realistic system which has a finite spread on the initial phase 
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distribution. It is used for the design stage when it is required to calculate 
the parameters of the structure i.e., the variation in space of the wave num- 
ber in (4.3.49). In a realistic system, the electrons are not “glued” together 
therefore they spread. We formulate next the equations for the deviations 
from the ideal model: Sa(() = a(() - Ur(C) represents the change in the am- 
plitude of the radiation field. In a similar way Sji(() = ji(() - jr(0 and 
5xz(C) = Xi(C) ~ Xr- These deviations satisfy the following set of equations: 

■^Sa(0 = - ll , 

dC L J 



^^7i(C) = [[«r(0 + - a,(0] + c.c.} , 



dC 



1 

M) 



1 

M). 



(4.3.51) 



It is instructive to examine this set of equations in a regime where these 
deviations are small 






-jae 



-JXr 



(^Xi(O) , 



^^7i(C) = [ar(C)j^Xi(0 + Sa{Qe>^^ + c.c. 
j^<5xi(C)= [7^(^)^^{^)]3%(0- 



(4.3.52) 



It is evident from the first two equations that if the average phase distribution 
(^X 2 ( 0 ) vanishes or is very small, the system behaves as if driven by a single 
macro particle. The third equation indicates that the phase distribution tends 
to spread as the momentum of the electrons decreases, diminishing in the 
process the energy conversion. On the other hand, if the bunch is being 
accelerated, the phase deviations are much smaller and, as will be shown in 
Chap. 8, the bunch is actually compressed. 

The next step is to examine the operation of a realistic system which has 
the same parameters as in the example at the beginning ot the previous para- 
graph. The simulation is based on the solution of (4.3.51) and is performed 
as follows: we take 10240 macro-particles uniformly distributed in the range 
l^^.(O) = 7i(0)-7r(0)l < 7r(0)/80 and |^Xi(0)l < ^/36. Figure 4.13 illustrates 
the phase-space plot at four different locations along the interaction region. 
First frame illustrates the bunch at the input. After 70 cm the bunch lost 
about 10% of its momentum and it still maintains its shape. After another 
70 cm the bunch has lost a total of about 30% of its initial momentum. How- 
ever at this point the distribution spread in phase space becomes fairly large 
and towards the output the spread is large. We observe that this is basically 
a long line which is cut by the way we chose to present our data (Mod(7r)). 
A more convenient way to examine this process is to overlay the first three 
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Fig. 4.13. Phase-space distribution in a tapered structure designed based on the 
resonant particle model 



frames on one plot. The result is presented in Fig. 4.14. Here we clearly ob- 
serve the significant increase in the phase distribution (in accordance with 
our previous discussion). 




X 



Fig. 4.14. Evolution of phase- 
space distribution 



Finally, we present in Fig. 4.15 the gain and the efficiency (left frame) 
and in the right the average energy of the electrons and their energy spread. 
Several characteristics are evident: (i) The gain starts to grow in space im- 
mediately without the spatial lethargy required in an amplifier driven by a 
uniform beam. This result is obvious bearing in mind that the wave at the 
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input does not have to bunch the beam - the latter is already bunched. The 
gain is about 33 dB in comparison to 34 dB predicted by the resonant particle 
model and 16 dB using a uniform structure, (ii) The efficiency is more than 
65% comparing to more than 80% predicted by the resonant particle model 
or a typical 10% in a uniform structure. (Hi) From the energy spread we 
conclude that the bunch maintains its shape for about 70% of the interaction 
region. Beyond this point there is a significant increase in the energy spread. 




z / d z / d 



Fig. 4.15. Gain and efficiency variation along the interaction region (left frame). 
Average energy and energy spread in the right frame 



4,4 Complex Interaction Impedance 



The formulation so far assumed that the interaction impedance is real and 
is uniform in the interaction region, however the power is in general a com- 
plex quantity and the structure may vary in space. Consequently, we shall 
now formulate the beam- wave interaction without these two constraints. The 
discussion is limited to the linear regime, therefore a steady state regime is 
considered. 

Our starting point is the complex Poynting’s theorem (2.1.32) which in 
its integral form reads 



—P[z) + 2ju: [Wr^{z) 



W,{z)] 



/d«[i 



J*(r).E(r) 



(4.4.1) 



where 

Wr^{z) = ^ j da|H(r)|2, 

We(2) = J I da|E(r)l2, 

P{z) = j da - [iE(r) X H*(r)] , 



(4.4.2) 
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represent the average energy per unit length stored in the magnetic and 
electrical field correspondingly. P{z) is the complex power in the system and 
da is an area element perpendicular to the > 2 ; direction. The real part of P{z) 
is indicative of the average power fiow in the system whereas its imaginary 
counterpart represents the energy stored in the system. As in the previous 
section, the motion is assumed to be limited to the longitudinal direction, 
therefore 

^P(z) + 2juj[Wm{z) - We(z)] = , (4.4.3) 

where Ti(z) was defined in (4.3.11), 

E{z) = ^J^ drrE^{r,z) ~ E;,{Rh,z) , (4.4.4) 

is the effective electric field which acts on the electrons and I is the instan- 
taneous current at the input in one period of the wave. 

We limit our discussion to the linear regime; thus the power must be 
quadratic in the components of the electromagnetic field. In particular, as- 
suming local interaction, the local power has to be quadratic in the ef- 
fective field present at the location where electrons will be injected i.e., 
P{z) oc \E{z)\^. Therefore, it is now convenient to introduce the quantity 
Y(z) which is the interaction admittance 

P{z) = ^Y*{z)\E{z)\^nR\ (4.4.5) 

and since in general P{z) is a complex function, so is Y{z) i.e., 

Y{z) = Yr{z)+jYi{z). (4.4.6) 

Following the same logic we can express the total magnetic energy per unit 
length at a given location as a quadratic function on the effective electric 
field [E{z)] thus 

Wm{z) = ^emiz)\E{z)f^R^ , (4.4.7) 

and in a similar way 

We{z) = ^ee{z)\E{z)\^TTR^ . (4.4.8) 

In contrast to Y{z) which is a complex quantity, and Se{z), are real 

defined functions. Using this notation we can write 

~ + jWo [£m - Se] \E\^nR^ = . (4.4.9) 

This expression can be split into its real and imaginary components as follows: 
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^ [Yr\E\^] = ^\E\{cos[rP + u;n]), 

[yj|£;|^] + w£o[em-£e]|jE’|^ = + (4.4.10) 

where we used the fact that E = \E\e^'^ and it was tacitly assumed that the 
effective area where the wave propagates 7ri?^ does not vary in space. If this 
is not the case, the definitions of Y, Sm and Se can be changed to include this 
effect. 

The relations in (4.4.10) can be further simplified if we realize that Y and 
Ae = €m — are related. In a linear regime Y is independent of IJE*! and, 
as indicated in the past, the interaction parameters are functions only of the 
frequency and geometry. In particular, it will be assumed that Y and Ae are 
current independent. In order to determine the relation mentioned above we 
consider the homogeneous case (7 = 0), for which (4.4.10) read 

2Yr — E() -f EQ — Yr = 0, 

dz dz 

—2Yi—Eo — Eq—Yi -j- losoAsEq = 0, (4.4.11) 



Eq denoting the homogeneous field. Next we substitute dEo/dz from the first 
equation into the second and assuming that Eq is not zero we find 



ueoAe = 




'21' 



(4.4.12) 



We next substitute this relation in (4.4.10) which when written again in a 
complex form reads 

^ [Yr\E\^] = . (4.4.13) 

Since in our notation the left-hand side of this equation is real, the right- 
hand side of (4.4.13) contains all the information about the phase, i/? which 
has to satisfy 'ip -f- arctan[(sin(a;ri)) / (cos(u;Ti))] -h arctan[Y/Y.] = 7rn, and 
consequently 



dz 

where 



d , ul 



^-1 = (A ^ cos cjTi) {cos (jjTj) -f (/3- ^ sina;ri)(sincc;r^) 
(cos^ ijTi) -h (sin^ ujTi) 



^ 1^1 



-2 



Y —Y — Y —Y 
dz dz 



(4.4.14) 



(4.4.15) 



This finally allows us to determine the equation for the complex amplitude 
of the electromagnetic field which is 
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^ [VYtE] +jVYrE 



u 1 

~ + ^2/ 



1 / VYr 






(4.4.16) 



2 7rii2 Y 

In order to complete the description of the systems dynamics we recall that 

(4.4.17) 



= -35 [So*"" + »■»■] . 



dz mc^ 2 

and according to its definition, the phase term satisfies 

A - 1 

dz Vi ’ 



(4.4.18) 



These three equations determine the dynamics of electrons and electromag- 
netic field for the case when the interaction impedance (admittance) is com- 
plex and it varies in space. Note that no a-priori assumption has been made 
regarding the form of the electromagnetic wave. 

Before we conclude this section there are three aspects which should be 
emphasized. Firstly, the energy conservation associated with this set of equa- 
tions is obtained by averaging (4.4.17) and, substituting (4.4.16), the result 
is 



_d 

dz 



in) + 



enB? 

mc^I 



Yr\E\^ 



= 0 . 



(4.4.19) 



This clearly indicates that energy exchange is possible only when there is 
a non-zero real component to the interaction admittance (impedance). Sec- 
ondly, when comparing this result (4.4.19) with the similar result in (4.3.21) 
we observe that there is a factor 1/2 difference. It occurs since in the 
present case, fast oscillation of the electromagnetic field is allowed whereas 
in Sect. 4.3.1 this oscillation was averaged out. Thirdly, contrary to the 
equations in the previous section, this set can also describe the propaga- 
tion of a space-charge wave in a uniform waveguide below cut-off. In this 
case Yr = const = 0 and Yi = const ^ 0 thus 



d .(jO 1 
dz^ ^ c p 



E = 



.1 I 1 

^2^Yi 






(4.4.20) 



which represents the space-charge waves and according to (4.4.19) there is 
no energy exchange. 
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4.5 Amplifier and Oscillator: A Unified Approach 

In Sect. 4.3 we formulated the interaction in an amplifier based on the single- 
particle equation of motion and ignoring variation in time i.e., refiections. 
The next step is to include these effects in the analysis. The motivation for 
this generalization was introduced already in Sect. 4.2.1 where we discussed 
the effect of refiections within the framework of the hydrodynamic model 
and it was shown that one manifestation of their effect is the product gain x 
bandwidth which was proved to be constant. Another consequence of a wave 
being reflected is amplitude variations which occur at the input, according to 
the time it takes the reflected wave to traverse the distance between the out- 
put and input end. Thus, when refiections are not negligible, the assumption 
of no time variations in a realistic amplifier is not justified. 

The opposite situation occurs in oscillators. “Mirrors” at the two ends 
impose the variation in space of the electromagnetic field. Thus the field 
amplitude is considered constant in space and the beam-wave interaction 
determines the temporal growth rate. But the beam>which enters the system 
is presumably unbunched therefore it will take some space for this beam to 
become bunched. If so, the modulation amplitude is expected to vary in space 
and consequently, the amplitude of the radiation field will vary in space. As 
before, this is in contradiction to the initial assumption. 

In order to emphasize even further the difference between an amplifier 
and an oscillator we recall that within the framework of the hydrodynamic 
model, the beam-wave interaction was formulated in terms of a dispersion 
relation 

D^ctik^u;) = 0. (4.5.1) 

In an ideal amplifier we assumed that there are no variations in time of the 
amplitude thus the frequency is set for us by an external generator (cj = cjq) 
and we have to determine the variation in space represented by a set of /c’s 
which can be complex and they are a solution of: 



D^ct{k,u = a;o) = 0. (4.5.2) 

This was one “extreme” among the regimes of beam- wave interaction. The 
opposite extreme happens in an ideal oscillator where we assume that there 
are no variations in space of the amplitude since the wavenumber k is de- 
termined by the separation of the mirrors (d) i.e., k = nn/d where n is an 
integer, and we have to determine the variation in time represented by a set 
of frequencies which can be complex and they are a solution of: 



Dact{k = 7rn/d,uj) = 0. (4.5.3) 

We shall now include the role of refiections on the beam- wave interaction and 
in this process we generalize the formulation which will allow us to derive the 
operation of an amplifier or an oscillator from one set of equations. 
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4.5.1 Simplified Set of Equations 

As in the previous case the starting point is Poynting’s theorem 



VS + — U7 = -JE. 
at 



(4.5.4) 



Assuming that the walls of the system are made of an ideal metal, all the 
power flux flows in the 2 : direction therefore we can integrate over the cross- 
section of the system: 



(4.5.5) 



d \ r d r 

— 27T / drr Sz{r,z,t) -f — 27 t / drrW{r,z,t) 
dz ^ Jo at ^ Jo 

.R 

= -27t / drr Jz{r,z,t) Ez{r,z,t) . 

Jo 



The first term, 



rR 

P(z,t) = 27 t / drrSz(r,z,t), 

Jo 



is the total instantaneous power which flows in the system and 



W(z,t) = 



,t) = 27 t f drrW (r, z, t ) , 

Jo 



(4.5.6) 



(4.5.7) 



represents the total instantaneous energy per unit length stored in the system. 
As before, it is assumed that the oscillation is longitudinal and the transverse 
variations in the electric field are negligible on the scale of the beam thickness. 
Thus, for a thin pencil beam of radius i?b? the right-hand term of (4.5.5) reads 



-27tE, 



.R 

■{R\,,z,t) / drr Jz{r,z,t) . 
Jo 



Now, since the current density is given by 

Jz{r,z,t) = -e^Vi{t)6^z - Zi{t)^-^6^r - ri{t)^ , 



(4.5.8) 



(4.5.9) 



the integration over the transverse coordinate becomes trivial by virtue of 
the Dirac delta function. As a result, (4.5.8) reads 



eE^(Rb,z,t)'^Vi(t)6^z - Zi(t)^ , 



(4.5.10) 



where it was tacitly assumed that there is no transverse motion. According 
to our assumptions and definitions so far, Poynting’s theorem is given by 
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d d 

—P{z,t) + —W{z,t) = eEz{Rh,z,t)'^Vi{t)6[z-Ziit)\ . (4.5.11) 

i=l 

When reflections are non-negligible, the longitudinal electric fleld which 
acts on the electrons has two components; one which is propagating parallel 
to the electrons and another which is propagating anti-parallel: 

Ez{Rh,z,t) =E_|_(z,t) cos[ujt — kz — 'ip^{z^t)] 

-f E-{z,t) cos[o;t + kz — t)] . (4.5.12) 

It will be further assumed that the amplitudes and the phases (-E+, 
and i/^-) vary slowly comparing to the trigonometric function i.e., : 

||e±|<HE±|, ||E±|«fc|E±|, 

d d 

|— V'il < fc|V>±| , < wIV’il . (4.5.13) 

Among the two waves, only the one propagating parallel has an average net 
effect, therefore the right-hand side of (4.5.11) simplifies to 

N 

eEjf-{z, t) cos — kz — V^+( 2 , *)] • (4.5.14) 

i=l 

Without loss of generality we can use the trigonometric properties of the cos 
function to write 

=eNE^{z, t) cos 'ip-\.{z, t) (cos Xi{t)vi{t)6 ^z - Zi{t)^ ^ 

+ eNE^{z,t) sin ij^{z,t) (sin Xi{t)vi{t)6^z - ^i(t)j^ , (4.5.15) 

where 



Xi{t) —(jJt- kzi{t) , (4.5.16) 

is the phase of the ith particle relative to the wave at the time t and (• • •) = 
'h IDiLi * “• The notation in (4.5.15) indicates that if the particles move with 
a velocity which is close to the phase velocity of the wave, all quantities are 
slow varying functions of 2 ; and t. This is in contrast to the left-hand side 
of the expression for Poynting theorem which consists of both slow and fast 
terms. Next we shall eliminate the contribution of the fast oscillation. 

The fast variations of the electromagnetic fleld are determined by the 
angular frequency u = 2 tt/T. We can use the definition of the interaction 
impedance to average out these fast variations in the total power i.e., 

1 /.t+T/2 . /‘t+T/2 d2 

P{z,t) = - / dt'P{z,t’) = - / dt'—E^,{R^,z,t ') ; (4.5.17) 

Jt-Tj2 Jt-Tf2 ^int 
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the result is 

Hz, t) = [eI (z,t)- El (z, i)j 



(4.5.18) 



The cross term proportional to (£'+£'_) was neglected since it varies rapidly 
in space. In addition we took into account the fact that the power carried 
by the backward wave is in the opposite direction to that of the forward 
propagating wave. In a similar way the average energy stored per unit length 
is given by 






E\{z,t) + El{z,t) 



(4.5.19) 



Thus we can write for the slow varying components of Poynting’s theorem 



^ [eHz, t) - El{z, i)] + ^ I [eUz, t) + El{z, t) 



1 d 



2eNZir, 

nR? 



+ 



2eNZir 



7 Ti ?2 



• ^E+{z,t)cosi)+{z,t)(cosXi{t)vi{t)6[z - ^i(t)]^ 

[-E'+(^,i)sinV’+(.2,i)(sinXi(^)t^i(i)^[2 ~ Zi{t)]^ ■ (4.5.20) 



Here we used (2.3.33) which relates the interaction impedance with the in- 
teraction dielectric coefficient and the energy velocity: ZintSint = Vo/ Pen- 
Before we proceed and simplify the amplitude equation, it will be more 
convenient to use a normalized notation. For this purpose, we examine the 
single-particle energy conservation ignoring the effect of the backward wave 
on the motion of the electrons. 






ma 



;Vi{t)E+[z = Zi{t), t] COS U!t - kzi{t) - il)^{z = Zi{t), t)j ; 

(4.5.21) 



this justifies the normalization of the electric field according to 



(4.5.22) 



of a new spatial variable = z/d where d is the total length of the interaction 
region, of a new time variable r = tc/d and of the coupling coefficient a as 



e/Zint dP 
mc^ 



(4.5.23) 



where I is the average current in one period of the wave (TV is the number of 
particles in one period of the wave). With this notation (4.5.20-21) read 

^ [|a+(C,'r)|^ - |o_(C,r)|2] + ^ A J|a+(^,r)|2 + |a_(C,r)|2] 

= a[a+(C,T)(e^^‘*^'A('r)^[C-^i(0]) + c.c.j , 



(4.5.24) 
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^7i = -ft('T)^ [a+[C = ^i(r),r]e^'^’(^) + c.c.j , 


(4.5.25) 


and 




^Xi('r) = 0-K^i{T), 


(4.5.26) 



is the phase equation where Q = udfc and K = kd. 

The amplitudes of the forward wave [a-|_(C,T)] and backward wave 
[a_(C,r)] are correlated at both ends of the structure by the reflection pro- 
cess. In the interaction region itself the two amplitudes are not coupled since 
we indicated that the electrons are interacting only with the forward wave. 
Consequently, the energy conservation associated with this wave reads 



■_a 



J_A' 

/?en dr 



|a-(CT)|^ 



= 0 , 



(4.5.27) 



which in turn implies that the equation for the amplitude of the forward wave 
is given by 



^a+(C,r) + ^|:a+(C,r) (4.5.28) 



/?. 



In order to determine the effect of reflections we denote by uq the ampli- 
tude of the forward wave present in the system in the absence of the beam. 
The reflection process is represented by a scalar reflection coefficient at the 
input (pin) and output (^out) end. At any instant r, the change in the forward 
wave amplitude is reflected from the output end towards the input according 
to 

|^a+(C = 1 , t) - aoj Qout^~^^ • ( 4 . 5 . 29 ) 

As we indicated, the backward wave is not directly affected by the beam and 
therefore it propagates towards the input as if no beam were present. The 
time it takes this change in the energy (variation in the amplitude) to reach 
the input end is determined by the energy velocity of the cold structure. In 
our normalized notation this delay is l//3en- Thus after this delay, the change 
mentioned above undergoes an additional reflection - this time from the input 
end. The contribution of the reflection to the amplitude of the forward wave 
at the input end = 0) is given by 



a+(C = 0 , t) - ao = 0 [a+(C = 1 , t - l//?en) - ao] , ( 4 . 5 . 30 ) 

where § = Q\nQont^~^^^ is the feedback term of the passive (no beam) system. 
Let us now summarize the generalized set of equations which describe the 
dynamics of the field and the electrons when reflections are included: 
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^ a+(C,'r) = a(e , 

[a+[C = + c.c.j , 

-^XiM = f2 - KPiir) , 

a+(C = 0,r) - oo = ^[a+(C = l.r - l//?en) - ao] • (4.5.31) 

Prom this generalized formulation we can obtain the equations which were 
developed in the previous sections for an ideal amplifier. 

4.5.2 Ideal Amplifier 

In an ideal amplifier we expect no reflections and thus no time variations, of 
the amplitude {djOr ~ 0). The amplitude equation is averaged on time and 
since the integration over the Dirac delta function is straightforward we have 

4za+i0 = . (4.5.32) 

dC 

Since no time variations are assumed, then according to the definition of 
d/dr(= d/dr + ^id/d( ~ Pid/d^ = iSid/dQ it is sufficient to describe only 
the space variation and in this framework /?i(C) represents the velocity of the 
zth electron at C- Consequently, the equation of motion reads 



[a+(C)e'^‘^'^' + c.c.j . 


(4.5.33) 


In a similar way 




^XiiO = i-K, 
Pi 


(4.5.34) 



and finally the reflections equation is identically satisfied since there are no 
reflections thus ^ = 0 and the amplitude at the input is always the same and 
it equals uq. 



4.5.3 Ideal Oscillator 

For an ideal oscillator it is assumed that no variations in space occur and 
therefore the amplitude of the electric field experienced by the electrons does 
not depend on the location of any individual electron. As a result, we replace 
a+(^i(r), r), in the single particle energy conservation (4.5.31), with its value 
at the input - (0, r) - hence 

j^a+(0,r)e^X‘(’') + c.c.j . 



(4.5.35) 
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The reflection coefficients from both ends are unity and the boundary condi- 
tions imply K = Trn. As a result, ^ = 1 and the reflections equation (4.5.31) 
reads 



a+(0, r) = a+(l, r - l//?en) • 



(4.5.36) 



In order to determine the dynamics of the amplitude in an oscillator we 
average the amplitude equation [in (4.5.31)] over the interaction region: 



^^a+(0,r) = a(/3i(r)e , 



(4.5.37) 



and as in the case of an ideal amplifier, we calculate the normalized growth 
rate. For this purpose we take twice the derivative of (4.5.37), neglect terms 
which oscillate rapidly and obtain the following expression for a 4 -( 0 , r) 



d^a+ 

dr^ 






li 



da,|_ 1 , 

~d7 “ 2^ 



1 



(O - Kf3i) 






a+ — -a a_L 
4 



A 






a'mn-K/3if e-«‘), 



a+ 



o+ + 




(4.5.38) 



where a' = a/3en- A simple evaluation of the growth rate in the linear regime 
of operation is possible by ignoring the flfth term (since it is non-linear); near 
resonance, where we expect the growth rate to be maximum, the third term 
is much smaller than the fourth. Finally, for relativistic electrons and long 
interaction length (such that K 1) the second term is negligible relative 
to the fourth, therefore we have 






dr^ 



a+ = -a' {piin - K^if . 



(4.5.39) 



Assuming that (^) does not vary significantly in time, the normalized growth 
rate is 



UJ — 



v/3 






nl/3 



(4.5.40) 



This expression is identical to that calculated in Sect. 4.2.1 developed using 
the hydrodynamic approximation. 
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4.5.4 Global Energy Conservation 

Global energy conservation is obtained by multiplying the equation of motion 
(in (4.5.31)) by S[(—Zi{r)] and averaging over the entire ensemble of particles. 
In the resulting expression, 

= [a+[C = - Zi(r)]) + c.c.j , (4.5.41) 

we substitute the equation for the amplitude (4.5.31) and get 

In order to bring this last equation to a more familiar form we note that the 
left-hand side term, after diflFerentiation by parts, reads 

^(^[C - ^i(-r)]7i) - , (4.5.43) 

and the last term is zero by virtue of the definition of d/dr namely 

- Zi{T)\ = - fi(r)] + - ^t)] 

= - 2j(r)] 

= 0 . (4.5.44) 

Using the same definition we can write for (4.5.43) 

- ^i(T)]) + ^(/3i7i'5[C - Ht)]) , (4.5.45) 

which finally allows us to present (4.5.42) in the familiar form of a conserva- 
tion law i.e., 

|:[(7i^[C-Zi(r)]) + ^K(C,r)|2 

or -1 ‘ 

+ ^|a+(C,T)P -0. (4.5.46) 

As in the hydrodynamic approximation, we can identify the average energy of 
an electron and its energy flux ((7^(5[C - Zi]), (A7i<5[C - Zi]) correspondingly) 
as well as the normalized electromagnetic power per particle |a_|_p/2a and 
the normalized electromagnetic energy per particle |a+p/2a/3en- 
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4.5.5 Reflections in an Amplifier 

There are two processes which may cause significant time variations in an 
amplifier: saturation and reflections. Saturation occurs when the initial am- 
plitude of the radiation field is large; we shall not consider here variation in 
time caused by saturation without reflections involved. An amplifier is gener- 
ally designed to operate below the saturation level. However, if in the design 
process reflections are disregarded, then until the first reflection reaches the 
input the system will probably operate as designed. But as the first reflection 
adds to the initial amplitude it may bring the system to saturation. 

In this sub-section we shall investigate the variation in time caused by 
reflections in an amplifier. The process is as follows: before the electron beam 
is injected in the structure the amplitude of the forward propagating wave is 
uniform in space and constant in time. Let us denote it by uq. Ignoring effects 
associated with the pulse front, we may expect this amplitude to be amplified 
according to the equations determined previously for an ideal amplifier. The 
change in this amplitude is propagating with the energy velocity Ven = c/?en 
so it will take = d/v^n to the amplified field to approach the input end. 
We denote by gi the first one-pass gain which is the ratio of the amplitude 
at the output of the interaction region to the input point. The contribution 
of reflections at the input will be denoted by bj, - where u is the index that 
numerates the bouncing process therefore it can be considered as a discrete 
(normalized) time variable. During the first period, the reflections have no 
contribution therefore 6 q = 0. The amplitude at C = 1 is gi{ao + bo)e~^^^. 
Without the beam present the amplitude at this point is aoe~^^^. Therefore 
only the difference is reflected. After an additional reflection from the input 
end we may write the contribution of the first reflection to the amplitude at 
the input as 6i = ^ [gi{cLo bo) — uq]. Before this reflection arrives {t < 2tfb) 
the amplitude at the input is constant and its value is uq. Until the next 
reflection arrives the amplitude at the input has two contributions which are 
constant in time, one from the generator and the other from the reflection, 
i.e., ao + 

After the i/’th reflection the amplitude at the input is uq + b^, and at the 
output end gi^~\-i{ao~\-bj^)e~^^^. As a result, the contribution of the reflections 
to the input amplitude after u 1 steps is 

bjy^i = Q [gu+i(O'0 + ~ ^o] • (4.5.47) 

This expression is a discrete formulation of the reflections equation introduced 
in (4.5.31); the process is summarized in Fig. 4.16. Note that at the limit of 
a very long pulse and a linear gain such that g^ = g for any z/, we have for 
= CLQ§(g — 1)/(1 ~ Qd)- It implies that the amplitude at the input reads 

, 1 - ^ 

do bi, — ao , 

Q9 

exactly as predicted by a linear (steady state) theory. 



(4.5.48) 
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^+l=/?[«v+l(“o+V'«oJ 



Fig. 4.16. Schematics of the beam-wave interaction in the presence of reflections 



We shall consider now a simple system within the framework of the present 
analysis. For this purpose we examine an amplifier which is 20 cm long, oper- 
ates at 8.8 GHz, driven by a 800 kV, 1 kA beam. In the absence of reflections 
the gain of the system is 32 dB for 80 kW at the input. Without loss of gener- 
ality we chose both the reflection coefficients to be equal ^in = ^out = Q- The 
electrons’ pulse is 100 ns long. In Fig. 4.17 we can see how the one-pass gain 
(squares) and the total gain (circles) are varying in time ( v indicating the 
index of the reflection i.e., u = 1 is reflection number one etc.). The total gain 
is the ratio between the accumulated amplitude, of the forward wave, at the 
output and the initial amplitude (before the beam was injected) at the input 
of the interaction region. For a small reflection coefficient, ^ = 0.1, we observe 
that both gains are relatively stable. The fact that the total gain is smaller 
than the one-pass gain is not of particular significance at this point since this 
depends on the phase accumulated by the wave in its round trip. However, 
as the reflections are increased, the total amplitude at the input increases, 
saturation is reached and therefore the one-pass gain is systematically smaller 
than the total gain. There exists an intermediary point, g = 0.5, where the 
system acts very unstable whereas at another, ^ = 0.7, the system appears 
to be very stable in spite of the fact that the reflection is higher. This is a 
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0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0 0.0 5.0 10.0 15.0 20.0 25.0 30.0 35.0 

V V 

Fig. 4.17. Evolution of the one-pass gain and total gain in the interaction region 

direct result of the phase dependence of the reflected amplitude. Ultimately 
at high reflection {g = 0.9) the system reveals an immediate increase of the 
amplitude in time associated with practically zero one-pass gain, indicating 
that the system is operating as an oscillator. Note that whatever the reflec- 
tion coefficient was, before the first reflection arrives, the one-pass gain and 
the total gain are equal. 

In order to show the general influence of the reflection coefficient on the 
total gain and the one-pass gain we have averaged out these two quantities 
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over the entire number of reflections for different values of the reflection co- 
efficient. Figure 4.18 illustrates this result. We observe here that the average 
one-p£LSS gain is monotonically decreasing when increasing the reflection co- 
efficient. The average total gain is stable for small g corresponding to a linear 
regime of operation; it slightly decreases for intermediary reflections - corre- 
sponding to saturation and it increases again when the reflection is so high 
that the system practically operates as an oscillator. Note that in this case 
the one-pass gain is practically zero. 
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Fig. 4.18. Average 
one-pass gain and total gain 
as a function of the reflec- 
tion coefficient 



An additional insight of the physical process can be achieved by examining 
the spectrum of the signal as illustrated in Figs. 4.19-20. The power in each 
frequency component of the signal is normalized to the power in the central 
frequency (8.8 GHz). When the reflection is low {g < 0.15) the power in all 
the other frequencies is 30 dB below the level of the main signal. For g = 0.2 
the eigen- frequencies of the “oscillator” are less than 15 dB below the central 
frequency. The power in the sidebands is increasing monotonically with the 
reflection coefficient g, and at ^ = 0.4 they dominate. 



4.5.6 Spatial Variations in an Oscillator 

Part of the energy in an oscillator is extracted by making the mirror(s) of a 
reflection coefficient smaller than unity. As a result, the amount of electro- 
magnetic energy available for interaction with the electrons decreases. Since 
this power is extracted at the ends, it is revealed as an effective variation of 
the field amplitude. In order to illustrate the effect of the spatial variation 
on the operation of an oscillator we start by integrating the equation which 
describes the dynamics of the amplitude (4.5.24) over the entire length of the 
oscillator: 
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Fig. 4.19. Normalized output power 
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spectrum for various reflection coefficients 



A|a^(l,r)l2 + /3,„[|a+(l,r)|2 - \a+{0,r)f] = . 

(4.5.49) 



Next we substitute the reflections equation from (4.5.31). The result is 

^ la +( l , T )|2 +/3 en [| a +( l , T )|2 _ -q) + ga +( l , T - l /^ en )|^] 

= aro/3en(/3i(r)e-«^(^)) . (4.5.50) 



Expanding in Taylor series with respect to l//?en (this normalized charac- 
teristic time is assumed to be much shorter than the pulse duration) and 
assuming that ao = 0 we finally get 






i-ign 



a+(l,r) 



TT]# 






(4.5.51) 



This expression replaces (4.5.37) in the description of a non-ideal oscillator. 
Note that the second term on the left-hand side of (4.5.51) represents the 
“radiation” loss due to the finite transmission from both ends of the oscilla- 
tor. This becomes even more evident from the expression for general energy 
conservation 



dr 



(7i) + 



^(l + l^P)|a+(l,r)|2 



-l(l-|^P)|a+(l,r)|2 (4.5.52) 
a 
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Fig. 4.20. Normalized output power spectrum for various reflection coefficients 



as revealed by the right-hand side term. 

The only source of energy in the oscillator is the beam and when the mir- 
rors are ideal, all the kinetic energy converted in radiation power is confined 
to the volume of the oscillator. If part of this energy is allowed to flow out, 
then self-sustained oscillation is possible only if the current injected is above 
a threshold value which depends on the reflection coefficients. In order to 
determine the threshold current we first have to realize that the radiation 
loss is associated with an exponential decay with a coeflftcient (see (4.5.51)) 
/?en(l — |^P)/(1 + l^P)- For self-sustained oscillation this decay has to be com- 
pensated by the exponential increase due to the interaction - as determined 
in (4.5.40), i.e.. 



/?en 



1 - |gP 
1 + IpP 



< LU 



2 



ia/3e„if(§) 

^ li . 



1 1/3 



(4.5.53) 



Therefore, the condition for self-sustained oscillation can be formulated as 



I >ith = 



16 mcr 
eZintl? 









2 i 3 



7 ri?^ ri — 1^1 



(4.5.54) 



Note that in case of “radiation losses” the threshold current is quadratic in 
the energy velocity, therefore the lower /?enj the lower the current required 
for the system to oscillate. 
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Energy extracted from both ends is one mechanism responsible for spatial 
variation but it is not the only one. Another mechanism is associated with the 
fact that electrons entering the oscillator are unbunched and their build-up 
into bunches is not “immediate” in space but it takes some portion of the 
interaction length. After this transient region there will be no variations in 
space, provided that the system does not reach saturation - which will be 
not considered here. In order to illustrate this effect, we examine the same 
system as in the case of the amplifier; in this case however the input power 
Pin is zero, the pulse length is 50 nsec instead of 100 nsec in the amplifier and 
the “mirrors” at both ends have a reflection coefficient ^ = 0.9. The entire 
pulse was assumed to consist of 35, 000 macro-particles, 512 of those being at 
any time in the oscillator. In Fig. 4.21 we illustrate the phase space of these 
electrons which are in the interaction region. In the first 20% of the pulse 
duration there is not sufficient electromagnetic field built in the oscillator in 
order to affect significantly the electron’s distribution (although there is a 
small increase in the momentum spread). After 40% of the pulse has passed, 
we clearly see the spatial transient in the interaction region. At this point in 
time the constant amplitude regime is achieved after about 20% of the total 
interaction length. The normalized momentum spread which at the beginning 
is less than 0.06 is now larger than 0.35. Later the bunches continue to grow 
- the momentum spread is further increased approaching 3 at the end of the 
electrons’ pulse. 

Before we conclude we wish to emphasize the difference between the two 
transients which occur in an oscillator. One is the temporal lethargy which 
we have discussed already and it is indicative of the time it takes for the expo- 
nential growth of the electromagnetic energy to become dominant. However 
the transient presented in Fig. 4.21 is a spatial transient in an oscillator. It 
is not a result of the three eigen-modes mentioned above since in an (ideal) 
oscillator these modes have a constant amplitude in space. As we mentioned 
above, this is a result of the finite length it takes the radiation field to bunch 
the “fresh” electrons. 

The last two sub-sections indicate that the convenient picture of a 
traveling-wave tube operating either as an amplifier or as an oscillator is 
too simplistic. In fact we have shown that these two regimes are the extreme 
cases and any system operates somewhere in between corresponding to the 
reflection coefficients at both ends, the phase accumulated in one round trip 
and the gain. Furthermore, in the absence of reflections and saturation in an 
amplifier it is justified to assume that the amplitude of the electromagnetic 
wave remains constant in time. However, even a low reflection coefficient may 
affect the performance of an amplifier if the gain is high enough. When reflec- 
tions were included in the analysis, the amplitude was shown to vary in time. 
The resulting spectrum revealed peaks at other frequencies. These peaks are 
symmetric to the initial frequency and their separation is determined by the 
feedback time, namely the energy velocity. 
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Fig. 4.21. Phase-space distribution in an oscillator at different instants of time 



Exercises 

4.1 Show that the modes in a partially dielectric loaded waveguide form a 
(complete) orthogonal set of functions. 

4.2 Calculate the interaction impedance, as defined in (2.3.29), in a partially 
loaded waveguide for two cases: (i) pencil and (ii) annular beam. Express 
the coupling coeflScient in terms of this impedance. 

4.3 Develop the amplitude equation (as in Sect. 4.3) using in one case, the 
non-homogeneous wave equation for the magnetic vector potential and 
in the second case, wave equation for Ez. 

4.4 Formulate the set of equations which determine the beam-wave interac- 
tion in the framework of the macro-particle approach of an annular beam 
in a slow- wave structure - Sect. 4.3.1. 

4.5 Formulate the equations of the beam-wave interaction as in Sect. 4.4 as- 
suming that the cross-section area of interaction may vary (adiabatically) 
in the longitudinal direction. 
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4.6 Formulate, based on Sect. 4.5, the set of equations which describe the 
interaction in a backward- wave oscillator. 




5. Periodic Structures 



One of the conditions for distributed beam- wave interaction to occur is phase 
velocity smaller than c. It is possible to satisfy this condition by loading the 
waveguide with a dielectric material, however the problem with dielectrics is 
that they are susceptible to breakdown at relatively low electric fields there- 
fore it is difficult to generate high power microwave radiation with regular 
materials. Another difficulty is the electric charge which accumulates on the 
surface and must be drained for adequate operation. Consequently, in many 
microwave sources metallic structures with periodic boundary are preferred 
as the central component which facilitates the interaction. The periodic ge- 
ometry can be conceived as a set of obstacles delaying the propagation of 
the wave due to the multi-reflection process and, as will be shown during 
our discussion on Floquet’s theorem, an infinite spectrum of spatial harmon- 
ics develops. A few of these harmonics may propagate with a phase velocity 
larger or equal to c but the absolute majority have a smaller phase velocity. 

This chapter presents various characteristics of periodic structures with 
emphasis on these aspects relevant to interaction with electrons. In particular, 
the interaction impedance, Zint, and the interaction dielectric coefficient, £int, 
are calculated and analyzed since in the previous chapter we have shown 
that they play an important role in the collective beam-wave interaction. 
It will be assumed that only a single mode participates in the interaction 
and from the infinite spectrum of spatial harmonics of this single mode, only 
one harmonic interacts directly with the electrons. Since our treatment of 
periodic structures is limited to the objectives of the above, we refer the 
reader to Elachi (1976) for a broader review on periodic structures. Tutorial 
discussion of this subject can be found in a book by Brillouin (1953) and 
aspects associated with solid state physics are presented by Kittel (1956) or 
Ashcroft and Mermin (1976). 

In the first section we present the basic theorem of periodic structures 
namely, Floquet’s theorem. This is followed by an investigation of closed 
periodic structures in Sect. 5.2 and open structures in the third. Smith-Purcell 
effect is considered as a particular case of a Green’s function calculation for 
an open structure and a simple scattering problem is also considered. The 
chapter concludes by presenting a simple transient solution in a periodic 
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structure which is of importance in accelerators where wake fields left behind 
one bunch may affect trailing bunches. 



5.1 The Floquet Theorem 



A periodic function, f{z)^ is a function whose value at a given point 2 ; is equal 
to its value at a point 2 ; -f L i.e., 

f{z) = f{z + L), (5.1.1) 

where L is the periodicity of the function. Any periodic function can be 
represented as a series of trigonometric functions exp{—j27mz/L) and since 
this is an orthogonal and complete set of functions, it implies 

00 

f{z)= • ( 5 - 1 - 2 ) 

n=—oo 



The amplitudes fn are determined by the value of the function f{z) in a 
single cell. Specifically, we multiply (5.1.2) by e^27rm2:/L integrate over 
one cell i.e.. 



^-j2'KTizlL 



(5.1.3) 



"'O n=-oo 

Using the orthogonality of the trigonometric function we have 

fm = j£ dzf{z')^‘^^^^l^ . (5.1.4) 



This presentation is called the Fourier series representation and it is valid for 
a static phenomenon in the sense that the value oi f{z) at the same relative 
location in two different cells is identical. It can not describe a propagation 
phenomenon, thus it can not represent a dynamic system. In the latter case 
the function f{z) has to satisfy 



f{z) = U{z + L), (5.1.5) 

which means that the value of the function is proportional to the value of the 
function in the adjacent cell up to a constant, whose absolute value has 
to be unity otherwise at 2 ; — > ±00 the function diverges or is zero as can be 
concluded from 



f{z) = + nL ) , (5.1.6) 

where n is an arbitrary integer. Consequently, the coefficient ^ can be repre- 
sented as a phase term of the form ^ = exp(jt/;) hence 
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Fig. 5.1. Periodically loaded 
waveguide 



f(z)=ei^f{z + L); (5.1.7) 

-0 is also referred to as the phase advance per cell. Without loss of generality 
one can redefine this phase to read 0 = /cL. Since a-priori we do not know 0, 
this definition does not change the information available. Nonetheless based 
on the Fourier series in (5.1.2) we can generalize the representation of a 
dynamic function in a periodic structure to 

oo 

/(^)= Z! (5.1.8) 

n=— OO 

and realize that it satisfies 

f{z) = ^’^^f{z + L), ( 5 . 1 . 9 ) 

which is identical with the expression in (5.1.7). The last two expressions are 
different representations of the so-called Floquet Theorem. Later we shall 
mainly use the form presented in (5.1.8), however in order to illustrate the 
use of Floquet ’s theorem in its latter representation, we investigate next the 
propagation of a TM wave in a periodically loaded waveguide. 

Let us consider a waveguide of radius R which is loaded with dielectric 
layers: a representative cell (0 < z < L) consists of a region, 0 < z < g, filled 
with a dielectric, and the remainder is vacuum - see Fig. 5.1. We shall 
determine the dispersion relation of this structure and for this purpose we 
write the solution of the magnetic vector potential and electromagnetic field 
(steady state) in the dielectric < z < g): 

oo 

Az(r,z) = , 

S=1 

2 CO 

^r(r, ^ Z (p4) , 

2 ^ 

Ez(r,z) = Z^rf^Jo (P^^) , 

H4r,z) = + , 



(5.1.10) 
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where = {ps/R)"^ — er(<^/c)^. In a similar way, we have in the vacuum 
{g < z<L): 

OO 

A,{r,z) = f^3o (ps^) , 

S = 1 
2 

Er{r,z) = (^ 4 ) , 

S=1 
2 ^ 

E.{r,z) = -^J2^s3o (ps^) , 

S—1 
^ OO 

H^r,z) = , (5.1.11) 

S=1 

with = {ps/R)^ — {oj/c)^. At this point we shall consider only the TMqi 
mode (5 = 1 ) thus the continuity of the radial electric field at z = p implies 

-rd,i = A [Cl - Di] , (5.1.12) 

and in a similar way the continuity of the azimuthal magnetic field reads 

= Cl + Ai . (5.1.13) 

Last two equations express the relation between the amplitudes of the field 
in the dielectric and vacuum. 

In the dielectric filled region of next cell (L < z < L 4- 5^) the field has a 
similar form as in (5.1.10) i.e., 

OO 



2 ^ 

Er{r,z) = , 

2 °° 

E,(r,z) = (p^) , 

^ S=1 

^ OO 

H^(r,z) = — . 

5 = 1 

(5.1.14) 



Accordingly, the boundary conditions at z = L read 

-A,1 [A'l - B[] = A [Cie-'^i('^-«) - Aie-^‘(-^-3>] , 

£j. L 



(5.1.15) 
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and 

A{ + B'i = . (5.1.16) 

The relation between the amplitudes of the wave in the second cell {L < 
z < 2L) and the first cell can be represented in a matrix form 

a' = Ta, (5.1.17) 

where the components of a' are A[ and B[ and similarly the components of 
a are A\ and Bi. According to Floquet’s theorem (5.1.9) the two vectors are 
expected to be related by 

= (5.1.18) 

thus represents the eigen-values of the single cell transmission matrix 

T: 



|T-e-^*^^l|=0. (5.1.19) 

Explicitly this reads 

_ e-J'=i'(rii + T 22 ) + T 11 T 22 - T 12 T 21 = 0 . (5.1.20) 

For a passive system the determinant of the matrix T is unity, thus 

e-2jfeL_e-jfei(j-j^ + y22) + l = 0. (5.1.21) 

The fact that the last term in this equation is unity indicates that if A: is a 
solution of (5.1.21) —k is also a solution. Consequently, we can write 

cos{kL) = i(rn + T 22 ) . (5.1.22) 



Note that this is an explicit expression for A: as a function of the frequency and 
the other geometric parameters. In principle there are ranges of parameters 
where the right-hand side is larger than unity and there is no real k which 
satisfies this relation. If only the frequency is varied then this result indicates 
that there are frequencies for which the solution of the dispersion relation is 
real thus a wave can propagate, or the solution is imaginary and the amplitude 
of the wave is zero. The frequency range for which the wave is allowed to 
propagate is called the passband. Explicitly, the right-hand side of (5.1.22) 
reads 

1(Tii-|-T 22) = cosh(V>-x) ,(5.1.23) 

where ^ = Ti(L - 51 ), X = Bd^ig, the characteristic impedances are 
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^1 = ^0 



cPd^i 
jkJSr ’ 



Z 2 = Vo— , 



(5.1.24) 



and r/o = 377 Q. is the impedance of the vacuum. Figure 5.2 illustrates the 
right-hand side of (5.1.22) as a function of the frequency {sr = 10, R = 2 cm, 
L = 1cm and g — L/2). The blocks at the bottom, illustrate the forbid- 
den frequencies, namely at these frequencies TM waves can not propagate. 
In Fig. 5.3 the dispersion relation of the first three passbands is presented; 
these branches correspond only to the TMqi mode. Higher symmetric or 
asymmetric modes have additional contributions in this range of frequencies. 




0 5 10 15 20 25 

/(GHz) 



Fig. 5.2. Right-hand side of equation (5.1.22). For 
the frequencies marked at the bottom, no electro- 
magnetic wave can propagate in the system 



Remark 1. The expression in (5.1.22) is the dispersion relation of the periodic 
structure we introduced. From this simple example however we observe that 
the dispersion relation of a periodic structure is itself periodic in k with a 
periodicity 27rfL. This is a general feature which can be deduced from (5.1.9). 
If the latter is satisfied for k = ko then (5.1.9) is satisfied also for k = 
ko + 27t/L as shown next 

f{z + L) ^if^o+ 2 ^/L)L ^ ^ gj-fcoL ^ 

= /(2 + L) = f{z) . (5.1.25) 



Consequently, since the dispersion relation is periodic in A:, it is sufficient to 
represent its variation with k in the range —i^jL < k < tt/L; this k domain 
is also called the first Brillouin zone. 

Remark 2. Bearing in mind the last comment, we can re-examine the ex- 
pression in (5.1.8) and realize that f{z) is represented by a superposition of 
spatial harmonics exp{—jknz) where 
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kL/% 



Fig. 5.3. A set of discrete points which rep- 
resent the continuous dispersion relation corre- 
sponding to the same parameters as these for 
which Fig. 5.2 was plotted; the parameters R = 
2cm, £r = 10, L = 1cm and^ = 0.5cm 



= (5.1.26) 

Lj 

which all correspond to the solution of the dispersion relation of the system. 
According to this definition the phase velocity of each harmonic is 






UJ 

Ckn 



(5.1.27) 



and for a high harmonic index, n, this velocity decreases as Furthermore, 
all harmonics with negative index correspond to waves which propagate back- 
wards. In addition, note that the zero harmonic (n = 0) has a positive group 
velocity for tt/L > A: > 0 and negative in the range — tt/L < A; < 0. This is a 
characteristic of all spatial harmonics. Since the group velocity is related to 
the energy velocity, one can conclude that although the the wave number of 
a particular space harmonic is positive, the power it carries may flow in the 
negative direction (if the group velocity is negative). This opens a whole new 
family of devices in which the power flows anti-parallel to the beam - the 
generic device is called backward-wave oscillator (BWO) and it was discussed 
in Sect. 4.2.4. Note also that at all 7r-points, i.e., kL = Trn, the group velocity 
is zero. 



5.2 Closed Periodic Structure 

Based on what was shown in the previous section one can determine the 
dispersion relation of a TMqi mode which propagates in a corrugated waveg- 
uide [Brillouin (1948)]. Its periodicity is L, the inner radius is denoted by 
i7int and the external by Rexu the distance between two cavities (the drift 
region) is d - see Fig. 3.11. Using Floquet’s Theorem (5.1.8) we can write 
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for the magnetic potential in the inner cylinder (0 < r < Rmt) the following 
expression 



A,{r,z)^ Ane-^'^-^loirnr) , 

n=— oo 

and accordingly the electromagnetic field components read 
2 

Er(r,z) = ^ Y 

JU 

n=— oo 

2 

E,{r,z) = ^ Y (-r2)^„e-^'="^Io(r„r), 

7o; 

n=— oo 

1 

H^{r,z) = Y 



(5.2.1) 



Mo 

n=— OO 



In these expressions, 



rl = ki- 



(5.2.2) 



(5.2.3) 



and Io(x), Ii(o:) are the zero and first order modified Bessel functions of the 
first kind respectively. This choice of the radial functional variation is dictated 
by the condition of convergence of the electromagnetic field on axis. 

In each individual groove the electromagnetic field can be derived from 
the following magnetic vector potential: 



Ai‘^'>(r, z) = Y cos [q^{z - z„ - d)] to,u{r) , 

i /=0 

where = ttu I {L — d), 

and — {uj f . The electromagnetic field reads 

2 

^ YX~(l‘')^>'Ei''^ sin|^g^(z - - d)jti,t,(r) , 

i /=0 

2 

E^^\r,z) = cos|^g'i .(2 - z„ - d) to,t.(r) , 

i /=0 

^ 00 

H^\r,z) = cos|^gi.(2 - z„- d)jfi,^(r) . 



(5.2.4) 



(5.2.5) 



(5.2.6) 



In these expressions ti,i/(r) is the derivative of to,i/(^) defined by 
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“I” 1^1 (-^i/^)Io(-^i/-^ext) > (5.2.7) 

and except at r = i?int all the boundary conditions are satisfied; the index a 
labels the “cavity”. 



5.2.1 Dispersion Relation 



Our next step is to impose the continuity of the boundary conditions at the 
interface (r = R\nt)> The continuity of the longitudinal component of the 
electric field [Ez{r = i?int, -oo < z < oo)] reads 



.2 



JLU 



n=— oo 

ro 



= < 



c_ 

juj 



ioT Zfj < Z < Zcr d, 

E^o cos ^q„{z - z^-d) to,„{Rint) 

ioT Ztr + d < z < Zcr + L , 
(5.2.8) 

and the azimuthal magnetic field [H^{r = Ri„t,Zcr + d< z < z„ + L)] reads 

1 OO 

//rk ^ 



Mo 



^ oo 

= Y cos \qu{z - z„- d)l ti,y(i?i„t) . 



(5.2.9) 



Prom these boundary conditions the dispersion relation of the structure 
can be developed. For this purpose we analyze the solution in the grooves 
having Floquet’s theorem in mind. The latter implies that the longitudinal 
electric field in the cr’s groove has to satisfy the following relation: 

2 

cosL^(2 - z„ - d)]to,r(r) 

i /=0 ^ ^ 

2 

= -•^X)^^-B(‘"'^iV''^cosL(2 + Z,-z<,+i -d)lto,^(r). (5.2.10) 

But by definition Zfj^i — z^ = L therefore, the last expression implies that 
4“^) = . (5.2.11) 

This result permits us to restrict the investigation to a single cell and without 
loss of generality we chose Za=o = 0 since if we know in one cell, the 
relation in (5.2.11) determines the value of this amplitude in all other cells. 
With this result in mind we multiply (5.2.8) by and integrate over one 
cell; the result is 
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^ r^An6n,mLlo{rnR int) 



oo 

= '^AlB„to,^{Rint) dzeP’°^'^ cos[q^{z - d)] , (5.2.12) 

..=0 •>d 

here ^n,m is the Kroniker delta function which equals 1 if n = m and zero 
otherwise. We also used the orthogonality of the Fourier spatial harmonics. 
We follow a similar procedure when imposing the continuity of the magnetic 
field with one difference, (5.2.9) is defined only in the groove aperture thus 
we shall utilize the orthogonality of the trigonometric function cos[qjy{z — d)]. 
Accordingly, (5.2.9) is multiplied by cos[q^{z — d)] and we integrate over 
d < z < L\ the result is 



oo njj 

^ r„A„Ii(r„i?int) / dz cos [ 9 ^( 2 -d)]( 

1=— 00 ^ 

00 



(5.2.13) 



where go = and ^^^0 = 0.5 otherwise. It is convenient to define the quantity 



CnA^) = dzcos[gi,(z-d)]e^''="^, 



which allows us to write ( 5 . 2 . 12 ) as 



An — 



1 L-d 
nhiRnRint) L 



^AltoAR int )Cn,v{k)By , 



and (5.2.13) as 



= .1 r l^ Tn E ^nr„ii(r„i?i„t)C,,(fc). 



(5.2.14) 



(5.2.15) 



(5.2.16) 



These are two equations for two unknown sets of amplitudes {An^B^,) 
and the dispersion relation can be represented in two equivalent ways: One 
possibility is to substitute (5.2.16) in (5.2.15) and get 

^ ^ — d r^Il(r’m-Rint) ^ 0 ,i/(-Rint)Ai/ ^ 4 _n 

mt^oo L ^ nUruRint) tURint)9u ^ ’ 

(5.2.17) 

whereas the other possibility is to substitute (5.2.15) in (5.2.16) and obtain 
^ r L — d A^^0,/i('^int) Il(T’n-Rint) r* r d _ n 

^ L A,ti,,(iiint)^, AIo(r^^^^ 

y!X— U L /€*“— “"OO ^ 

(5.2.18) 




5.2 Closed Periodic Structure 205 



In both cases the dispersion relation is calculated from the requirement that 
the determinant of the matrix which multiplies the vector of amplitudes, is 
zero. 

Although the two methods are equivalent, we found that the latter expres- 
sion is by far more efficient for practical calculation because of the number of 
modes required to represent adequately the field in the groove compared to 
the number of spatial harmonics required to represent the field in the inner 
section. In the case of single mode operation we found that 1 to 3 modes are 
sufficient for description of the field in the grooves and about 40 spatial har- 
monics are generally used in the inner section. As indicated by these numbers 
it will be much easier to calculate the determinant of a 3 x 3 matrix rather 
than 40 x 40 one; we shall quantify this statement later. At this point we 
shall discuss the design of a disk-loaded structure assuming that the number 
modes in the grooves and harmonics in the inner space are sufficient. 

Let assume that we want to determine the geometry of a disk-loaded 
structure which enables a wave at 10 GHz to be in resonance with electrons 
with j3 = 0.9 and the phase advance per cell is assumed to be kL = 27t/ 3. 
These two conditions determine the period of the structure. In our case L = 
9 mm. There are three additional geometric parameters to be determined: 
^extj ^int and d. The last two have a dominant effect on the width of the 
passband and for the lowest mode, the passband increases with increasing i?int 
and decreases with increasing d. The passband, Auj, of a mode sets a limit 
on the maximum group velocity as can be seen bearing in mind that the half 
width of the first Brillouin zone is Ak = 'KjL. Consequently, Ugr = AujjAk < 
AujLj'K. A solution of the dispersion relation in (5.2.18) is illustrated in 
Fig. 5.4, the geometry chosen is: Rmt = 8 mm and d = 2 mm and from 
the condition of phase advance per cell of 120^ at 10 GHz, we determined, 
using the dispersion relation, the value of the external radius to be Rext = 
13.96 mm. 

In the remainder of this section we shall consider only a single mode in 
the groove. Therefore, before we conclude this subsection, we shall quantify 
the effect of higher modes. The first mode in the groove {u = 0) represents a 
TEM mode which propagates in the radial direction. Other modes (TMo,i/>o) 
are either propagating or evanescent. The amplitudes of the magnetic and 
electric field (Ez) of the TEM mode are constant at the groove aperture 
thus the choice of using a single mode in the groove is equivalent to the 
average process at the boundary - approach usually adopted in the literature. 
Figure 5.5 illustrates the dependence of upper and lower cut-off frequency on 
the number of harmonics used in the calculation; the number of modes in 
the grooves is a parameter. For the geometry presented above, the number 
of harmonics required is 20 or larger; typically about 40 harmonics are being 
used. The effect of the u = 1 mode is negligible in this case as seen for both 
upper and lower cut-off frequencies. The effect of the higher mode introduces 
a correction on the order of 1% which for most practical purposes is sufficient. 




/(GHz) /(GHz) 
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Fig. 5.4. A solution of the dispersion relation 
in (5.2.18). The geometry chosen corresponds to: 
= 8 mm, L = 9 mm, Rint = 13.96 mm and 
d = 2 mm 




Total Number of Total Number of 

Harmonics Harmonics 



Fig. 5.5. The dependence of the upper and lower cut-off frequency on the number 
of harmonics used 



5.2.2 Spatial Harmonics Coupling 

Contrary to uniform dielectric structures, here each mode consists of a super- 
position of an infinite number of spatial harmonics. These harmonics are all 
coupled by the conditions imposed on the electromagnetic field by the geom- 
etry at r = i?int* We shall limit the investigation to the accuracy associated 
with a single mode taken in the groove, therefore according to (5.2.15), we 
have 

1 

= ~ r->2T r r> u \ ~T^O,o('Rint)-^n,o(^)'^0 ) 
rnlo(-Cr-^int) ^ 



(5.2.19) 
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and in this particular case 






L- 

L 



d . 

— sine 



^kn{L-d) 



exp 



j 2 kni^L + d) 



(5.2.20) 



Let us compare the first few spatial harmonics relative to the zero harmonic. 
For this purpose we take / = 10 GHz, i;o = 0.9c, i?int = 8 mm, L = 9 mm 
and d = 2 mm. The ratio of the first two amplitudes is 



A_i 

Ao 

Ai. 

Aq 

A-2 

Aq 

I ^ I 

Aq 



8 X 10-^ , 
3 X 10“^ , 
2 X 10-^ , 
1 X 10"® . 



(5.2.21) 



This result indicates that on axis, the amplitude of the interacting harmonic 
is dominant. At the interface with the grooves (r = i?int) the ratio between 
the contribution of the zero and nth harmonic is much closer to unity and it 
can be checked that it reads 



\Ez,n(r = fiint)| _ I sinc(fen(L - d)/2)| 

\Ez,o{r = i?int)| I sinc(A:o(^ - d)/ 2 )\ ’ 



which is a virtually unity. It indicates that there is a significant amount of 
energy in the high spatial harmonics which may cause breakdown due to the 
associated gradients on the metallic surface. 

A more instructive picture is obtained by examining the average power 
fiowing in one time and spatial period of the system: 



P = 





{r,z)H^{r, z) 



(5.2.23) 



According to the definition in (5.2.2) we have 



7T O ch P^nRint 

P = — \cAn\ — - I dxxi 
a; Jo 






(5.2.24) 



the integral can be calculated analytically [Abramowitz and Stegun (1968) 
p.484] and it reads 

U(0 = dxxliix) = eio(OIi(^) + [l?(0 - lg(0] • (5.2.25) 

Based on these definitions we can calculate the average power carried by each 
harmonic as 

Pn = -\cAnf — U{rnRint), 

Vo 



(5.2.26) 
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and the result is listed below 

:^ = -3 X 10-3 , 

^ = -0.16, 

^ = 1X10-. 

^ = 3 X 10-3 . (5.2.27) 

Po 

Although there is a total flow of power along (the positive) direction of the 
2 axis, a substantial amount of power is actually flowing backwards. In this 
numerical example for all practical purposes we can consider only the lowest 
two harmonics and write the total power which flows, normalized to the power 
in the zero harmonic. Thus if the latter is unity then the power in the forward 
is 1—0.16 = 0.84. This result indicates that if we have a flnite length structure 
with flnite reflections from the input end, then in this periodic structure we 
have an inherent feedback even if the output end is perfectly matched. 

5.2.3 Interaction Parameters 

Basically, even if an electron beam interacts only with a single mode the 
latter consists of an inflnite number of harmonics and with this regard, we 
distinguish between direct and indirect interaction. By direct interaction we 
refer to the harmonic to which the electron transfers energy directly. For ex- 
ample, for a pencil beam (on axis) it is primarily the n = 0 harmonic which 
interacts with the beam, namely it has a phase velocity close to the velocity 
of the electrons. Because of the interaction we have shown in Chap. 4 that 
the wavenumber of the mode becomes complex, which in periodic structure, 
implies that the projection of the wavenumber in the first Brillouin zone {k) 
becomes complex. But this corresponds to all harmonics which finally implies 
that they all grow in space by the same relative amount such that locally the 
boundary conditions are satisfied. With this regard the beam indirectly in- 
teracts with all harmonics and this is referred to as indirect interaction. The 
condition for the beam to interact directly only with a single harmonic can 
be formulated in terms of the velocity spread of the beam and resonance 
condition: the latter reads in general cj/uq ~ /cn — 0 whose variation for a 
constant frequency reads u\Av\/vq = \Ak\. Since two harmonics are sepa- 
rated by Ak = 27t/L, we conclude that the condition for single harmonic 
direct operation is that {ujL / c){\A(3\/ 0^) <C 27t. Subject to this condition, 
the beam-wave interaction is described primarily by a single parameter: the 
interaction impedance introduced in Sect. 2.3.3. For a pencil beam of ra- 
dius R\y the effective field which acts on the electrons in a uniform periodic 
structure is 
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.2 2 



drr\Ez,n=o{r, z) 



Using the explicit expression for Ez in (5.2.2) we find 









(5.2.29) 



the integral can be evaluated exactly [Abramowitz and Stegun (1968) p.484] 
and it reads 



Wi{x) = d^^loiO = lg(x) -lf(x)j . 
With this expression the effective electric field reads 






(5.2.30) 



(5.2.31) 



and finally we can determine the explicit expression for the interaction 
impedance in a periodic structure 



RintVfcro\^ 



ckfi \ I A. 



(5.2.32) 

The ratio |An/Ao| can be deduced from (5.2.19). Furthermore, the last ex- 
pression reveals the effect of the beam radius on the interaction impedance. 
The latter can be formulated as 



^int(Fbi^b) = ^int(O) Io(/oi^b) “ Ii(Foi^b)j , 



(5.2.33) 



where 



ZintiO) = T]o{roRint)Hro-f ^ UiEnR 



ckfi \ I An I 



^ J Ao 



(5.2.34) 



The interaction impedance increases monotonically with the beam radius; 
this fact has been discussed also in Chap. 4 in the context of the interaction 
in a dielectrically loaded waveguide. Another aspect of the same phenomenon 
is illustrated in Fig. 5.6 where we present the interaction impedance as a 
function of the internal radius keeping L, d and the frequency (/ = 10 GHz); 
the external radius is determined from the resonance condition and the phase 
advance per cell ( which is chosen to be 120° for reasons which will be clarified 
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in Sect. 8.1.1). In addition, the beam radius is taken to be R\y = 3 mm. 
Note the rapid decrease of the interaction impedance with the increase in the 
internal radius of the structure. Again, this is a direct result of the exponential 
decay of the slow (evanescent) wave from the corrugated surface inwards. 




Fig. 5.6. Zint as a function of the internal radius. 
The period L, the tooth width d and the frequency 
are kept constant. Rext is determined from the 
resonance and phase advance conditions 



The other parameter of interest is the interaction dielectric coefficient 
which is a measure of the total electromagnetic stored in one cell of the 
structure as defined in (2.3.31): 



^int 






heo\E\ 






(5.2.35) 



This parameter is important in the description of the operation of an oscilla- 
tor. However, we have to bear in mind that according to (2.3.33) e\nt and Zint 
are related. Let us now calculate this parameter. Firstly the electromagnetic 
energy stored in one groove, assuming one dominant mode, is given by 



kFem, groove — d^UJ BqW2 > 



where 



/ Rext/R'int r -1 

dx X I^Tq (ax) + Tf (ax)J , 



a = uRint/c and 

To(ax) = Jo(ax)Yo - Yo(ax)Jo , 

V Jlint / \ .Kint / 

Ti(ax) = Ji(ax)Yo - Yi(ax)Jo (a^) . 

\ Jlint / \ aint / 



(5.2.36) 



(5.2.37) 



(5.2.38) 
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Fig. 5.7. erint and Z\nt as a function of the fre- 
quency 



The total averaged (in time and space) electromagnetic energy stored in one 
period of the inner cylinder (0 < r < R\nt) is 

(5.2.39) 



_ 27TL ^ I ^ 
W^em,cyl - ^ \A„ 



Consequently, the dielectric coefficient of the interaction is given by 



^int — ^ 



1 L {roR^f W2 



lUrRint) 



2L-d Wi(roRb) r2(a)sinc2 [\k{L - d)] 
2 / \ 2 

1 / rr.K \ 

+ 



i O 

oo 

E 



1 



2Vi?inty \croJ W^iFoRb) 



n= — OO 



Un\l + 






+ 






UJ^ 



WiiFnRint) 



l^ol 



(5.2.40) 



Both the interaction impedance and its dielectric coefficient of the 

interaction (sint) are illustrated in Fig. 5.7 for these frequencies for which 
the phase velocity of the wave is smaller than c; the geometric parameters 
are: Rint = 8 mm, Rext = 13.96 mm, L = 9 mm, d = 2 mm, R\^ = 3 mm and 
the number of harmonics used is 13 (—6 < n < 6). Note that the interaction 
impedance has a minimum at a frequency which is higher than the frequency 
where the system was designed to operate (/ = 10 GHz). Close to the 7r-point 
{kL — 7t) the interaction impedance increases since the amount of power 
which can flow in the system diminishes. At the same time, the dielectric 
coefficient of the interaction increases, which means that the ratio of energy 
stored in the system to the electric field acting on the particles, increases. 
Consequently, in this frequency range the system will tend to oscillate. 
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From (5.2.40) we observe that eint has two contributions: the first from 
the energy stored in the grooves and the second represents the energy stored 
in the inner cylinder. Figure 5.8 illustrates again e\nt and the contribution 
of each region. It is readily seen that the effect of the groove is dominant 
at all frequencies of interest, emphasizing its cavity role. We conclude this 
subsection with a comparison of the group and energy velocity as illustrated 
in Fig. 5.9. Within the framework of our approximation the two are close but 
not identical. However, for most practical purposes the difference between 
the two is negligible. 




/(GHz) 



Fig. 5.8. The contribution of the cylinder and 
the groove to £int 




/(GHz) 



Fig. 5.9. Comparison of energy and group ve- 
locity as a function of the frequency 
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5.3 Open Periodic Structure 

In this section an analysis similar to that in Sect. 5.2 is applied to an open 
periodic structure. As we shall see the number of modes which may develop in 
such a structure is small and therefore mode competition is minimized. This 
competition is a byproduct of the necessity to generate high power radiation 
which in the case of a single mode operation generates high gradients on the 
metallic surface. In order to avoid breakdown, it is necessary to increase the 
volume of the waveguide. Doing so, we allow more than one mode to coexist 
at the same frequency. Furthermore, the beam line intersects higher modes 
at frequencies higher than the operating one and these modes may deflect 
the electrons, as we shall see in Chap. 8. 



.A. JVW^ 

2 Rim 2 /?ext 

LfinjihnjTJinr^ 

~ WlAr 

Fig. 5.10. Schematics of a cylindrical open periodic structure 



We shall consider a system in which the wave propagates along the peri- 
odic structure which consists of a disk-loaded wire, as illustrated in Fig. 5.10 
whose periodicity is L, the inner radius is denoted by i?int> the external by 
i^ext and the distance between two cavities (the drift region) is d. Floquet’s 
theorem as formulated in (5.1.8) allows us to write for the magnetic potential 
in the external region (oo > r > i^ext) the following expression 

oo 

Az{r,z)= Y. , (5.3.1) 

n=—oo 

and accordingly, the electromagnetic field components read 
2 

Er{r,z) = ^ Y 

n=-oo 

2 

E,{r,z) = — Y 

n=-oo 
1 oo 



(5.3.2) 
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In these expressions Ko(x),Ki(x) are the zero and first order modified Bessel 
functions of the second kind respectively and — {ujfc)^^. This choice 

of the radial functional variation is dictated by the condition of convergence 
of the electromagnetic field far away from the structure. 

In each individual groove the electromagnetic field can be derived from 
the following magnetic vector potential: 

CXD 

(r, = cos [q,{z - z, - d)] fo,.(r) , (5.3.3) 

where = ttu/{L — d)^ 

= loAur)Ko{AuRint) ~ Ko(Ti,r)Io(Ti,iZint) , (5.3.4) 

and Al = qI — (o;/c)^. The electromagnetic field reads 
2 ^ 

z) = %- sin , 

1^=0 
2 oo 

z) = A cos|^gt ,(2 -z„- d)^to,^{r) , 

^ oo 

= cos[q'y(2 - 2 <t - d)]ti^u{r) . (5.3.5) 

The index a labels the “cavity” and in these expressions we used 

tiAr) = li{A^r)Ko{A,RiA + Ki{A,r)lo{A,Rint) • (5.3.6) 

The solution above satisfies all boundary conditions with the exception of 
^ — Rext- 

5.3.1 Dispersion Relation 

Our next step is to impose the continuity of the boundary conditions at the 
interface (r = Rext)- Continuity of the longitudinal component of the electric 
field implies Ez{r = i?ext? — oo < z < oo), reads 
^2 oo 

V (-r2)Ane-J''"^Ko(r„iiext) = 

lUJ 

'' n=— oo 

ioT Z(j < z < Z(j A- d ^ 

£ E^o cos[q^(z - 2<t - <i)]io,./(Jiext) 

for Zcr A- d < Z < Za -h L , 

(5.3.7) 



0 
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and the azimuthal magnetic field, Hcj,{r = i^ext, + d < z < Z(j -{■ L), reads 
1 

//,n ^ 



^ CXD 

= y~l cos \qu{z - z„- d)] fi.j/(fiext) • (5.3.8) 

/"o ^=0 ^ ^ 

Following the same arguments as in Sect. 5.2.1 it can be shown that 
= Bjy and consequently we can limit the discussion to a single 

cell. We multiply (5.3.7) by and integrate over one cell; the result is 

oo 

-^n^n^n,m^Ko(rni?ext) 

n=— oo 

oo 

= AlBi,to^^{Rext) / dze’’^"'^ cos[q^{z - d)] . (5.3.9) 

i /=0 

We follow a similar procedure when imposing the continuity of the magnetic 
field; the difference in this case is that (5.3.8) is defined only in the groove’s 
aperture thus we shall utilize the orthogonality of the trigonometric function 
cos[qiy{z - d)]. Accordingly, (5.3.8) is multiplied by cos[q^{z - d)] and we 
integrate over d < z < L] the result is 

rL 

-jkrtZ 



rnAnKi(rnjRext) / dz cos\q^j,{z - d) ( 

%= — 00 

oo 



(5.3.10) 



i /=0 



In this expression go = I and Qn^o = 0.5. It is convenient to define the 
quantity 

CnA^) = dz COS [^9^(2 - c/)J , (5.3.11) 

by whose means, (5.3.9) reads 

^ r2Ko(r„i?ext) ^^^*0,i/(iiext)£„,i,(A;)By, (5.3.12) 

whereas (5.3.10) 

1 

^ ~ A^,tiAR^Kt)9u „5oo • (5.3.13) 

These are two equations for two unknown sets of amplitudes (An, B^). The 
dispersion relation can be represented in two equivalent ways: One possibility 
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Fig. 5.11. Only the wavenumbers 
which are in the white triangles cor- 
respond to waves supported by an 
open structure 



is to substitute (5.3.13) in (5.3.12) and obtain one equation for the amplitudes 
of the various harmonics 

CX) 

E 

m=—oo 

(5.3.14) 



L — d rmKi{rmRext) ^ to,iy(Rext)^u 
L r2Ko(rni?ext) '^l,y{Rext)gv 



C C* 



\ Am = 0. 



The other possibility is to substitute (5.3.12) in (5.3.13) and obtain one equa- 
tion for the amplitudes of the various modes in the groove 

L — d A‘^to^^{Rext) Ki(J'„J?ext) p D _ « 

L AM,^,iRe^t)gu ^i^^rnKo(rnRe.t) "’''J “ ‘ 

(5.3.15) 



E 



In both cases the dispersion relation is calculated from the requirement that 
the determinant of the matrix which multiplies the vector of amplitudes, is 
zero. As in the closed structure the two methods are equivalent, but the last 
expression is by far more efficient for practical calculation. 

There is one substantial difference between open and closed periodic struc- 
tures. In the latter case, the radiation is guided by the waveguide and there 
is an infinite discrete spectrum of frequencies which can propagate along the 
system. In open structures, modes can propagate provided that the projection 
of the wavenumbers of all harmonics in the first Brillouin zone corresponds 
to waves whose phase velocity is smaller than c; in other words, no radia- 
tion propagates outwards (radially). Figure 5.11 illustrates the two regions 
of interest: in the shadowed region no solutions are permissible and in the 
remainder the solution is possible with an adequate choice of the geometric 
parameters. It is evident from this picture that waves at frequencies higher 
than 

(5-3.16) 

can not be supported by a disk-loaded wire, regardless of the geometrical 
details of the cavity. With this regard, an open structure forms a low pass 
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kh/Ti 



Fig. 5.12. Dispersion relation of the open peri- 
odic structure 



filter. Figure 5.12 illustrates the dispersion relation of such a system for L = 
3 mm, d = 1mm, R[nt = 15 mm and i?ext = 21mm. For comparison, in the 
same frequency range (0-50 GHz) there are 6 symmetric TM modes which 
can propagate in a closed system of the same geometry; obviously there are 
many others at higher frequencies. 



5.3.2 Interaction Parameters 

Provided that the electrons are interacting primarily with one harmonic (say 
n = 0) then we assume that the spatial component of the interaction in an 
amplifier is controlled by one parameter: the interaction impedance. For an 
annular beam of radius i?b and width A the effective field which acts on the 
electrons is 

^ 1 pRh-\-^/2 

i^l / drr\E^,n=o{r,z)\\ (5.3.17) 

Jr^-AI2 

Using the explicit expression for Ez in (5.3.2) we find 

r, cy 1 ^ro(i?b+^/2) 

1^1 ^ / daKg(0; (5.3.18) 

a; HiyZl Jro{Rb-A/2) 

assuming that the variations of the wave across the beam section are negli- 
gible the integral reads 

rRo(Rh-^A/2) 

/ d? ^ Klio - (r^Rb^) (roiJb) ; 

Jro{Rb-A/2) 

With this expression the effective electric field reads 



(5.3.19) 
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|"=^|^ofK2(roi?b). 



(5.3.20) 



In order to determine the explicit expression for the interaction impedance 
the total power which flows along the structure has to be determined. Ac- 
cording to (5.3.2) it is given by 



P=l(2„l E 



poo 

/ dUKliO. (5.3.21) 

J PnRext 



The last integral can be evaluated analytically [Abramowitz and Stegun 
(1968) p.484] and it reads 



poo 

Ws{x)= 

J X 

= xKo(a:)Ki(x) + [k^(x) - Kf (x)j , 



(5.3.22) 



hence 



.1 |i;r(7ri?L) 



1 r Ko(roi?b) 



2^'° [Ko(roilext) 



(5.3.23) 



WsiFnReKt) f ukn\sinc^[lkn{L - d)] 



Uir'oc (^ni?ext)"K2(r„ilext) V J BmC^^k{L - d)] J ' 

The other parameter of interest in an oscillator is the interaction dielectric 
coefficient which is a measure of the total electromagnetic stored in the open 
structure and is deflned by 



\eo\E\\T^Rl^,) 



(5.3.24) 



Firstly, the electromagnetic energy stored in one groove, assuming one dom- 
inant mode, is given by 



^em, groove — ? 



(5.3.25) 



The total averaged (in time and space) electromagnetic energy stored in one 
period of the structure in its outer region (r > i?ext) is 

Wem,out-. 2^ I An I 

71 — — 00 

X [f 1 + lV3(r„Eext) + ^l^5(r„i?ext)l , (5.3.26) 
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where 



1^4 






J ^OC 

X 

= [k? ( a;) - Kg(a:)] . 



(5.3.27) 



With these definitions, the dielectric coefficient of the interaction is given by 



^int 



= (3}^y [ Ko(roflext) 



IT 2 



I 






L-d\R^tJ [ Ko(roJib) J sinc^ [lfc(L - rf)] Ti{a) 
[Ko(A^l'“ 1 

^ [ Ko(roiib) J sinc=* [ifc(L - d)] 

™ r/ *.2J\ p2 2 1 

X Y1 ( 1 + ^ ) + -^W^(rnR.,,) 

n=—oo L ^ 

sinc*[^A;„(L - d)j 
(r„flext)2(r„c/w)2 • 



{5.3.28) 



Note that in the open system the effect of the beam distance from the struc- 
ture is represented by 



^int OC 



Ko(roflb) 1" 

Ko(/oil*xt)J ’ 



(5.3.29) 



which for large arguments of the modified Bessel function implies Zint oc 
exp[— 2/o(iib — ^xt)] whereas the dielectric coefficient of the interaction, 



e-mt oc 



' Ko(roi?ext) 1^ 

. Ko(roflb) J ’ 



(5.3.30) 



is proportional to £\nt cx exp[2ro(-Rb — ^xt)] large arguments* 

The two frames in Fig* 5*13 illustrate the interaction impedance of the two 
modes which are supported by the structure introduced above. In contrast to 
closed structure where the impedance has a minimum, in the open structure 
presented here, the impedance has a maximum as a function of the frequency* 
The peak of the lower (frequency) branch occurs at 9*575 GHz, the phase 
velocity is 0*58 c, the interaction impedance, for — 25 mm, is ^int — 
I960 and the coupling coefficient Kq = 29*2 m“^ (see (4*1.18) when the 
total current is 500 A* The peak at the upper branch occurs at 31*75 GHz 
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and Zint = 31.90 corresponding to Kq = 9.3 m the phase velocity in this 
case is 0.877 c. 





/(GHi) /(GHz) 

Fig. 5.13. The interaction impedance of the two modes presented in Fig. 5.12 



We indicated previously that the advantage of an open periodic structure 
is that it supports the propagation of a small number of modes. Clearly it 
would be convenient to utilize this fact to generate radiation at high fre- 
quency. From the previous example, we observe that we could generate ra- 
diation at 32 GHz provided that we can suppress the lower frequency and 
no additional frequencies (of TM like modes) can develop in the system. In 
order to suppress the lower frequency we can take advantage of the fact that 
the interacting waves decay exponentially in the radial direction and a high 
frequency wave decays radially much rapidly than a low frequency one. It 
implies that in principle we can put an absorbing wall (say at i? = 30 mm) 
which will virtually absorb all the energy from the low frequency wave but 
practically it does not affect the higher frequency mode since its amplitude 
is virtually zero at its location. 

5.3.3 Green’s Function: The Smith-Pur cell Effect 

When we investigated the electromagnetic field generated by a charged par- 
ticle in its motion in the vicinity of a dielectric material it was shown that 
radiation can be generated if the velocity of the particle exceeds the phase 
velocity of the plane wave in the medium. A similar process may occur in 
a metallic periodic structure. Qualitatively the process is as follows: it was 
indicated in Sect. 2.2.4 that a point charge moving at a velocity Uq generates 
a continuous spectrum of evanescent (non-radiating) waves; these waves im- 
pinge upon the grating whose periodicity is L. The incident wavenumber in 
the direction parallel to the motion of the particle is given by 






5.3 Open Periodic Structure 221 



fci"" = — . (5.3.31) 

Although the great majority of the reflected waves are evanescent under cer- 
tain circumstances, there might be a few which can propagate. An observer, 
located far away from the grating at an angle 6 relative to the motion of the 
particle {z direction), measures the outcoming radiation. The projection on 
the z direction of the wavenumber as measured by this observer is 

kf^ = ^cos0. (5.3.32) 

The periodic structure couples between the wavenumbers in the .a; direction 
therefore the difference between the incident and observed (scattered) wave- 
numbers is attributed to the grating and it is an integer number y of grating 
wavenumbers 2'KvjL^ 

_ f^obs ^ ^ ( 5 . 3 . 33 ) 

L/ 



Substituting the previous two equations into the latter we obtain 



u 2 tt V 

c L — cos 9 



(5.3.34) 



It indicates that for a given velocity and a given periodicity, different frequen- 
cies are emitted in different directions. The effect was first reported by Smith 
and Purcell (1953). Toraldo di Francia (1960) has formulated the problem in 
terms of the coupling between evanescent and propagating waves and Van den 
Berg (1973) has calculated the effect numerically. Salisbury (1970) observed 
a similar spectrum of radiation but in his experiment he found that there 
is a correlation between the radiation intensity and the current associated 
with electrons scattered by the grating. His interpretation is based on the 
oscillation of the electrons in the periodic potential induced by the scattered 
electrons. However, estimates of the acceleration associated with this process 
indicate that it can not account for the intensity of the observed radiation - 
Chang (1989). Recently, the Smith-Purcell effect was re-examined at much 
higher energies (3.6MeV) and in the angle range 56° — 150°; the agreement 
between the dispersion relation and the experiment was excellent - see Dou- 
cas (1992). In this subsection we shall discuss in detail the dynamics of the 
Smith-Purcell effect as a particular case of Green’s function formulation of 
the electromagnetic problem in an open periodic structure. 

Consider a charged ring moving at a constant velocity vq along the same 
system as in Fig. 5.10. The beam has an azimuthal symmetry, forming an 
annular beam of radius Rh therefore the current density is given by 



Jz{r,z,t) = -evo6{z - vot)- — 6{r - i?b) , 

zTrr 






dujJz{r, ZjUj) 



jujt , 



(5.3.35) 
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Fig. 5.14. Evanescent waves of a moving charged ring are scattered by an open 
periodic structure. Part of the scattered waves are propagating: Smith-Purcell ra- 
diation 



this system is illustrated in Fig. 5.14. 

This current density excites the longitudinal component of the magnetic 
vector potential. Its Fourier transform is governed by 

+ ^ + ^ Azir,z,oj) = , (5.3.36) 

r or or oz^ 

where the explicit expression for the Fourier transform of the current density 
is 

Jz{r,z,uj) = -e^6{r - . (5.3.37) 

Green’s function associated with the boundless problem is 

/ oo 

dqg{r\r';q)e-^'>^^-^'\ (5.3.38) 

-OO 

where g{r\r';q) is given by 

. ( Io(rr)Ko(rr') for 0 < r < r' < oo , 

g{r\r^ \ \ 

\ Ko(rr)Io(rr') for 0 < r' < r < oo , (5.3.39) 



and r‘^ = — (a;/c)^. 

With this function, Green’s theorem [(2.4.6)] and the current density as 
given in (5.3.37), we can determine the magnetic vector potential 
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^OO POO 

Az{r,z,(jj) =27 tij,o / dr'r' / dz'G{r, z\r\ z')Jz{r, z,u) 

jRext J -OO 

/ 7t/L 

dfc V A„(fc)e-^'="^Ko(r„r) . (5.3.40) 

-tt/L 



Note that with this notation, the continuous variable q was replaced by A: H- 
2'nnlL i.e., 



/ OO r'^lL 

dq^ dk J2 ■ 

TT/Z/ QQ 



(5.3.41) 



In one groove the solution, taking only the lowest mode, is given by 

A,(r,z,u;) = DTo(^r) , (5.3.42) 

where To(^r) = Jo( 7 ^’)Yo( 7 i?int) - Yo(^r)Jo(^i?int)- The next step is to 
substitute the explicit expression for the current density and integrate over 
the variables r'^z': 

A^{r, z,Lj) ={-e)fj.o J d9fif(r|J?b) (<? - 

/ irlL OO 

dA: V ^„(fc)e-J''"^Ko(r„r). (5.3.43) 

n=-oo 



The Dirac delta function in the first expression indicates that the spatial 
spectrum of waves is determined by the frequency and the velocity of the 
particle. Without loss of generality we can express this wavenumber in terms 
of the periodicity of the structure 



= /uQ + 

Vo 



2ttM 

L 



(5.3.44) 



which means that at a frequency u;, the moving charge “emits” an evanescent 
wave which corresponds to the M’th harmonic and whose projection in the 
first Brillouin zone is ko> For imposing the boundary conditions we can express 
the magnetic vector potential in the region Rh ^ t > i?ext as 

rn/L OO 

A,(r,z,uj)= / dfc y; e-^''"^U„(fc)Ko(r„r) + B„(fc)Io(r„r) , 

(5.3.45) 



where 



Bn{k) = -eno 



1 

(27t)2 



riB\y)Sn^^6(^k fco) . 



(5.3.46) 
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With this definition we can omit the notation of the integration over the 
first Brillouin zone and the two field components which are relevant to the 
boundary conditions at r = i?ext read 



2 ^ 

E,{r, z,oj) = ^ [A„(A:)Ko(r„r) + S„(A:)Io (r„r)] , 

n=— oo 
^ oo 

H^{r,z,w) = — ^ + 5„(A;)Ii(r„r)j . 

n=— OO 

(5.3.47) 



Our next step is to impose the continuity of the boundary conditions at 
the interface (r = i?ext)- Continuity of the longitudinal component of the 
electric field {Ez{r = i?ext? — oo < z < oo)) reads 



juu ^ 
n=— oo 



£ U„Ko(Z\„) + B„Io(Z\„) 



for 0 < z < d, 



-jcjDTo(^Rext) for d< z < L, 



(5.3.48) 



and the continuity of the azimuthal magnetic field at the aperture of the 
groove 

oo 



Ho , 



V + = --DTi f-i?ext) ; 

L J /iO C V C / 



(5.3.49) 



here = Ai^ext and Ti(^r) = Ji(^r)Yo(^i?int) - Yi(^r)Jo(^i?int). 

Following the same procedure as at the beginning of this section we obtain 
from (5.3.48) 

2 T" I 

AnKo(An) + Bnh{An) = (^f?ext) Cn{k)D , (5.3.50) 

and from (5.3.49) 



oo p 

£»Ti (^iiext) = - X) ^[-An^l{^n) + Bnlx{An)]c*^{k). (5.3.51) 

n=— OO 



It is convenient to substitute (5.3.50) into the latter and determine the am- 
plitude of the magnetic vector potential in the groove: 



D{k) = 



e/io 


(S^'.i) 




(2^^)^ Ko ( 


cx; D 1 

c -^ext 





8{k - ko) , 



(5.3.52) 
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where Vioj^k) denotes the dispersion relation in this structure within the 
framework of the single mode approximation, 



V{uj,k) =Ti (^i?ext) + (^i?ext) (^^ext) 



. C 
oo 



L \c 
2 Ki(Z\„) 






(5.3.53) 



In principle, with the expression in (5.3.52) the electromagnetic problem 
in the frequency domain has been solved, since the amplitudes of all har- 
monics out of the grooves can be determined using (5.3.50). In the context 
of Smith-Purcell effect we are interested in those harmonics which may con- 
tribute to the radiation far away from the particle. Consequently, the Bn 
term (in (5.3.50)) can be ignored since it corresponds to an evanescent mode 
and the magnetic vector potential which may contribute to the radiation field 
is 



Az{r,z,w) 



e^iQ L 
(27t) 2 i?ext 






(5.3.54) 



where q o ~ and 

A r \ f u / \ Ko(wi?b/7^^o) 

An{(^) =—j—To {uRext/c) : 



Ko(ujRext/lVo) 



U) 

cFn 



Cn{k)C\t{k) 

V{uJ,k)Ko{An) 



(5.3.55) 



k=ko 



This quantity determines the amplitude of the radiation field correspond- 
ing to the wavenumber, /cq, and the harmonics index, n. According to the 
k — (jj diagram in Fig. 5.11 the former has two possibilities: (i) lj/vq < it I L 
in which case only the surface modes are excited and no radiation can be 
emitted perpendicular to the grating. In other words, no radiation will occur 
transverse to the grating in the frequency range 

0 < a; < , (5.3.56) 



and all radiation propagates parallel to the grating, {ii) For all the values of 
frequencies uj/vq > tt/L there can be radiation, whose wavenumber is 

UJ 27T 

— cosa = ko + —N . (5.3.57) 

c 

Therefore the exact expression for the frequency of the radiation generated 
is 

u; 27 t M — N 



c 



L 0~^ — cos a 



(5.3.58) 
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Comparing this expression with (5.3.34) it is readily observed that the cou- 
pling due to the grating is v = M — N and we expect that the angle a 
at which the wave is propagating will ultimately coincide with the angle at 
which the observer is located. This will be shown in a systematic way in the 
remainder of this subsection. 

We next examine the power emitted at a given angle; for this purpose we 
investigate the propagation of the iVth harmonic as given by 

A^{r,z,u} = (^rsina) exp[-j(w/c)zcosa] . 

(5.3.59) 



An observer located at 
r = Q sin 6 , 
z = Q cos 6 , 



(5.3.60) 



measures the outgoing radiation and assuming that it is located many wave- 
lengths from the grating i.e., g ^ oo we can use the asymptotic form of 
Hankel function [Abramowitz and Stegun (1968) p.364], 



lim Hq^\x) \l — e 

7TX 



_ f,-j{x-Tr/4) 



(5.3.61) 



in order to simplify the magnetic vector potential in the time domain 

L 



A^{g,e,t) = - 



e/xo 



(27t) 2 i^ext 
Miv(^)4 
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J — c 



da;e^ 



itot 



2 {(jj/c)gsma sin0 
X exp[—j{u/c)gcos{0 — a)] . 



eJ’^/4 



(5.3.62) 



The frequency of the wave which propagates in a direction, a, varies according 
to (5.3.58) therefore 



-I 27tc.._ ... sin a 

du; = (Af - AT) 



and 



(/3“^ — cosq:)2 
e/io L 



da 



(5.3.63) 
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7t/2 



(o;/c)^sinasin0 
X exp — j—Qcos{a — 0)^ -h c.c. 



(5.3.64) 
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The last integral can be evaluated for ^ oo using the stationary phase 
method. Assuming that the exponential function varies much faster than all 
other functions of the integrand, then the main contribution to the integral 
occurs from the stationary point dX a = 6 hence 



Az{Q,0,t) 



eun L 4-Jwc dxcos (hx^) 
(27r)2j?ext Qi^-^-COsO) 



X |^7v(w)|cOS Lj{t — qIc) — 



(5.3.65) 



where An = the Fresnel integral can be evaluated analytically 

and it reads 



f 



dx cos 





(5.3.66) 



The angular frequency in these expressions is a function of the angle 6 as 
determined by 



(j _ 27T M — N 

c L - COS0 ’ 



(5.3.67) 



which is the exact expression to describe the Smith-Purcell effect. The far 
magnetic field can now be evaluated and it reads 

L c 






X sm 



in j^(u;(f — q/c) 



1 — cos 9) 
1 



1-4, 



N\ 



(5.3.68) 



The radial (in spherical coordinates) component of the average Poynting 
vector is 






Se{Q,^) 2^0 ^2 ®i“^^(27r)2 - cosff)^ 



(5.3.69) 



and the average power in an angular interval 9 9 -I- d9 is given by P(9) = 

27t^^ sin(9)S^(g, 9) or explicitly 



P(0) = u>(ff) 



r ^2 



e2 a>(ff) 



4-jreo c R% 



'ext 



sin^O 



(13 



-1 



cos 



^|^jv[o;(0)]| . (5.3.70) 



For evaluation of the radiated power it is convenient to define the nor- 
malized power emitted as 



p(e) = p( 0 ) 



e^c 



n-l 



47r£oi2Lt 
sin^ 9 






(/3”^ — cos 9y 






(5.3.71) 
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Figure 5.15 consists of 4 frames: the top-left illustrates the frequency emitted 
by a 1 MeV charge at the various angles; the geometric parameters are R\nt = 
15 mm, i?ext = 21 mm, i?b = 22 mm, L = 3 mm and d= 1 mm. As anticipated 
from (5.3.56) no radiation is emitted at frequencies lower than 50 GHz. The 
top-right frame presents the variation of the power as a function of the angle 
9. The lobes in the radiation pattern are the result of interference due to the 
geometry of the grooves. There are four terms which contribute to the lobes 
formation: (i) effect of the groove height represented by the term To(u;i?ext/c), 
(ii) effect of the “incident” wave represented by C*j^{k) oc sinc[o;(L — d)/2c/3], 
(Hi) the effect of the scattered wave represented by a sinc[a;(L — 

d)cos6/2c] and (iv) the dispersion term V[uj^ko{u;)]. The lower two frames 
represent the first and last terms; the other two terms are slowly varying 
functions for angles larger than 90°. The two strong lobes of the radiation 
pattern are primarily controlled by the dispersion term and the resonances 
associated with groove height. Note that the bottom-left frame indicates that 
there are frequencies and angles of zero emitted power. 

5.3.4 Scattering from Cylindrical Gratings 

Gratings play an important role in optics [Born and Wolf (1984)] and their 
analysis is reviewed in a book by Petit (1980). In most cases these are planar 
structures [DeSanto (1971,1972)]. However in this subsection we continue our 
approach of investigating cylindrical structures, namely for cases when the 
radius of curvature is not by orders of magnitude larger than the vacuum 
wavelength. The system under consideration is illustrated in Fig. 5.11 but in 
this subsection a single propagating wave impinges upon the structure. 

In the context of microwave sources cylindrical gratings are important in 
multi-mode devices which come to solve the problem of the large gradients 
which develop on the metallic surface when ultra-high power is generated. For 
this purpose, the internal radius of the device is increased allowing several 
modes to propagate at the same frequency. Since the impedance of each 
mode is different it is practically impossible to tune the system using the 
conventional tuning methods. However, with proper design of the gratings it is 
possible to cascade two or more periodic structures [Bugaev 1990] such that at 
a certain frequency, neither of the modes emits radiation in a given direction, 
in this way isolating one stage from another. In order to demonstrate the 
concept briefly, let us consider a plane wave which is described by 

( UJ UJ \ 

-j—zcos9inc-\-j—xsm0incj , (5.3.72) 

and which impinges upon the corrugated cylinder. We can use the fact that 

CX) 

i/=—oo 



(5.3.73) 
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Fig. 5.15. Characteristics of Smith-Purcell radiation 



in order to write the magnetic vector potential as 

oo 

= ^ {^rsineir,^ , (5.3.74) 

I/= — OO 

where we assumed that x = rcoscj). The corrugated cylinder is azimuthally 
symmetric therefore we can treat each azimuthal harmonic independently. 
We shall consider for the moment only the contribution of the symmetric 
harmonic {v = 0) therefore one can now use the results from the previous 
subsection and only need to identify the incident wave with Bn of (5.3.45). 
For this purpose we use the fact that lo{jO — Jo(0 write 

Bn — B6{h /^o)^n,iV ? 



where 



(5.3.75) 
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The amplitude of the magnetic vector potential in one of the grooves is 



D — J-^sin^inc 



T>{u), ko)Ko{j{oj/c)r sin 6 ^ 0 ) ’ 



(5.3.77) 



T>{uj, k) is the expression for the dispersion relation as defined in (5.3.53) and 
the modified Bessel function of the second kind with imaginary argument is 
related to the Hankel function of the second kind: Ko(jO = 

With the expression for D we can now determine the amplitude of the scat- 
tered waves using the relation in (5.3.50) but in contrast with the Smith- 
Purcell case, in this subsection, the Bn term does contribute to the radiation 
field therefore 



— 



X 



B 



(5.3.78) 






^n,ivIo(^n) j ^2 /\2 



d To(^i2ext) sin(9inc£n(fco)>C)V(fco)' 



P(a;,A:o)Ko(j^rsin(9inc) 



in all the expressions (An) where k does not occur explicitly it equals ko. 

In this case both the frequency and the angle of incidence are set therefore 
the scattered wave (in the far field) can propagate along directions which 
correspond to wavenumbers which satisfy k^^^ = k^^^ ih 2 'KvjL or 



UJ 
C L 



COS 6sc& — COS 6n 



27T 



(5.3.79) 



In particular forn^N the term Cn{ko) can be shown to have zeros for 



i ^ (L - d) cos 0sca = 7T , (5.3.80) 

therefore no power is scattered in this direction. This means that regardless 
of what is the incident angle, at this particular (vacuum) wavelength if the 
geometry {L — d) is chosen to satisfy (5.3.80) no power is refiected in this 
direction. This fact can be utilized to avoid refiections in multi-mode devices. 



5.4 Transients 

When several bunches of electrons are injected in a structure as is the case 
in an accelerator they not only interact with the electromagnetic field which 
was prepared for their acceleration, but they also generate a whole spectrum 
of waves at different frequencies. These form a so-called wake field which 
in turn can deteriorate the acceleration process. In order to visualize the 
process, imagine a pulse which consists of two bunches. When the first enters 
the periodic structure it generates a wake-field and if this is not “drained” 
fast enough then it may affect the interaction of the trailing bunch. 
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Propagation of a pulse in a disk-loaded waveguide should, in principle, ac- 
count for all the modes and all the reflections from the disks. The difficulties 
in the analysis of transients generated by charged particles in periodic closed 
structures arise from the fact that (i) the frequency spectrum of a moving 
particle is inflnite and (ii) although the spectrum of frequencies in a closed 
periodic structure is discrete, it spans to inflnity. The analysis is somewhat 
simplified by the fact that in the transverse direction the (evanescent) wave 
decays exponentially therefore the contribution of the high fre- 

quencies might be small - at least at low energies. The situation is different 
in open periodic structures where, as we already indicated, the spectrum is 
discrete and finite. Therefore, potentially less energy is induced in the system. 
In this context Smith-Purcell effect can be regarded as a transient generated 
by a moving particle. 

In order to illustrate the effect of the periodicity on the propagation of a 
wave packet we shall consider at t = 0 the same wavepacket a{z)^ in vacuum 
and in a periodic structure. The propagation in vacuum will be represented 
by a dispersion relation therefore a scalar wave function ^{z,t) 

is given by 

/ oo ^ 

. (5.4.1) 

-OO 2 

Since at f = 0 this function equals a{z), the amplitudes 'ip{k) can be readily 
determined using the inverse Fourier transform hence 

'^(^) — 7^ I dza{z )^^^ . (5.4.2) 

J — oo 

Substituting back into (5.4.1) we find that 

^(^^ ’ (5.4.3) 

which basically indicates that the pulse moves at the speed of light in both 
directions and asymptotically, it preserves its shape. 

In a periodic structure the description of the wavepacket is complicated 
by the dispersion relation which in its lowest order approximation (e.g., first 
TM symmetric mode in a waveguide) can be expressed as 

uj(k) = Q — 6ucos{kL) , (5.4.4) 

where O = {ujo 2 is the average frequency between the low {kL = 0) 

cut-off denoted by ljq and the high {kL = n) cut-off denoted by The 

quantity 6u; = {uJtj; -(jJq)/2 is half the passband width and L is the period of 

the structure. Contrary to the previous case k here denotes the wavenumber 
in the first Brillouin zone. In the framework of this approximation we can 
use Floquet’s representation to write 
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^{z,t) = Re 






(5.4.5) 



where kn = k + 27rnfL. The amplitudes ^n(fc) are determined by the value 
of the function at t = 0 hence 



1 

ipn{k) = ^ y dza(z)e^'‘^"^ 

Substituting back into (5.4.5) we have 



= Re 



-j /*00 ^ ^7 t/L 

- / dCa(0 Y / 

J-oo ./— ir/Z, 



(5.4.6) 

u}—8(jj cos(kL)]—jkn{z—C) 

(5.4.7) 



At this point we can take advantage of (5.3.73) and simplify the last equation 
to read 

1 poo OO p'KjL 

- / dCa(C) / dfce^-‘ 

2^ j-oo „ir^ y-TT/ 



^{z,t) =Re 



rr/L 



(5.4.8) 



X 53 

i/=—oo 

which after the evaluation of the integrals and summation (over n) reads 

CXD 

^{z,t) = E a{z — uL)^i,{6ujt) cos{(jjt — 7ti//2) . (5.4.9) 



Figure 5.16 illustrates the propagation of two wavepackets in vacuum 
(dashed line) and in a periodic structure. The latter is characterized by u = 
27t X 10 GHz, 6uj = O/SO and a spatial periodicity of L = 1 cm. At t = 0 the 
distribution is a Gaussian, a(z) = exp[—{z/L)‘^]. In each one of the frames 
^{Zj t) was plotted at a different time as a function of 2 ;. Characteristic to all 
the frames is the relatively large peak following the front of the pulse. 

It is evident that although the front of the pulse propagates at the speed of 
light (as in vacuum) the main pulse propagates slower. In fact, a substantial 
fraction of the energy remains at the origin even a long time after t = 0, 
For the parameters used, the amplitude of the signal at the origin (z = 0) is 
dominated by the zero order Bessel function i.e., Jo(<5o;t) therefore the energy 
is drained on a time scale which is dete rmined by the asymptotic behavior 
of the Bessel function namely oc 1/ y/Sut. Clearly the wider the passband the 
faster the energy is drained from the origin. 
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Fig. 5.16. Propagation of the wavepacket in vacuum (dashed line) and in the pe- 
riodic structure at four instants 



Exercises 

5.1 Based on the solution for Az{r,z) in Sect. 5.1 determine the Floquet 
representation of the magnetic vector potential (TMoi). In other words 
write 

Az(r, z) = an(k) 



and determine an(k). 

5.2 Find all the waves which can propagate between / = 0 to 20 GHz, in- 
cluding asymmetric modes for the system described in Sect. 5.1. Repeat 
this exercise for the branches of the TE modes. 

5.3 Calculate Green’s function for the closed periodic structure in Sect. 5.2. 
As a particular case consider a train of particles moving with a velocity 
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vq. Calculate the Cerenkov radiation emitted (Hint: follow the same pro- 
cedure as in Sect. 2.4.2 but adapted to a periodic structure). What is the 
role of the dispersion relation in this case? It is suggested that a single 
mode be used to describe the electromagnetic mode in the groove. 

5.4 Analyze the coupling of spatial harmonics for the system in Sect. 5.3 in 
a similar way as in Sect. 5.2.2. 

5.5 In the context of Sect. 5.3.3, calculate the force which acts on the moving 
charge. Based on this expression, determine the total power emitted. 

5.6 Repeat the calculation of the propagation of a transient in a periodic 
structure (Sect. 5.4) but this time for a TEM-like mode. [Hint: take u = 

cos kL).] 
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Periodic structures play an important role in the interaction of electrons 
with waves since they support harmonic whose phase velocity is smaller than 
c and with an adequate design, this can be set equal to the average velocity 
of the electrons. As the electrons interact with the wave and lose energy, 
they slip out of phase and consequently, the interaction is degraded. In order 
to avoid this situation the phase velocity of the wave has to be adjusted 
and the geometry change associated with this process should be designed for 
minimum reflections, otherwise the system oscillates. 

In a periodic structure, at a given frequency and single mode operation, 
the electromagnetic wave is characterized by a single wavenumber k and 
quantities like phase velocity, group velocity and interaction impedance are 
well deflned. In principle, if the structure is no longer periodic the field can 
not be represented by a single wavenumber except if the variations are adia- 
batic in which case these characteristics are assumed to be determined by the 
geometry of the local cell. Adiabatic perturbations in the geometry may im- 
prove the efficiency from a few percent level in uniform structures to the 30% 
level. But one can not expect to achieve 60-80% efficiency by slow variation 
of the structure, in particular, bearing in mind that in contrast to acceler- 
ators where these changes occur over many wavelengths, in traveling- wave 
output structures these changes should occur in one or, at the most, two 
wavelengths. 

Non-adiabatic change of geometry dictates a wide spatial spectrum in 
which case the formulation of the interaction in terms of a single wave with 
a varying amplitude and phase is inadequate. In fact, the electromagnetic 
field can not be expressed in a simple (analytic) form if substantial geometric 
variations occur from one cell to another. To be more specific: in a uniform 
or weakly tapered disk-loaded waveguide, the beam-wave interaction is ana- 
lyzed assuming that the general functional form of the electromagnetic wave 
is known i.e., A(z) cos[o;t — kz — (f){z)] and as indicated in Chap. 4 the beam 
affects the amplitude A{z) and the phase, (f){z). Furthermore, it is assumed 
that the variation due to the interaction is small on the scale of one wave- 
length of the radiation. Both assumptions are not acceptable in the case of a 
structure designed for high efficiency interaction. In order to emphasize even 
further this difficulty, we recall that a non-adiabatic local perturbation of 
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geometry affects global electromagnetic characteristics, this is to say that a 
change in a given cell affects the interaction impedance or the group velocity 
several cells before and after the point where the geometry was altered. 

In order to overcome these difficulties, we present in this chapter, an 
analytical technique which has been developed in order to design and ana- 
lyze quasi-periodic metallic structures of the type discussed in Chap. 5. The 
method relies on a model which consists of a cylindrical waveguide to which 
a number of pill-box cavities and radial arms, are attached. In principle the 
number of cavities and arms is arbitrary. The boundary condition problem 
is formulated in terms of the amplitudes of the electromagnetic field in the 
cavities and arms. The elements of the matrix which relates these amplitudes 
with the source term are analytic functions and no a-priori knowledge of the 
functional behavior of the electromagnetic field is necessary. In Sect. 6.1 we 
examine the homogeneous electromagnetic characteristic of quasi-periodic 
structures. The technique is further developed to include Green’s function 
formulation in Sect. 6.2 followed by the investigation of space-charge waves 
(Sect. 6.3) within the framework of the linear hydrodynamic approximation 
for the beam dynamics. In Sect. 6.4 the method is further generalized to 
include effects of large deviations from the initial average velocity of the 
electrons by formulating the beam-wave interaction in the framework of 
the macro-particle dynamics. Additional aspects of beam-wave interaction 
in quasi-periodic structures will be discussed in Chap. 7 in the context of a 
free-electron laser with a tapered wiggler. 

The study presented in this chapter was triggered by experimental work 
performed at Cornell University. In the introduction to Chap. 4 we indicated 
that power levels in excess of 200 MW were generated in a 50MHz bandwidth. 
The 200 MW generated with this structure were accompanied by gradients 
larger than 200 MV/m and no rf breakdown was observed experimentally. 
However, for any further increase in the power levels it is necessary to increase 
the volume of the last two or three cells in order to minimize the electric field 
on the metallic surface. The system becomes then quasi-periodic. In order 
to envision the process in a clearer way let us assume that 80% efficiency is 
required from our source. If the initial beam is not highly relativistic, which is 
the case in most systems, such an efficiency implies a dramatic change in the 
geometry of the structure over a short distance. Specifically, for a 500 keV 
beam, the initial velocity is vq ~ 0.86c and 80% efficiency would imply a 
phase velocity of 0.55c at the output. This corresponds to a 36% change in 
the phase velocity and a similar change will be required in the geometry 
which is by no means an adiabatic change when it occurs in one period of 
the wave. 

Based on our experience the main problems of an extraction section based 
on a quasi-periodic traveling- wave structure are: (i) minimize the reflections 
primarily at the output end of the structure in order to maintain a clean 
spectrum and to avoid oscillations and (ii) taper the output section to avoid 
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breakdown and (Hi) compensate for the decrease in the velocity of the elec- 
trons. The technique presented in this chapter helps us to optimize these 
conflicting requirements. 



6.1 Homogeneous Solution 

The model used to analyze a quasi-periodic structure consists of a set of radial 
arms and pill-box cavities attached to a cylindrical waveguide. Their number 
and order is arbitrary. However for this presentation we shall consider a situ- 
ation in which the input arm is the first cell (subscript 1) and the output arm 
is the last (subscript AT) - as illustrated in Fig. 6.1. Each aperture, whether 
it corresponds to a cavity or an arm, has a width denoted by dn where n is 
the index ascribed to each unit (n = 1, 2 • • • A/'); iV is the total number of cells 
and arms. The height, width and separation of each cavity can be arbitrary. 
Only the internal radius (i?int) has to be the same throughout the device. The 
height of each cavity is determined by its external radius denoted by i?ext,n- 
A cylindrical coordinates system is used: its origin is chosen in the center of 
the first aperture. Furthermore, the system is azimuthally symmetric and so 
is the electromagnetic excitation. Consequently, throughout this chapter we 
shall consider only symmetric transverse magnetic (TM) modes. Specifically, 
we shall examine the transmission and reflection characteristics. 




Fig. 6.1. Schematic of the 
model used for investigation 
of quasi-periodic structures 



One way to analyze the electromagnetic characteristics of such a structure 
is by mode decomposition and formulating the boundary condition problem in 
terms of a transmission matrix from each discontinuity - see Sect. 2.5.2. This 
method is addressed in literature [Mittra and Lee (1971) or Lewin (1975)], 
but its performance is poor whenever more than one discontinuity is involved. 
This is due to the large and small numbers evolving from the evanescent 
modes associated with each discontinuity and their advance from one discon- 
tinuity to another. 
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6.1.1 Definition of the Model 



Contrary to a periodic structure, where the field in the inner cylinder (0 < 
< -Rint) can be represented by Floquet series, in this system we have to 
consider the entire spatial spectrum of waves, therefore the magnetic vector 
potential reads 



^z{r,z-,w 




dkA{k)lo{rr)e-^'°^ , 



( 6 . 1 . 1 ) 



where = k"^ — /(? and Io(x) is the zero order modified Bessel func- 

tion of the first kind. All the transients are assumed to be zero or in other 
words the system has reached a steady state regime thus a phasor notation, 
e^^^, is adopted. In the arms or grooves the electromagnetic field should be 
represented by a superposition of modes which satisfy the boundary condi- 
tions on the metallic walls. In principle an infinite number of such modes 
is required. However, as long as the vacuum wavelength is about 5 times 
larger than the groove or arm width, the first mode [transverse electric and 
magnetic (TEM)] is sufficient for most practical purposes. This assumption 
is by no means critical for the present analysis and the calculation is similar 
when a larger number of modes is required, however we use it since it makes 
the presentation simpler. In order to quantify this statement let us give a 
simple example of a periodic disk-loaded structure: consider the case when 
Rext = 15.9 mm, Rint = 9.0 mm, the period of the system is 10.0 mm and the 
disk is 5mm wide. For this geometry it is required that the phase advance 
per cell will be 120° at 9 GHz. With 39 spatial Floquet harmonics, the lower 
cutoff frequency {kL = G) was calculated to be 8.206 GHz using three modes 
(TEM, TMoi and TM 02 ) in the grooves, with two modes (TEM and TMqi) 
the cutoff was 8.192 GHz and 8.192 GHz when only the TEM mode was used. 
For the higher cutoff {kL = tt) the calculated frequencies were 9.270 GHz, 
9.229 GHz and 9.229 GHz correspondingly. Thus in the regime of interest the 
typical error associated with the higher modes omission in the grooves is 
expected to be of the order of 1% or less. 

Within the framework of this approximation we can write for the magnetic 
vector potential in the input arm, 

A,(r, z; u;) = (^r) + (^r) , (6.1.2) 

where (x) and (x) are the zero order Hankel function of the first and 
second kind respectively; Ain represents the amplitude of the incoming wave 
and is the amplitude of the reflected wave which is yet to be determined. 
In the nth (1 < n < AT) groove we have 

A^{r,z-,u)) = D„To,„ , 



(6.1.3) 
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where Dn is the amplitude of the magnetic vector potential, To^ni^T') = 
Jo(^r) Yo(^i?ext,n) — Yo(^r)Jo(^i2ext,n); later we shall also use the function 
Ti,ni^r) = Ji(^r) Yo(^-Rext.n) - Yi(^r)Jo(^-Rext,n). Finally in the output 
arm, 

A,{r,z;uj) = , (6.1.4) 

represents a cylindrical outgoing wave. 

In order to determine the various amplitudes we next impose the boundary 
conditions in a way which is similar to the case of a periodic structure. But 
we no longer consider a single cell to characterize the entire system, instead 
we examine each individual region. From the condition of continuity of the 
longitudinal electric field we can conclude that 

N 

^ Dni>0,ndnCn(k) , 
n=l 

(6.1.5) 

where a = ujRint/c is the normalized angular frequency, A = FRint is the 
normalized wavenumber in the radial direction and 

Cn{k) = ^ / dze ^’^^ ; ( 6 . 1 . 6 ) 

"n Jzrt-dnl2 

Zn is the location of the center of the nth groove or arm and in the first cell 
its value is zero (zi = 0). The function 

( (a) n = 1 or n = N , 

'01/, n “ A 

[ r^,n(ck) n ^ 1 or N , (6.1.7) 

is a generalized function defined in the aperture of either the grooves or the 
arms and z/ = 0, 1. 

Imposing the continuity of the tangential magnetic field on each aperture 
we find 

Ai„H<')(a)5„.i + £>„^i,„ = — / dkA(k)Ah{A)Clik) . (6.1.8) 

It is now convenient to substitute (6.1.5) in (6.1.8) in order to represent the 
entire electromagnetic problem in terms of the amplitudes of the mode in the 
grooves and arms i.e., 

N 

^ ^ '^n,mFm — Sn > (6.1.9) 

m=l 



A(k) = - 



1 



a" 



27t A^oiA) 



where 
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'Tn,m — '01,n^n,m '0O,mXn,m ? 

Sn = -B.'i\a)6n,lAin + H''^(a)Xn,Min , (6.1.10) 

and 

Xn,m = dk^^^C:(k)Cmik) . (6.1.11) 

In principle, with the matrix r established, the electromagnetic problem is 
solved. 



6.1.2 Evaluation of Green’s Function 



Our next step is to simplify the expression for the matrix r and for this 
purpose we evaluate the integral which defines the matrix x terms of 
analytic functions. For this purpose we use Cauchy’s residue theorem. First 
we substitute the explicit expressions for Cn{k) from (6.1.6); the result is 



Xn,m 



dma 1 1 

— — — / 

27T dm Jzm-dml2 «n 



pZn+dnl2 

Jzn-dnl2 



dX2 



X 




dk 



p,?fc(xi -X 2 ) 



(6.1.12) 



If we now examine the integrand we observe that there are an infinite set 
of poles which correspond to lo(^) = 0 since the modified Bessel function 
and the regular one [Jo (2;)] are related thus we realize that the condition 
above is satisfied for k‘^ = — (Ps/-Rint)^; here ps are all the zeros of 

the zero order Bessel function of the first kind i.e., Jo(Ps) = 0. According to 
Cauchy’s theorem the contribution to the integral will come from the poles 
of the integrand thus the last integral in (6.1.12) reads 



J_ 

27T 




dk 



-X 2 ) 



I ^ ojk{xi-X2) 



(6.1.13) 



where = (ps/i?int)^ — (^/c)^. The last integral corresponds to Green’s 
function for a uniform waveguide and is easily evaluated as G(xi|a:2) = 
^0-A|xi-rE2l This result permits us to express the matrix x terms of 
analytic functions since the integration over x\ and X 2 in (6.1.13) can be 
performed explicitly; the result reads 



2 

T? 



1 - exp(-rgdn/2) sinhc(r5dn/2) 

Xn,„. = ^Er^ ^ 

^int I {dm/Fs)exp[-rs\Zn- Zm\]smhc{rsdn/2) 
X smhc{Fsdm/2) 



n = m, 

n ^ m. 
(6.1.14) 
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In this expression sinhc(a:) = sinh(x)/x. The electromagnetic problem has 
now been simplified to inversion of a matrix whose components are analytic 
functions. 




/(GHz) 

Fig. 6.2. Power transmitted for two geometries. The upper geometry corresponds 
to the upper curve and the distance between the groove and the arm is 1 mm. In 
the lower geometry and corresponding curve this distance is 6 mm 

6.1.3 Transmission and Reflection 

In order to test the method we used a set of identical cells. We were able to 
calculate the pass-band in the transmission coefficient and it fits very well 
that calculated using the dispersion relation of an infinite periodic structure. 
The following example illustrates the potential of this method: our first goal 
is to determine what should be the location of the arms to feed power ade- 
quately into a 9 cell structure (i^ext = 14.2 mm, R[nt = 6.2 mm, L = 12 mm 
and d = 6 mm). Figure 6.2 illustrates the geometry of the narrow band struc- 
ture with 9 cavities and two arms. In the first case the arms are 6mm from 
the adjacent cells (see lower system) and we observe that the average trans- 
mission coefficient, as illustrated in the lower curves, is about — 20dB. Thus 
the bandwidth is much narrower than that of a practical source and to this 
extent the fact that the peaks reach the 0 dB level becomes irrelevant to any 
experimental consideration. For this reason we prefer to consider here the av- 
erage transmission coefficient over a range of frequencies. As the length of the 
waveguide between the arm and adjacent cell was shortened to 1mm (both 
at the output and input), the transmission coefficient increases dramatically 
to an average value of — 3dB. 

Let us now assume that we have matched the system for a given frequency, 
i.e., the transmission coefficient in dB, defined by 101og(|Djvpdiv/|AinP di), 
is zero. It is known that in a narrow pass-band structure high gradients 
may develop in the (high power) interaction process - in particular in the 
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/(GHz) 





Fig. 6.3. Transmission coefficient for three different geometries 



last couple of cells. In order to avoid rf breakdown the volume in which the 
electromagnetic energy is stored has to be increased, thus reducing in the 
process the energy density, and consequently reducing the field. Initially a 
linear tapering of the external radius of the last three cells was tried. In the 
process the width of these cells and their separation was varied in a wide 
range of parameters to bring the transmission coefficient to OdB at given 
frequency and the best we could achieve was — 3 dB which is not acceptable 
(see Fig. 6.3). At this stage we returned to the initial geometry but doubled 
the external radius of the last two cells. These cavities have two (rather 
than one) resonant frequencies, one of which is close to that of a cavity in 
the uniform structure. After some fine tuning we obtained the transmission 
which is optimized to the required frequency - as indicated in the lower frame 
of Fig. 6.3. 

This example emphasizes the dual way we can examine a quasi-periodic 
structure: as a traveling- wave structure or (ii) as a set of coupled cavities. 

It is the latter which is of great importance in the design of extraction regions 
since, as we indicated above, quantities like phase or group velocity have 
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practically no meaning when the geometry of the structure varies rapidly in 
space. Such variation is a direct result of the broad spectrum of wavenumbers 
compared to a single wavenumber in a regular periodic structure. 



6.2 Non-homogeneous Solution 

The homogeneous solution presented above assumes that the source of the 
electromagnetic field is far away from the structure and the electromagnetic 
energy is guided by the arm into the system. In this section we shall consider 
the case when the source is in the structure. By virtue of linearity of Maxwell 
equations we can assume that the remote sources are zero and we calculate 
only the contribution of the inner source. A general solution is obviously a 
superposition of the two solutions. 



6.2.1 Green’s Function 



When a current distribution is present in the structure we have to solve the 
non-homogeneous wave equation 




Az{r,z,u)) 



-fioJz{r,z,uj) , 



( 6 . 2 . 1 ) 



and we shall proceed by calculating Green’s function of the system. For this 
purpose, consider, instead of the general source of the above, a simple one, 
namely a narrow ring located ai z = z' and r = r' which is a source to a field 
G which satisfies 



+ — 



21 



G{r,z\r\z') = 



27rr 



6{r — r')6(z — z ') , 



( 6 . 2 . 2 ) 



and when subject to the same boundary conditions as Az it is exactly Green’s 
function of the system. In the absence of any boundaries this function is given 
by (see Sect. 2.4.1) 

/ oo 

gk{r\r') , (6.2.3) 



where 



9k{r\r') 



j r Io(r’r)Ko(r’r') for 0 < r < r' , 



\ Ko(rr)Io(rr') for r' <r<oo. 
Accordingly, the solution for the vector magnetic potential reads 



(6.2.4) 
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nJtih roo 

Az{r^z,uj) =27T/io / dr'r' / dz'G{r^ z\r\ z^)Jz{r\ z\uj) 

Jo J — oo 

/ oo 

dkA{k)e-^'^noirr ) . (6.2.5) 

-OO 



The second term is the solution of the homogeneous equation which does not 
diverge on axis and is a direct result of the presence of the metallic surface; 
i?b is the radius of the source. In the region outside the beam (r > i?b)? this 
expression can also be written as 



Az{r > Rh,z,u}) 




dk [B{k)Ko{rr) + A{k)lo{rr)] 






( 6 . 2 . 6 ) 



where 

B{k) = ^ / " dr'r'Io(rr') / Jz(r', 2 ',w) , (6.2.7) 

27T Jq J-oo 

is the spatial Fourier transform of the current density. For the boundary 
condition problem the relevant components of the electromagnetic field are 



c2 / 

Ez{r > Rb,z,uj) = — 


r*oo 

dk(-r^) [B{k)Ko(rr) + A{k)h{rr)] , 


jw J. 


-OO 


HAr > Rh,z,w) = — ^ 


poo 

/ dk(r) [-B{k)Ki{rr) + A(fc)Ii (rr)] . 


IJ'O 


J — OO 

(6.2.8) 



In the grooves and arms the solution is identical with (6. 1.2-4) except 
that A\n = 0. When imposing the continuity of the longitudinal component 
of the electric field, we obtain 




B{k)Ko{A) A{k)lo{A) 



=DiB.^^\a)diCi{k) 

N-1 

n=2 

+ D]\i}i^\a)dNCN{k) , 



(6.2.9) 



and the continuity of the azimuthal magnetic field provides us with an addi- 
tional set of equations similar to (6.1.8): 







dkA [B(A:)Ki(^) - A{k)h{A)] Cl(k ) . 



( 6 . 2 . 10 ) 



In these two equations Cn{k) was defined in (6.1.6). Based on these two 
equations we can determine the amplitudes Dn in the arms and grooves by 
substituting (6.2.9) in (6.2.10). The result is similar to the homogeneous case: 
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N 

^ ^ = Sn , 

m=l 



( 6 . 2 . 11 ) 



where 

5„ = i r dk^B{k)Cl{k). 



( 6 . 2 . 12 ) 



In this expression we used the property of the modified Bessel functions: 
Io(x)Ki(x) + Ii(a:)Ko(x) = 1/x. Expression (6.2.11) indicates that if we know 
the source term Sn we can determine all the amplitudes Dn using the inverse 
of exactly the same matrix r we defined in the previous section. Therefore, 
we next direct our efforts to simplify the expression for the source term 5n- 
Based on the definition of B{k) in (6.2.7) we can write 



/in 

Sn = — / drV' / dz'Jz{r',z',iv)an{r',z'), (6.2.13) 

^ Jo J-oo 

where 

Thus in order to simplify the source term Sn one has first to simplify the 
function cfn(r'^z'). We substitute the explicit expression for Cn{k) and then 
evaluate the integral on k based on Cauchy’s residue theorem; the result is 



= hj- -gf: fa?"* f e-'-.lt-'l . (6.2.15) 

dn J Zr,-dr,t‘2. ^int^liPs) A 

Our next step is to perform the integration over ^ thus 

5 — ^ V f d-^'J fr' / /X 



(6.2.16) 



where 

1 rZn-^dn/2 

as,n(z') = -^ I (6.2.17) 

«n Jzn-d„/2 

' e-rsW-zn\ sinhc(rsd„/2) for \z' - z„| > d„/2 

= ^ 2 [1 - cosh(r«(z' - Zn))] / Tsdn 

, for |z' - z„| < d„/2. 

Formally this concludes the formulation of the boundary condition problem 
in (6.2.11) and in the remainder we present two examples. 
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6.2.2 Stationary Dipole 



In order to simplify the analysis further we shall now make the following 
assumptions: (i) the current density varies very slowly in the transverse di- 
rection such that it can be considered constant and (ii) we shall examine a 
Dirac delta function current distribution in the longitudinal direction, such 
that the field due to any other current distribution can be represented as a 
superposition of such point sources i.e., 

Jz{r,z) = -^Az6{z- Zc)h{Rh-r); (6.2.18) 



h{x) is the regular step function. In this expression I is the current of the 
particular dipole, Az is its characteristic length and is its location in the 
2 : direction. This is a stationary (motionless) dipole which oscillates at an 
angular frequency a;. With these assumptions and bearing in mind that 



rRh 

Jo ' 



dr rJo(psr/i?int) — -Rb-Rint 



1 , f Rh\ 
Jl I Ps O ) ’ 
Ps \ Rint J 



the source term in (6.2.11) is given by 



(IqIAz ^liPsRh/ R’mt) 1 ^ 

TraiZb ^ Ji(Ps) 



(^c). 



(6.2.19) 



( 6 . 2 . 20 ) 



In order to present the radiation emitted by such a stationary dipole it 
is convenient to normalize both the source term and the amplitude with the 
term a = /io/^z/(7ri?b) hence Sn = Sn/a and Dn = Dnja. The average 
power which flows through the i/th arm is P^, = 2ujdjy\Di^\‘^ / jjLq. Accordingly, 
the average normalized power flowing through each one of the arms in the 
structure is given by 



P. = P. 




4 

'7T Rint 



a\Dj,{a )\^ ; 



( 6 . 2 . 21 ) 



here, the index u indicates the input or output arms only i.e., u = 1 rep- 
resents the input arm and u = N, the output. First to be examined was 
the effect of the arm location on the radiation emitted by a single dipole 
and for this purpose two quantities are defined: the total emitted power, 
(Ttot)dB = 101og(Pi -h Pat), and the ratio between the power emitted in 
the output arm and input arm i.e., {Pn/ P i) dB = 101og(Piv/Pi)- The ge- 
ometry considered next is somewhat different than in the previous section: 
Pext = 17.3 mm, Pint = 9 mm, L = 10.4 mm and d — 1.4 mm. This choice 
of parameters was determined by the need to increase the internal radius of 
the structure while at the same time maintain the group velocity relatively 
low. The phase advance per cell was chosen to be 120° at 9 GHz which is the 
resonant frequency with a 1 MeV electron. 
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Figure 6.4 illustrates the power emitted by a dipole oscillating at 9 GHz 
as its location is varied along the structure, for two different geometries. The 
upper frame represents the case we showed previously to be the optimal from 
the point of view of feeding the system; namely, minimum distance between 
the arms and adjacent cavities (^in = ^^out = 1mm). In the lower frame the 
separation of the input arm is ^in = gi = 5 mm. There are several features 
which should be emphasized. Firstly, for the upper frame there is a clear pat- 
tern of larger emission when the dipole is in the cavity compared to the case 
when it oscillates in the drift region between two cavities. Secondly, compar- 
ing the power in the output arm with that in the input arm for the upper case 
we observe that both are of the same order of magnitude. Thirdly, breaking 
the symmetry of the system (^in = 5 mm), causes a preferred direction of 
emission towards the output (since the input is “blocked”) as indicated in 
the lower frame. Note that although the dipole current is the same, the peak 
power is larger. In addition, the clear pattern of maximum power obtained 
when the dipole is in the cavity (see Fig. 6.4, upper frame) is not as clear in 
the case shown in the lower frame of Fig. 6.4. 

Another case of interest is to examine the effect of the length of the drift 
regions between two adjacent cavities. We increased the distance between the 
third and the fourth cavity from 9 mm to = 20 mm. The effect is illustrated 
in the upper frame of Fig. 6.5, and the lower frame shows the case when 
gs = 20 mm. After examining the previous case the results are intuitive: in 
the first part of the structure the emission is primarily towards the input arm 
whereas in the second part, practically all the radiation is emitted through the 
output arm. It should be mentioned that since the current density is imposed, 
the emitted power is a direct measure of the longitudinal component of the 
electric field in the structure. As such, we observe that the main difference 
between the upper and lower frame is the field pattern - directly associated 
with the change in the geometry. We shall return later to this geometry since 
it can simulate the operation of a two stage traveling-wave structure or a 
klystron with a traveling- wave output. 



6.2.3 Distributed Current Density 

In a uniform section of a traveling-wave amplifier the modulation amplitude 
grows exponentially. In this subsection we shall calculate the electromagnetic 
field generated when imposing a current density which is similar to that which 
develops in the interaction process in a traveling-wave amplifier. The current 
density is given by 

Jz{r, z; u) = Joe~^^^h{Rh - r ) ; (6.2.22) 

A" is a complex wavenumber which represents the phase advance and the 
amplitude variation. According to (6.2.13) the source term is given by 
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Fig. 6.4. Power emitted by the dipole as a function of its location in two different 
geometries which differ only by the distance of the first cavity from the input arm 



JoA^O ^int ^l(PsRh/ Rint) 

^ ^int ^ y/pl - Jl(Ps) 



X 




pZn~\~dnl^ Ay! , 

dze-^Kz f ^^-r.\z-z'\ 

J Zrt 



fZn-d, 



:n/2 



Changing the order of integration we have 



( 6 . 2 . 23 ) 



1 

R'mt 




Aze • • • 



dn 



rZn-i-dnf2 1 

/ ^^'w~ 

Jzn-dnf2 ^int 







( 6 . 2 . 24 ) 



thus 
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Zc/d 




Zc 



Fig. 6.5. Power emitted by the dipole as a function of its location in two different 
geometries which differ in the distance between the third and fourth groove (top) 
and second and third groove (bottom) 



Sn = 2 



-^int 

a i?b 



Ji (jps^h/ Rjnt) sinc(i^dn/2) 

^ JiCp«) pi - 



( 6 . 2 . 25 ) 



According to the coefficient in this expression we define the normalization 
factor a = 2JofioRhRmt which entails that Dn = Dn/a and §n = Sn/a. With 
these quantities the normalized average emitted power reads 









16 dj/ Rint 
7t 2 i?b 



alD,(a)f. 



( 6 . 2 . 26 ) 
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In order to describe phenomenologically the saturation effect we can consider 
a current density function which has the form 

Mr,z-,uj) = Ml - - r ) ; (6.2.27) 

Usat 



in which case 



int 

a Rh 

^liPsRh/ Rint) 



(6.2.28) 



,_1 ^ 

'^^dse.tdK 



sinc{Kdn/2) 

p2 - 



Next we examine quantitatively the radiation emitted at 9 GHz by the 
current distribution in (6.2.27) for the following parameters: dgat = l-3dtot, 
K = 0.bKo{l jy/S) -\-uj/cf3^ (3 = 0.94, Kq = 80m“^ and dtot is the total 
length of the system. The total power emitted by this current distribution 
when in a uniform structure is Ptot = 54.9 dB (see definition in previous sec- 
tion), and most of this power is emitted forward due to the spatial phase cor- 
relation and the varying amplitude. The asymmetry associated with the cur- 
rent distribution is Pjsf/P\ = 8.6 dB. As in the first section, we now increase 
the volume of the last cavity by increasing the width of the cell dio = 5 mm. 
Its separation from the previous cavity remains the same {gg = 9 mm). Fig- 
ure 6.6 illustrates the total power and the arms power ratio as the external 
radius of the 10th cavity is varied. It is evident from this figure the resonant 
character of the structure. 




Fig. 6.6. Power emitted by 
the dipole as a function of 
the external radius of the last 
cavity 
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6.3 Beam- Wave Interaction: 

Hydrodynamic Approximation 

In the previous subsection the current density was imposed and the effect of 
saturation was included phenomenologically. At this point we shall extend 
our investigation to a self-consistent solution of the current density and the 
electromagnetic field in the framework of the (linear) hydrodynamic approx- 
imation. This will permit us to investigate the propagation of space-charge 
waves in quasi-periodic structures. 



6.3.1 Definition of the Model 



In the framework of this model, the beam is considered to be an active linear 
medium which satisfies 



Jz{r,k\u) = -juso 






{uj - kvoY 



Ez{r, k;u ) , 



(6.3.1) 



namely, it is considered to be a fluid. The relativistic plasma frequency is 
defined as 



2 ^ rjoel 1 
mc^ 7ri?^ /?7^ 



(6.3.2) 



With (6.3.1) and the definition of the longitudinal electric field in terms of 
Az [ i.e., Ez = —ju)Az A j{ck)‘^Az/uj]^ the non-homogeneous wave equation 
for the magnetic vector potential 







Az{r,z,uj) = -/ioJ^(r,2,o;), 



(6.3.3) 



becomes homogeneous and its solution (for a pencil beam) reads 



Az{r,z;cu 




dkA{k)e~^^no{Ar) , 



(6.3.4) 



with 



1 - 






(u) - kvoY 



(6.3.5) 



The longitudinal electric field and the azimuthal magnetic field read 

^2 poo 

E,{r, z;u) = -— dkr^Aik)e-^'^no(Ar) , 

J-oo 
1 r°° 

H^r, z;oj) = / difc^^(A:)e--^*^^Ii(ylr) . 

Mo J-oo 



(6.3.6) 
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In the gap between the beam and the metallic surface {R^ < r < Rint) 
the solution of the magnetic vector potential reads 

/ oo 

dA; [B(A:)Io(rr) + C(fc)Ko(rr)] , (6.3.7) 

-OO 

and correspondingly, the field components relevant for the boundary condi- 
tion problem are 

^2 poo 

E,{r, z,u>) = -^ dkr^ [Bik)lo(rr) + C(fc)Ko{rr)] , 

J-oo 

1 f°° 

HJr, z,u>) = / dkr lB(k}h(rr) - C(k)Ki(rr)] . (6.3.8) 

Mo J-oo 



Continuity of these two components at r = i2b implies 

1 B{k)loiK) + C{k)KoiK) _ lIo(M 
rB{k)h(K)-C(k)KiiK) Ah{b^) ’ 



where 5b = and = PR^ (subscript v stands for vacuum and subscript 
b for beam). This expression determines the relation between B{k) and C{k): 



= ^ = Mo(bb)Ii(frv)-Mi(bb)Io(by) 

^ ” B{k) 6vIo(&b)Ki(6v) + 5bIi(6b)Ko(5v) * 



(6.3.10) 



It is now convenient to extract B{k) from the brackets of (6.3.T-8) and define 
the radial functions: 



Io{k,r) = lo(rr) + g{k)Ko(rr) , 

h{k,r) = h{Pr) - g{k)Ki{rr ) . (6.3.11) 



These can be considered generalizations of the modified Bessel functions we 
used in the homogeneous case therefore the magnetic vector potential and 
the field components relevant to the boundary condition problem are given 
by 

/ oo 

dkB{k)Io{k,r)e-^'‘^ , 

-OO 

^2 poo 

E^(r, z,Lj) = -— / dkr^B(k)Io{k, , 

3^ J-oo 
1 /-OO 

HJr,z,Lj) = / dkrB{k)h{k,r)e-^'‘^ . (6.3.12) 

Mo J-oo 

In the grooves and arms the functional form of the solution is identical 
with that established in Sect. 6.1. Therefore the formulation now is similar 
to the case when no beam is present and we can use the formal result we 
presented in Sect. 6.1 namely 
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N 

m=l 



(6.3.13) 



where 

'^n,m ~ '^l,n^n,m '0O,mXn,m j (6.3.14) 

Sn = -B.^^\a)6n,lAin + E^^\a)Xn,lAin, (6.3.15) 

and 



X.n,m 



27T 



/ 



/l (fc, iZint) 



dfc 

oo ^-^o(^ 5 -^int) 



Cl{k)Cm{k). 



(6.3.16) 



The only difference is that the modified Bessel functions (Iq and Ii) were 
replaced by the generalized counterparts Jq and I\ defined in (6.3.11). 



6.3.2 Evaluation of Green’s Function 



As in the first section we express the elements of the matrix x terms of 
analytic functions. Our first step is to substitute the explicit expressions for 
Cn{k); the result is 



Xn,m 



dma 1 

2tT dm Jzm-d„,/2 dn 



L 



Zn-^dnl2 



dX2 



Zn dn /2 



X 




j;, ik(xi-X2) 

Alo{k,Rmt) 



(6.3.17) 



It is convenient to define the following Green’s function 



G{Xi\X2) = 



— /”°° difc— 

27 t y_oo AIo{k,Rmt) 



(6.3.18) 



hence 

^ /‘^m+dm/2 ^ pZn-^-dnf"^ 

Xn,m=^ / / dX2G(xi\x2). (6.3.19) 

J Zm— dm Jzn-dnl2 



If in the previous sections we evaluated Green’s function G using a “simple” 
set of poles which were the zeros of Io(-^), in this case we have to examine 
the poles of 



^ _ g Ii{k,Rint) 
AIoik,Rint)' 



(6.3.20) 



For the sake of simplicity we consider the case when the beam fills the entire 
waveguide i.e., Rb = Riat> in which case 
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^ bhjb) 

AAlo{b)^ 



(6.3.21) 



where b = AR\nt- The poles of this expression correspond to the zeros of the 
dispersion relation of a waveguide filled with a beam. Since it was shown in 
Chap. 3 that in a cylindrical waveguide the electromagnetic modes and the 
space-charge modes are essentially “decoupled” , we shall determine the poles 
accordingly. In other words the expression for G is a superposition of the 
electromagnetic and space-charge modes 



G = Gem + Gsc • (6.3.22) 

The contribution of the electromagnetic modes is determined by ignoring 
the presence of the beam (cjp = 0) and it is practically identical with what 
was found in Sects. 6.1-2. Using (6.1.14) we have 

oo f 7^ “ Q-rsdn/2 smhc{rsdn/2)] n = m, 

(EM) ^ ^ J 

^ I ^e-^^^^^-^^^smhc{rsdn/2)smhc{rsdrn/2) 

^ otherwise . 

(6.3.23) 

Next the contribution of the space-charge waves will be evaluated. As in the 
empty case, we consider the pole around b = jps , namely 
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accordingly, Green’s function for the space-charge waves reads 
oo 7^2 

Gsc = - ^ 77 7 ^ 2 “ > 

(A: - u>/voy - Kl, 

where 
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and = Psl(3/ct. The next step is to evaluate Green’s function 

Kijm r°° _ e^'fc(xi-X2) 
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(fc - w/uo)2 - 



(6.3.24) 

(6.3.25) 

(6.3.26) 

(6.3.27) 

(6.3.28) 



After adequate change of variables the latter reads 
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oo 

Gsc(a:i|x2) = 

S=1 



27T 



gjw(a:i-X2)/-uo 




dA: 



Qjk{xi—X2) 



(6.3.29) 



The last integral is identical (except for the fact that the pole is real) to 
that in (6.1.13); however, for its evaluation we have to be more careful since 
contrary to the electromagnetic waves, the space-charge modes propagate 
only along the beam. Therefore, we may expect the integral in (6.3.29) to 
be identically zero for > X 2 otherwise the solution would indicate a wave 
propagating against the beam. In order to solve the integral it is convenient 
to follow the same approach as in Sect. 6.1. The function 



gs{xi\x2) = j 



OO fJk{xi-X2) 
oo ^ 



is defined and it can be shown to satisfy 

g{sXi\X2) = -2 ‘k8{xi - X 2 ) . 









(6.3.30) 



(6.3.31) 



In the case of the space-charge waves we know that there exist two waves 
thus the solution reads 



9s{xi\x2) 



Ae ^ 2 ) _|_ ^ojKp^sixi X2) < x 2 ^ 



0 



for xi > X 2 . (6.3.32) 



These solutions are continuous at = X 2 whereas their derivatives as deter- 
mined by integrating (6.3.31) are discontinuous at the same location. This 
ultimately implies that 



9s{xi\x 2) = -^^sm[Kp^s{xi - X 2 )]h{x 2 - Xi) . 

XVo 



(6.3.33) 



p,s 



The contribution of the space-charge waves to the x matrix can now be 
formulated as 

•” K,.. 

X sin[Xp,s(xi - X2)]h{x2 - xi) . (6.3.34) 

In the evaluation of these integrals we take advantage of the fact that for 
xi> X 2 the integrand is zero which means that if m > n then 

^(SC) = 0. 

Diagonal terms (n = m) of the matrix are given by 



(6.3.35) 
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oo t^2 j 
^(SC) ^ ^ 

Xn,n AT^ 

3^1 






(1 _ e sinc(^s,n,+)) 



- 7"— (l - e sinc(^s,„ _)) , 

ss,n,- 



(6.3.36) 



where ^«,n,± = \in {^ and the off-diagonal non-zero terms (n > m) 
are 






v(sc) = _ V : 



+E 



iKlsdm 

2Kp,s 



]^^-i(z.-zMvo-K,,.) sinc(^,,„,_) sinc(6, „»,-)] • 



(6.3.37) 



Finally, the x matrix is the superposition of the electromagnetic term x^^^^ 
defined in (6.3.23) and the space-charge term x^^^^ defined in (6.3.35-37), 
i.e.. 



V = -f 

A,n,m An,m ~ 



v(SC) 

An.m 



(6.3.38) 



The sine function in the x matrix implies that this method is a hybrid of local 
beam-gap interaction as in a klystron where the cavities are electromagneti- 
cally decoupled and distributed beam- wave interaction as in a traveling- wave 
structure where the cavities are electromagnetically coupled. In the examples 
presented below, the finite size of the beam is accounted for by introducing 
the filling factor 



-^int \ lf(ai?b/i?int7/3) 

) l\{ahp) ’ 



(6.3.39) 



which represents the actual overlap of the beam with the wave and it multi- 
plies the plasma frequency term (cjp x Ff). 



6.3.3 Transmission and Reflection 

In the remainder of this section we present a few results from simula- 
tions which use this method. The system used is identical with the one in 
Sect. 6.2.3. A IMV, IkA beam is propagating through the structure and the 
wave injected in the system is assumed to be of sufficiently low power such 
that the system operates in the linear regime. A frequency scan of a symmet- 
ric (^in = ^out = 1 nim) system is illustrated in Fig. 6.7. The gain, defined as 
the power at the output divided by the power injected in the input arm, has a 
maximum at 9.0 GHz as designed. Another peak is close to the 7r-point and it 
occurs at 9.06 GHz. Note that the gain is relatively low - about 16 dB - and 
this is also the ratio (in dB) between the power in the output arm compared 
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Fig. 6.7. Gain and power 
in a uniform structure with 
1 mm separation between 
each arm and their adjacent 
cavities 



to the input arm. For comparison, a Pierce like analysis predicts a growth 
rate of the order of 2.5dB/cm which in a 10 cm long structure corresponds 
to a net gain of approximately 15 dB. 




Fig. 6.8. Gain and power in 
a uniform structure with 
5 mm separation between the 
input arm and its adjacent 
cavity 



The next stage is to break the symmetry of the system by increasing the 
distance between the input arm and the first cavity. By doing so both the 
gain and the arms power ratio jumped to 24 dB (see Fig. 6.8). By increasing 
the distance between the second and the third cavity to 20mm (see Fig. 6.9) 
we were able to obtain a similar gain at the required frequency and mini- 
mize somewhat the eflFect of the higher frequency peak (9.06 GHz). If instead 
we changed the distance between the third and the fourth cavity, the gain 
dropped below 20 dB. With the former result in mind, we increased the ra- 
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Fig. 6.9. Gain and power in 
a structure with 2 cm drift 
region between the second 
and third groove 



dius of the last cavity to i2ext,io = 32 mm and its width to dio = 5 mm. The 
gain as a function of the separation from the 9th cavity was found to have 
an optimum for ^9 = 11 mm. 

Next we considered the separation between the second and the third cavity 
and varied it in order to obtain maximum gain. According to the classical 
klystron theory we would expect the maximum to occur around A^/4 which 
in our case is roughly 4.6 cm. Figure 6.10 illustrates the gain and the arms 
power ratio for gs = 50 mm. In this case the gain approaches 40 dB. Finally, 
for the same geometry we calculated the gain as a function of the (normalized) 
average velocity of the electrons at the input. Figure 6.11 presents this gain 
and we observe that the gain may actually exceed the 40 dB level. 




Fig. 6.10. Gain and power 
in a structure with 
gs = 50 mm, gg = 11mm, 
dio = 5 mm and i?ext,io = 
32 mm 
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Before we conclude this section we wish to emphasize the important steps 
and the main differences of the method presented here. When no beam is 
injected, the poles (which determine Green’s function) correspond to the 
electromagnetic modes in a cylindrical waveguide. In the presence of the 
beam, there is an additional set of poles which correspond to the space- 
charge waves “family”. Contrary to the electromagnetic modes, which can 
propagate in both directions, the space-charge waves propagate only along 
the beam (forwards). This fact has been addressed in the evaluation of the 
integrals. It is also important to point out that all poles are real (both elec- 
tromagnetic and space-charge) as they all correspond to the eigen-modes in a 
cylindrical waveguide. Consequently the gain in the system is a result of the 
coupling between all these modes introduced by the cavities and arms - as in 
a klystron. This is different from the regular approach of beam- wave inter- 
action in traveling-wave structures where the analysis relies strongly on the 
periodicity of the structure and the poles (eigen-wavenumbers) are complex 
- see Chap. 4. 




P 



Fig. 6.11. Gain as a function of 
the beam velocity. The geometric 
parameters are identical with these 
in Fig. 6.10 



6.4 Macro-Particle Approach 

The investigation of beam-wave interaction in quasi-periodic structures was 
motivated by the large geometry variations required to obtain high efficiency. 
The latter in turn implies substantial variation in the kinetic energy of indi- 
vidual electrons from the ensemble average value. Consequently, the beam- 
wave interaction is investigated here in the framework of the macro-particle 
approach. Another issue addressed in this section is how one can design and 
analyze quasi-periodic structures when quantities like phase velocity, group 
velocity and interaction impedance are not well defined since there is an en- 
tire (spatial) spectrum of waves that the electrons interact with. To be more 
specific, in a periodic structure, for a given frequency, there is a single in- 
teracting wave (harmonic), and the interaction impedance is well defined. 
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Fig. 6.12. A set of coupled pill-box cavities 
and an output arm model a quasi-periodic 
output structure 



The question addressed here regards the analog in the case when substantial 
geometry variations occur. 

It is shown that the interaction is controlled by a matrix interaction 
impedance^ which is a generalization of the scalar interaction impedance con- 
cept, introduced for periodic structures. Its definition is possible after defining 
a set of functions which are characteristic to each aperture. The number of 
functions is determined by the number of apertures and number of modes 
which represent, at the required accuracy, the electromagnetic field in the 
grooves and arms. Each function has its peak at a different aperture but they 
are not necessarily orthogonal. The matrix interaction impedance is closely 
related to Green’s function of the system in the representation of this set of 
functions. After we establish the basic formalism we illustrate the design and 
analysis of a high efficiency (70%) traveling-wave section, including space- 
charge effects. 

6.4.1 Definition of the Model 

A schematic of the system is presented in Fig. 6.12. It consists of a cylindrical 
waveguide of radius i?int to which an arbitrary number of pill-box cavities 
and one output arm, are attached; all the geometric definitions are like those 
in Sect. 6.1 with only one difference, there is only a single (output) arm. 
The system is driven by a modulated beam which is guided by a very strong 
( “infinite” ) magnetic field thus the motion of the electrons is confined to the 
2 : direction. Consequently, in the inner cylinder (0 < r < i?int) the only non- 
zero component of the current density is in this direction i.e., J(r, 2 ;t) = 
Jz{t^ z\t)lz and it is given by 

Jz(r,z;t) = -e'^Vi{t)S[z- Zi{t)]-^6[r-ri{t)]. (6.4.1) 

i 

In this expression ri{t) and Zi{t) is the location of the ith particle at time t 
and subject to the assumptions above ri{t) = ri(0). 
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The operation of the system as an amplifier, dictates a single frequency 
operation, thus the time dependence of all electromagnetic field components 
is assumed to be sinusoidal this tacitly implies that all the transients 

associated with the front of the beam have decayed and for a particular phase- 
space distribution of electrons, the system can reach steady state. According 
to the assumptions above, the time Fourier transform of the current density 
is 

Jz{r,z;u) = f (6.4.2) 

T = 27t/u; is the period of the wave. Last expression can be simplified if no 
electrons are refiected. For this purpose we denote by Ti{z) the time it takes 
the particle to reach the point 2 ; in the interaction region and by Vi{z) the 
velocity of the particle at 2 ;; the two are related through 

Ti(z) = Ti(0) + f dC-i^ ; (6.4.3) 

Jo MQ 

Ti(0) is the time the particle reaches the z = 0 point chosen to be in the 
center of the first aperture. Using these definitions the integral in (6.4.2) can 
be evaluated analytically and the result is 

Jzir.z-^cj) = ^ - r,(0)] . (6.4.4) 

i 

The summation is over all electrons (Nq) present in one time period of the 
wave and I = cNq/T is the average current. It is convenient to average 
over the transverse direction thus by denoting the beam radius by iib and 
assuming that the electrons are uniformly distributed on the beam cross- 
section we find that 

= drrJ^{r,z;u>) = , (6.4.5) 

where (• • •) = Nq^ * * *• Finally, subject to the previous assumptions, the 
current density distribution reads 

J,(r, z;a>) = - r) , (6.4.6) 

where h{x) is the Heavyside step function, and in what follows, is 

referred to as the normalized current density. 

The longitudinal electric field averaged over the beam cross-section i.e., 

2 

E{z) = ^ drrEz(r,z-,u}), 



(6.4.7) 
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determines the dynamics of the particles via the single particle equation of 
motion which in our case coincides with the single particle energy conserva- 
tion 

m is the rest mass of the electron. In the next subsection we shall determine 
the relation between the longitudinal electric field (averaged over the beam 
cross-section, (6.4.7)) and the current density (6.4.6). 



6.4.2 Evaluation of Green’s Function 



A magnetic vector potential excited by the current distribution introduced 
above, satisfies 







-t^oJz{r,z-,w) , 



(6.4.9) 



in the cylindrical waveguide and 




Az{r,z;u)) = 0, 



(6.4.10) 



in the grooves and output arm; in both cases the Lorentz gauge was tacitly 
assumed. The solution of the magnetic vector potential in the first region 
(0 < 7* < i?int) reads 

pRh poo 

Az{r,z-,(jj) =2TTfjLQ dr'r' dz'Gu,{r,z\r',z')Jz(r',z';u) 

Jo J — oo 



/ oo 

dkA{k)e-^'^noirr) . (6.4.11) 

-OO 



where — (o;/c)^, Gu}{r,z\r' ,z') is the vacuum Green’s function: 

/ oo 

dfce-J''(--^')5^,fc(r|r'), (6.4.12) 

-OO 



and 



5 u;,fc(r|r') 



1 

(27t)2 



Io(rr)Ko(rr') for 0 < r < r' , 
Ko(rr)Io(rr') for r' < r < oo . 



(6.4.13) 



Io(x) and Ko(a:) are the zero order modified Bessel function of the first and 
second kind correspondingly. Due to the azimuthal symmetry of the current 
distribution and the metallic structure, only symmetric transverse magnetic 
(TM) modes have been considered. 
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In the grooves the electromagnetic field should be represented by a su- 
perposition of modes which satisfy the boundary conditions on the metallic 
walls. However, for the same reasons presented in Sect. 6.1, it is sufficient 
to consider only the first mode in the grooves. Within the framework of this 
approximation we can write 

A^{r,z;uj) = D„To,„ (^r) , (6.4.14) 

for the magnetic vector potential in the grooves, where Dn is the amplitude 
of the magnetic vector potential and To,n(^^) was defined in the context of 
(6.1.3). In the output arm, the magnetic vector potential reads 

A,{r,z-,uj) = (^r) , (6.4.15) 

and (x) is the zero order Hankel function of the second kind. This func- 
tional form is dictated by the boundary conditions which in this case assume 
no reflected wave along the output arm. 

In order to determine the various amplitudes we next impose the boundary 
conditions following the same procedure as in the previous sections. Prom the 
condition of continuity of the longitudinal electric field we can conclude that 

1 2 ^ 

A{k)lo{A) + B{k)Ko{A) = Dni^o,nd„Cn{k) , (6.4.16) 

n=l 

where a = uRint/c is the normalized angular frequency, A = FRint is the 
normalized wave number in the radial direction, £n(^) was defined in (6.1.6) 
and is the normalized spatial Fourier transform of the first mode amplitude 
(whose amplitude is constant) in the domain of the nth aperture. The function 

( Hl^\a) n^N, 

ir,,„(a) n^N, (6.4.17) 

determined at the internal radius and nth aperture; ia{= 0, 1) is the order of 
the function. In addition, Zn is the location of the center of the nth groove 
or arm and dn is the corresponding width. 

Imposing the continuity of the tangential magnetic field at each aperture 
(grooves and arm) we find 

1 

Dni^i^n = -- dk [A{k)h{A) - B{k)Ki{A)] AC*M • (6.4.18) 

^ J —oo 

In these expressions 

II / 

B{k) = ^ drVlo(rr') / J,(r',z',w), 

47 T Jq J-oo 



(6.4.19) 
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is the spatial Fourier transform of the current density averaged over the 
transverse direction with a weighting function which is proportional to the 
longitudinal electric field. 

It is now convenient to substitute (6.4.16) in (6.4.18) in order to represent 
the entire electromagnetic problem in terms of the amplitudes of the mode 
in the grooves and output arm i.e., 

N 

^ ^ ~ Sn • (6.4.20) 

m—1 

The source term 

’ (6.4.21) 

is proportional to the average current and the Fourier transform of the nor- 
malized current density: 

1 

an = . (6.4.22) 

■^int J —oo 

The Fourier transform is with respect to a function 



fn{z) = ^ 

S=1 



PsP^ s 

J 1 {Ps) 






(6.4.23) 



which is associated with the nth aperture. In particular, if all the modes in 
the inner cylinder (index s) are below cutoff, this function peaks in the center 
of the aperture; ps are the zeros of the zero order Bessel function of the first 
kind i.e., JoiPs) = 0. The function fn{z) is the product of two components, 

1 pZn-hdnf2 

a,,n(z) = (6.4.24) 

“n Jzn-dnll 



-r.\z-zr.\ sinhc(r^d„/2) 



for \z - Zn\ > dn/2 



1 — e COSh{ra{z — Zn)) 



/Tsdn 



for \z — Zn\ < dn/2 , 



is the projection of Green’s function (s— mode) on the nth aperture; = 
pI — a^. The other component is the discrete spectrum filling factor, Fs = 
2Jl (P«.f^b/ F.'mt)/ iPsRh/ .f^int)' To determine the amplitudes in (6.4.20) one 
has to multiply the source term by the inverse of the matrix r defined by 

'^n,m — ~~ '0O,mXn,m • (6.4.25) 

In this expression Xn,m was defined in (6.1.11), simplified in Sect. 6.1.2 and 
expressed in terms of analytic functions in (6.1.14). The electromagnetic prob- 
lem has now been simplified to the inversion of a matrix whose components 
are analytic functions without a-priori assumption on the form of the elec- 
tromagnetic field. 
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6.4.3 The Governing Equations 



The motion of the electrons is determined by the longitudinal electric field 
averaged over the beam cross-section [E{z)\ as defined in (6.4.7). In this sub- 
section we shall use (6.4.20) to simplify the relation between the normalized 
current density and E{z). The longitudinal component of the electric field is 
related to the magnetic vector potential by 



E^{r,z\oj) 



(? up' 

ju! _ P dz^ _ 






(6.4.26) 



which after substituting (6.4.9) reads 



E^{r,z\w) = 






j , . \dd 

-fJ'oJz{r,z;Lj) —r—A^{r,z;Lj) 

r or or 



(6.4.27) 



Thus according to the definition of the effective electric field in (6.4.7), we 
have 



2 

E{z) = - — 

3 ^ V zib 






J r—R^ 



(6.4.28) 



At this stage, we substitute the explicit expression for the magnetic vector 
potential in (6.4.11) and the result has two contributions: the space-charge 
term 



I poo I 

Esc{z) = - -7— / dz'J(z')— / dfc( 

JLOEq j _oo J —CO 



-jk{z-z') 



1 - 2^^ (Io(4)Ki(Zi6) + Ko(zi)Ii(2i6)) 



lo(^) 

and the “pure” electromagnetic term 



(6.4.29) 



/ OO "j ^ 

dk e-^''"=^F(fc) Y' DndnCn{k)i^O,n , (6.4. 

-OO Io(^j “ 



30) 



where F{k) = 2li{Ab)/Ab is the (continuous spectrum) filling factor and 

Ab = rR\y. 

It can be seen that the grooves have no explicit effect on the space-charge 
term and we shall next take advantage of this fact to simplify (6.4.29). In 
order to evaluate the space-charge contribution in a uniform waveguide we 
start from Green’s function associated with TMqs modes in a cylindrical 
waveguide (2.4.34) and using the same method as in (6.4.26-28) we obtain 



E{z) 



-1 



J(^So [ 

OO 

xE 




-rAz-z'\ ^ / 2Ji(psJ?b/.Rint) 
2Z1, V hiPs) 




(6.4.31) 




266 6. Quasi-periodic Structures 



which can be simplified if all electromagnetic modes are below cutoff and 
in particular, for the case when the current density \J{z)\ varies much more 
slowly than I. Subject to these assumptions, we can assume that the 

main contribution to the integral is from the region z = z' and therefore J{z) 
can be extracted from the integral. The result in this case reads 



E{z) = 



^( h(PsRhlRint) \ 

AshijPs) ) 



or 



Esc{z',^o) = ^scJ(z), 

where the space-charge coefficient ^sc is given by 



^sc = 1 - 



s=l *- 



Jl iPs^hj -^int) 
AsJliPs) 



t2 



(6.4.32) 



(6.4.33) 



(6.4.34) 



and is an approximation to the plasma frequency reduction factor. 

It is possible to simplify the electromagnetic term by substituting the 
explicit expression for Cn{k) and using the Cauchy residue theorem. The 
result reads 



-E’em(^) = ^ fn(z) 

^int — 



n=l 



■ N 

E 

.771=1 






(6.4.35) 



where 

and it can be considered as a “discrete” Green function of the system since 
am is the Fourier transform of the normalized current density with respect 
to the function /m(C)* 

Now that the relation between the effective electric field acting on the 
particles and the current density has been established. 



E{z) = Esc{z) + Eem{z) , 



(6.4.37) 



we proceed to analysis of the beam-wave interaction. Substituting this 
effective field in the single particle energy conservation, defining fsc = 
^sc (^int/^b)^ and I = pole/mc^, we obtain 



dz 2Rint ^ 






-j(jJTu{z 






N 1 

+ %i,mQ'mfn{z) + C.C.| . (6.4.38) 



Th X 
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This is an integro-differential equation which describes the dynamics of the 
electrons. In order to determine 7 ^ at any given location it is necessary to 
know the Fourier transform of the normalized current density, an, which in 
turn requires to know the trajectories of all particles over the entire interac- 
tion region, as indicated in (6.4.22). 

Before we proceed to actually presenting a solution of this set of equations 
it is important to make two comments which are evident from (6.4.38) and 
our prior definitions: 

(i) Global energy conservation implies 

1 - ^ 

{lfi{ ~ 2 “^ ^ ^ , (6.4.39) 

n,m=l 

where 

^n,7n = 2 1 (6.4.40) 

is the interaction impedance matrix. This expression implies that in case 
of non-adiabatic changes from periodicity, as is the case in quasi-periodic 
structures, we can no longer refer to the interaction impedance as a scalar 
(and local) quantity but rather as a matrix and the interaction at a given 
location is affected by the geometry elsewhere. Furthermore, since the left- 
hand side of the global energy conservation [(6.4.39)] is proportional to the 
overall efficiency, it is evident that the latter is controlled by the interaction 
impedance matrix. In the example presented next, it will be shown that it is 
the largest eigen-value of this matrix which determines the efficiency of the 
interaction. 

(a) The space-charge term has no explicit effect on the global energy con- 
servation. Furthermore, in the case of a very peaked distribution (e.g., single 
macro-particle) it has no effect on the equations of motion. 

In order to solve the integro-differential equation in (6.4.38) for a large 
number of macro-particles (more than 30,000 were used), an iterative way was 
chosen. Typically a simple distribution is assumed, enabling the calculation 
of the zero iteration, an^\ With this quantity, the trajectories of all particles 
are calculated and in parallel, the “new” an ^ is evaluated; at the end of the 
iteration the two an’s are compared. If the relative error is less than 1 % 
the simulation is terminated. Otherwise we calculate the equations of motion 
again but this time using an ^ to determine the dynamics of the particles and 
calculate in parallel an. If the energy spread of the electrons at the input is 
not too large, then 3-4 iterations are sufficient for convergence. 

Consider now a modulated beam which drives an output structure. The 
initial energy of the electrons is 850 keV and the structure should extract 70% 
of their kinetic energy; for the zero order design let us assume that in the 
interaction region there is only a single macro-particle at a time. Furthermore, 
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the disk thickness is taken to be 1mm in order to ensure maximum group 
velocity. For the same reason the phase advance per cell is taken to be 90® . 
For the preliminary design a single macro-particle in one period of the wave 
and its velocity in the interaction region is assumed to satisfy 

v{z) = t^(0)/(l 4- qz ) ; (6.4.41) 

q and the total interaction length dtot are determined from the required ef- 
ficiency and the condition that no two bunches will be present in the inter- 
action region at a time. For simplicity, we also assume that the internal and 
external radius are the same in all cells. Their value is determined by maxi- 
mizing the largest eigen-value of the interaction impedance matrix at 9 GHz 
- as illustrated in Fig. 6.13 where i?int = 9 mm and i?ext = 16.47 mm; the 
other geometrical parameters are d\ = 6.5 mm, d 2 = 6.0 mm, da = 5.7 mm 
and ^4 = 5.4 mm. Overlaid is also the efficiency assuming a single macro- 
particle injected into the system in one period of the wave. The dynamics of 
the particle is calculated numerically [(6.4.38)]. 




Fig. 6.13. The largest eigen- value of the inter- 
action impedance and the efficiency as a func- 
tion of the frequency using the resonant parti- 
cle model 



Figure 6.14 indicates that the efficiency of the electromagnetic energy 
conversion is strongly dependent on the phase-space distribution at the input; 
the phase here is defined as Xt(^) = For a perfectly bunched beam 

the efficiency is as designed (for I = 300A). However, as the initial phase 
distribution increases to —45° < x(6) < 45° the efficiency drops to 45% 
and to 25% for —90° < x(0) < 90°. It drops to virtually zero for a uniform 
distribution. 

An interesting feature is revealed in Fig. 6.15 where we present the vari- 
ation in space of the efficiency for two initial distributions: — 9° < x(0) < 9° 
and —90° < x(0) < 90°. We observe that the general pattern is virtually 
identical in both cases and only the spatial growth rate is smaller. The re- 
duced efficiency is a result of energy transferred back to electrons which are 
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X(0) 



Fig. 6.14. The efficiency as a function of the mod- 
ulation angle i.e., the fraction of wavelength in de- 
grees occupied by electrons. The case x(0) = 180° 
corresponds to a uniform beam 




z / d 



z / d 



Fig. 6.15. The efficiency as a function of the location along the the interaction 
region for two different initially bunched beams 



actually accelerated as illustrated in Fig. 6.16; clearly in the narrower ini- 
tial phase-space distribution all the electrons are decelerated at the output, 
whereas in the case of broader distribution a substantial fraction of electrons 
is accelerated. 

Finally, the efficiency is illustrated in Fig. 6.17 as a function of the fre- 
quency for —15° < x(0) < 15° • The curve is virtually identical to that of the 
single ma cro-particle case (Fig. 6.14). Overlaid, we present the energy spread 
(^7 = \J ( 7 ^) — { 7 )^) at the output and we observe that up to a constant 
value, this quantity varies as the derivative of the efficiency with respect to 
the frequency. We shall discuss this effect in more detail with regard to the 
initial velocity of the electrons, in the next chapter in the context of Madey’s 
theorem. 
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Fig. 6.16. The phase-space plots for the two cases illustrated in Fig. 6.15 




Fig. 6.17. The efficiency and the energy spread 
at the output as a function of the frequency 



6.4.4 Qualitative Approach 

The approach presented above provides us with a convenient ID tool for 
calculating the dynamics of electrons in a quasi-periodic structure. Although 
this can be used as a design tool, it is usually convenient to apply more 
qualitative arguments for a zero order design which can be later improved 
with our model. Let us now follow such a qualitative argument. For this 
purpose, we shall assume an ideal bunch of electrons which carries a current 
I . The electrons are mono-energetic and they are initially accelerated by an 
initial voltage denoted by E. If we require an extraction efficiency r] in an 
interaction region of a length D then the average electric field experienced 
by the bunch is 
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(6.4.42) 



Batsed on the definition of the interaction impedance in (2.3.29) we conclude 
that the rf power in the system is 



Prf = 



2-^int 



(6.4.43) 



and the power carried by the beam is 



Pbeam — • (6.4.44) 

These two are related since we assumed an efficiency r] and energy conserva- 
tion implies 



Prf — 'nPheam • 



(6.4.45) 



From the expressions above we can determine the interaction impedance of 
the structure i.e., 




(6.4.46) 



and we observe that we should design the interaction impedance of the struc- 
ture in conjunction with the effective impedance of the beam {S/I). In order 
to have a feeling as for the values of the impedance consider S =0.85 MV, 
I =0.5 kA, J?int =12 mm, total interaction length D =2.75 cm and efficiency 
of rj =70%; for these parameters Zi^t = 213 fi. It should be pointed out that 
here we tacitly assumed that E is constant thus the dynamics of the particles 
in space is different than the one prescribed in (6.4.41) and is given by 

cEz 

7(2) = 7(0) - = 7(0)(1 - gz). (6.4.47) 



The length of the structure (D) and q can be determined exactly in the same 
way as prescribed at the end of the last subsection. Once D is determined and 
assuming that £ and I are known, then (6.4.46) provides us with a simple 
relation between the internal radius and the interaction impedance. If we have 
in mind the disk-loaded structure then this relation in conjunction with the 
expression for the interaction impedance in (5.2.32) determine one constraint 
on the geometry of the structure. Thus out of the four geometric parameters 
(i?int, i?ext, L and d in a periodic structure) we are left with three degrees of 
freedom. The resonance condition, the phase advance per cell and the group 
velocity (maximum gradient allowed) at resonance determine three additional 
constraints which in turn set the “local values” of these parameters. In other 
words, they roughly determine the geometry of the single cell which in turn is 
part of a quasi-periodic structure. Fine tuning of the design should be made 
following the approach in Sect (6.4.3). 
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Exercises 

6.1 Formulate the electromagnetic problem as in Sect. 6.1 but with three 
modes in each groove and arm. 

6.2 Formulate the electromagnetic problem as in Sect. 6.1 but for three arms 
which are not necessarily located at the ends of the structure. 

6.3 Formulate the electromagnetic problem as in Sect. 6.1 but for a rectan- 
gular waveguide. 

6.4 Formulate the electromagnetic problem as in Sect. 6.1 but for symmetric 
TE modes in a cylindrical waveguide. 

6.5 Formulate the beam-wave interaction problem as in Sect. 6.4 for more 
than one arm. 




7. Pree-Electron Laser 



In Chap. 1 we have shown that the interaction of electrons with an electro- 
magnetic wave is possible even when the phase velocity of the latter is larger 
than c, provided that there is a way to conserve simultaneously both energy 
and momentum. In a free-electron laser (FEL) this is facilitated by the pres- 
ence of a periodic magnetic field. In most cases the components of this field 
are transverse to the initial velocity of the electron. An electron injected in 
a periodic magnetic field (wiggler) oscillates and, as a result, it emits radia- 
tion. The highest frequency is emitted in the forward direction and in zero 
order it is determined by the periodicity of the wiggler, L, and the electron 
energy, 7. In Sect. 3.2.3 it was shown that for relativistic electrons (/? ~ 1) 
this frequency is given by a; ~ 27^(27 tc/L). 

To the best of our knowledge the first analysis of the motion of an electron 
in a wiggler of this kind was performed in the early thirties by Kapitza and 
Dirac (1933). The question raised was whether it would be possible to observe 
stimulated scattered radiation from electrons moving in an electromagnetic 
wave. For this purpose the authors considered a low energy beam of elec- 
trons injected in a standing wave region and they estimated the number of 
scattered electrons due to the stimulated radiation. In the early fifties Motz 
(1951) investigated the radiation emitted by electrons as they move in a wig- 
gler and later Phillips (1960) built the first coherent radiation source with a 
wiggler as its central component; it was called the Ubitron. In the late sixties 
Pantell (1968) suggested the same concept at much shorter wavelengths and 
Madey (1971) has proven that laser light can be amplified using this scheme 
but it was only later at Stanford that Elias et. al. (1976) demonstrated ex- 
perimentally the amplification of a 10.6 pm laser beam and since then the 
name - free electron laser. 

There are numerous books, review articles, proceedings and articles on 
free-electron lasers a small fraction of which will be mentioned in Sect. 7.5. 
However, for an introductory guide to the free-electron laser we find the 
article of Hasegawa (1978) as a good starting point. An excellent tutorial 
work on the theory of the free-electron laser is the article by Kroll, Morton 
and Rosenbluth (1981) which in fact inspired many of the topics presented in 
Sect. 7.4. An overview of the field is presented in an article by Roberson and 
Sprangle (1989) and among the books dedicated to FEL’s, Marshall (1985) 
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covers the basic theory and the early work done and more recently the book 
by Freund and Antonsen (1992) also covers advanced topics on free-electron 
lasers in addition to the basic theory. 

In this chapter we present what we conceive as the basics of free-electron 
lasers. Alternative schemes of energy conversion from free electrons are briefly 
described in the last part of this chapter. Speciflcally, in the first section we 
consider the spontaneous emission as an electron traverses an ideal wiggler. 
This is followed by the investigation of coherent interaction in the low-gain 
Compton regime. Section 7.3 deals with the high-gain Compton regime which 
includes cold and warm beam operation. The macro-particle approach is pre- 
sented in Sect. 7.4 and we conclude the chapter with a brief overview of the 
various alternative schemes of free-electron lasers. 



7.1 Spontaneous Radiation 

As an electron is injected into a periodic magnetic held it oscillates and emits 
spontaneous radiation. In this section we shall examine this process. For this 
purpose we consider a transverse periodic magnetic held which is uniform in 
the transverse direction - at least on the scale of the beam cross-section. This 
held can be derived from the following magnetic vector potential 

A-y/ •— A-w cos(/c-^-2) -f“ ly sin(/c-^,2^)j , (7.1.1) 

and is given by 

Bw — B-vv l^lx cos(/c ) -h ly sin(A:w^)] ; (7.1.2) 

the two amplitudes Aw and are related via Aw = where ky^ = 27 t/L 

is the wiggler’s wavenumber. An electron is injected along the 2 : axis and we 
examine its motion in the absence of any radiation field. The relativistic 
Hamiltonian which describes the motion of an electron in the presence of an 
electromagnetic fleld was developed in Sect. 3.1 [(3.1.15)] and it is given by 

H = eAw)^c2 + (mc2)2 

— (7.1.3) 

where collective effects are ignored and since no external voltage is applied, 
the electrostatic potential is taken as zero. In addition, no boundaries are 
involved. 

The canonical momentum p has two components: one which is parallel to 
the major velocity component of the electron and is denoted by py and the 
transverse one As indicated in Sect. 3.1, if the Hamiltonian is not explic- 
itly dependent on the transverse coordinates then the transverse canonical 
momentum is conserved (pj_ = const.). This canonical momentum has two 
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contributions, the kinetic and the electromagnetic i.e., = m^v± — eA±. 

Assuming that the electron is born outside the magnetic field and its ini- 
tial transverse motion is zero, we immediately conclude that p±_ = 0, which 
implies 

= — . (7.1.4) 

m'y 

We also observe that this Hamiltonian does not explicitly depend on time 
therefore, energy is conserved i.e.. 



7 = const. . 



(7.1.5) 



From the last two relations we can deduce the expressions which describe the 
motion of an electron in space, they read 

Vx{z) = COs(fcw^) , 



sin{kyjz) . 



Vz{z) = Vo- 



(7.1.6) 



It is evident from these expressions that the particle undergoes a helical 
motion whose amplitude is determined by the amplitude of the wiggler 
its wavenumber Ajw and the initial energy of the particle. This fact becomes 
clearer when realizing that in the x-y plane the particles undergo a circular 
motion as revealed by the first two equations of (7.1.6) which can be rewritten 



2 , 2 






(7.1.7) 



If we assume that the transverse motion is much slower than the longitudinal 
component we can assume that z c:=LV\\t and therefore, 

pA 1 

Y{t) . V-CO) + [cos(<r.»||l) - 1] . (7.1.8) 

This trajectory of the particle implies that it will interact naturally with a 
circularly polarized plane wave. However, before we consider the radiation 
emitted, it is instructive to make one more observation. The energy factor, 
7 , is defined by 



/1-/32-/32 



(7.1.9) 
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and we can also define a similar factor associated only with the longitudinal 
motion i.e., 




(7.1.10) 



Since the transverse velocity, as determined in (7.1.4), is 7 dependent, we 
find that 

^ ^1 + (eSw/m^CT ’ 

which indicates that the effective energy factor ( 7 ||) can be substantially 
smaller than 7 . For example, if Bw = 0.5 T and L = 2 cm the longitudinal 
energy factor is about 70% of the original 7 . 

An electron which follows the trajectory described by (7.1.8) radiates. In 
order to calculate the emitted radiation we assume that the current density 
is given by 

Jx{r,t) ~ -evx{t)6{x)6{y)6{z - v^\t ) , 

Jy{r,t) ~ -evy{t)6{x)6{y)6{z - v\it) , 

Jz{r, t) = -ev\\6{x)6{y)6{z - v\\t) , (7.1.12) 



where the transverse displacement of the electron was neglected. In free space 
the radiation generated by this current density is given by 

/ r p-j(^/c)|r-r'| 

da;e^“*y dr' (7.1.13) 



The time Fourier transform of the current density in (7.1.12), denoted above 
by J(r,tj), is given by 



Jx{r,u;) = J - 6(x)g(y)e-^^"/"ii , 



U|| 



Jy{v,w) = - j: — * ~ ^ ^ 6{x)6(y)e-^(^/n)^ , 
ZTT U|| 



Jz{v,uj) = -^^(x)^(y)e-^(“/’'«)^ . (7.1.14) 

The integrals in (7.1.13) can be simplified for the case when the observer is 
far away from the wiggler [(a;/c)r ^ 1 ] in which case we have 
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Ax(r,f) = /ioRe J 

Ay{r,t) — j 

Az{r,t) - J 



do;e^“* 



Q-j{uj/c)r 

Anr 

Airr 

Q-j{u}/c)r 

A'kt 



J drV'(“/‘=)^'‘=°"^J^(r',w) 



; (7.1.15) 



6 in these expressions is the angle between the vector which connects the 
center of the wiggler and the observer with the 2 : axis. Substituting the 
explicit expression for the current densities allows us to evaluate the in- 
tegral analytically. The result is presented next after terms of the type 
{(jj/c) cos 6 — few — were neglected since they oscillate rapidly: 



^a:(r, t) 



e/io eJ5w D 
(47 t )2 mfcwTt’ll ^ 






X Re 







sine 



e/io eSw D 
(47t) 2 mfcwT^II T 




X Re 






uj(t—r/c) 



Sine 



( 



UJ UJ 

— cos 9 f- 

C u,| 




-0; 



(7.1.16) 



where sinc(o:) = sin(x)/a;, the total length of the wiggler is denoted by D 
and it spans from -D/2 < z < D/2. The longitudinal component of the 
magnetic vector potential is negligible since it is proportional to sinc[(cos0 - 
l/P\\){uD/2c)] and this function varies rapidly for D 00 . 

The magnetic vector potential determines the electromagnetic field which 
in turn enables us to evaluate the power and energy emitted. The Poynting 
fiux is given by 



Sz{r, t) = t)Hy{T, t) - Ey{r, i) , (7.1.17) 

and the energy emitted per unit area in this process is given by 

W{r) = j dtSr{r,t), (7.1.18) 



where Sz = Sr cos 9. Substituting the explicit expressions for the components 
of the electromagnetic field, followed by the evaluation of the integral over t 
simplifies substantially the calculation since the resulting Dirac delta function 
can be utilized to evaluate the double integration 



d'jr 

W{r) =— 
Vo 



efio 



(47t)2 

J du;c«;^sinc^ 






D 



1 2 



LJ 



COS 9 h 






(7.1.19) 
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This energy is emitted by a single electron. An ensemble of N electrons in the 
interaction region carry a current I = eiVu|| / D and the energy in an angular 
interval 6 6 dO \s 

W{e) =r‘^NWir) 

elm ( egw y (D\^ 

(47t)3 \mck^'i) V/3||/ 

The term 

g{i)=sinc^{i), (7.1.21) 

represents the spontaneous emission line shape and we shall encounter it again 
when considering the power in the low-gain Compton regime. The argument 
of the sine function is directly associated with the resonance condition and 
maximum power is emitted when this condition is satisfied i.e., 

-cos6»- — +fcw = 0. (7.1.22) 

C Vi\ 



It implies that the frequency emitted in the forward direction (9 = 0) is given 
by 



LO — ^res — 



/3||(1 + /?||)7^ 

1 - 1 - {eB^/mkyffcY ’ 



(7.1.23) 



which clearly depends on the strength of the wiggler. This can be considered 
the exact resonance condition and the expressions presented in the first and 
third chapters [(1.1.19) and (3.2.17)] are approximations which are valid in 
case of a weak wiggler field i.e. eB^^c|k^^ <C me? . 

Rather than considering the whole spectrum of waves emitted in a given 
direction in space, it is instructive to present the energy emitted in a frequency 
interval cj — > cj + du; in one period of the wave i.e., 

u: dW{e) elm ( eB^ V / D\^ 

27t dcj (47t)^ \mcfcw7/ \ v\\ J 

o r / ci; (jj \ 

X sinc"^ ( — cos^ 1" I • (7.1.24) 

\C Vu J 2 



Assuming operation at resonance we can substitute the explicit expression 
for the resonant frequency and obtain 



fu; diy(g = 0) 
27t dw 



elm 

327T 




(7.1.25) 
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where i?w = Note that as a function of the emitted power 

has a maximum at i?w = V therefore 



^^max — 



elyo 

2167T 






1 3 



(7.1.26) 



According to this result, a lOMeV, 1 kA beam generates Wmax =0.1 |xJ of en- 
ergy in 10 periods of the structure. If the electron pulse duration corresponds 
to the radiation period 1/35 GHz, then the total energy carried by the beam 
is 0.28 J which is six orders of magnitude larger than the radiated power. 

The energy lost by the electron as it traverses the periodic magnetic field, 
can be interpreted in terms of an effective gradient which decelerates the 
moving electron. In order to evaluate this gradient, we integrate (7.1.19) over 
the spherical envelope 



W =27rr2 



[ dl9si 

Jo 



sin eW{r,0) 



Vo (47 t)4 \mcky,jPJ Jo J_^ 

■)]■ 



duj 



X cj^sinc^ 



D f uj uj I 

— -cose + A:. 

2 \ c c p 



(7.1.27) 



For a long interaction region we use 



lim 

D— ►oo 



|-smc 



y ih - k2) 



h 



2n6{ki - k 2 ) , 



thus 

W 



( ..^^ w r 

\ 2mcky,^l3 J Aneolk^ Jq 



d0 



sin 9 



(1/P — cos^)^ 



(7.1.28) 



(7.1.29) 



The integral can be calculated analytically and, as we indicated, it is conve- 
nient to determine the effective gradient as F^eff = WJ eD which reads 



Eeff = 



ekj 

Attso 




(7.1.30) 



This is the decelerating gradient which acts on the particle. Note that for a 
relativistic particle it is quadratic in 7, the energy of the particle and it will 
become an important factor when discussing acceleration of electrons using 
the FEL scheme in Chap. 8. 
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7.2 Low-Gain Compton Regime 



If an electromagnetic wave is injected parallel to the beam and its frequency 
matches the resonance condition, then stimulated radiation may occur. As a 
first stage, we examine the lowest order effect of the beam on the radiation 
field. To be more specific we look for the contribution to the radiated power 
of the first order in term. 

The wiggler is the same as in (7.1.1) and the injected wave is circularly 
polarized: 

Arf (r, t) = Aq cos{ut — kz) + ly sin(a;t — fcz)j . (7.2.1) 

Ignoring space-charge effects and in the absence of boundaries it is justified 
to omit the electrostatic potential from the expression for the relativistic 
Hamiltonian [(3.1.15)] hence 

H = \/(p -f eAw + eArf)^c2 -h {mc^y . (7.2.2) 



Neither the wiggler nor the radiation field has components of A parallel to 
the beam and consequently. 



H = yj (mc2)2 + c2p| H- c2(pj_ -f eAw + eArf)^ . 



(7.2.3) 



As before, the conservation of the transverse canonical momentum {p± = 0) 
implies 



H = (mc2)2 -I- c2p| + c2e2(Aw + Arf)^ , 



(7.2.4) 



whereas the linearization of the Hamiltonian in the radiation field reads 

H = Ho A Hi 



= mcr^ H Aw • Arf 

7717 

= — cos[u;t — (A; -1- fcw)^;] . 



(7.2.5) 



From this expression we learn that the first order perturbation is proportional 
to the scalar product of the wiggler and radiation vector potentials. This part 
of the Hamiltonian determines the so-called pondermotive force (subscript p) 

dHi 



Fp — 



dz 

e^AoB^ 



{k -f k^) sin[u;t — (A; -|- kyf)z ] . 



mjkj^ 

For what follows it is convenient to adopt a phasor notation 



(7.2.6) 
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rrt'ykyf 



where 



Ftp — 3^ -^0-^w(^ “h ^w)/(^T^w) • 



(7.2.7) 



(7.2.8) 



Next we linearize the Liouville equation i.e., assume that the distribution 
function / has the form 



f{z,t\p) = fo(p) + fi{z,t-,p) , 



(7.2.9) 



where fo is considered to be known and f\ is linear in the pondermotive force 
hence 






(7.2.10) 



A solution of this expression, assuming that the right hand side is known, 
can be formally written as 

dp V jok 

1 d/o e'^ApB^jk + few) ^ia,(t-z/v) ~ ^ (7 2 11) 



where D is the length of the interaction region which starts at 2 ; = —0(2 
and 6k = u/v — k — kyf. With this expression for the distribution function, we 
can define the macroscopic current density and in particular its transverse 
components read 



Jj_ = - eriQ J dpv±fi 

1 Ao(k + k^) 



I dp— 

J IP 



(lx jly) 



^ Uu^(t-z/v)+jk„z - e 



(7.2.12) 



Here we used the explicit expression for the transverse velocity in (7.1.4) 
and ignored terms which vary rapidly in space; no is the average density of 
the particles in the absence of the radiation. Since we calculated the current 
density generated by a known electric field the next step is to calculate the 
power 



pD/2 1 

P = Sei dz-Re{E^-Jl) , 

J-D/2 ^ 



(7.2.13) 
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where Se\ is the beam cross-section and 

E± = -juiArf , 

= -MU - . (7.2.14) 

Note that it has been tacitly assumed here that the effect of the beam on the 
radiation field is negligible. Substituting in (7.2.13) we obtain 

P = ^nou{k-\-k^)Se\D^ J 



At this point we can evaluate the last integral for two extreme regimes: (i) 
cold beam approximation and (ii) warm beam approximation. In the former 
case it is assumed that the initial distribution function /o is much sharper 
than the sine function hence by integration by parts we get 



1 elrjo ' {uAoD)^^ 

27o/^o L 2t7o 



mckyj^ 



2 

(fe + k^)D 





where we used /o(p) = — Po)- These expressions clearly indicate that the 

power is inversely proportional to the 7 ^ out of which the 7 ^ term is due to 
the longitudinal bunching, and 7 ^ is due to the transverse oscillation in the 
wiggler. In addition, note that the power of the coherent radiation emitted is 
proportional to the derivative of the spontaneous emission line shape. 

The second regime of interest is when the sine function is much sharper 
than the distribution of particles and the power is 

oc — sinc^(7rD/L) , 

-0, (7.2.18) 



which indicates that in the low-gain Compton regime, “warm” electrons do 
not generate coherent radiation. 
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The coherent radiation which is generated in the course of the electrons’ 
motion in the wiggler as revealed by (7.2.16,17) is illustrated in Fig. 7.1 where 
the normalized gain is -^^sinc^(^). We observe that when the velocity of 
the electrons is larger than tne phase velocity of the pondermotive force i.e., 
V > uj/{k -f A^w) meaning negative the normalized gain is negative thus 
energy is transferred from the electrons to the wave. And when the electrons 
are slower, they are accelerated by the pondermotive force. Maximum gain 
does not occur at resonance but for |^| = 1.303 in which case the absolute 
value of the normalized gain is 0.27. 




-8 -4 0 4 8 

? Fig. 7.1 Normalized gain 
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In the previous section the collective effect of the particles was neglected in 
the sense that the effect of the beam on the radiation field was ignored and 
the gain was a result of an ensemble of dipoles oscillating coherently due 
to the common excitation of the external field. This interpretation is sup- 
ported by the expression for the current density in (7.2.12) which indicates 
that the electrons are organized in bunches. The amplitude of this modula- 
tion is proportional to the ‘‘dc” current. At low currents the effect of these 
bunches on the radiation field is indeed small but as the current is increased 
their effect becomes more and more significant. In parallel, as the modula- 
tion increases, the quasi-electrostatic forces between particles also increases 
and space-charge effects have to be accounted for. These will be represented 
here by a scalar electric potential ^ and the longitudinal component of the 
magnetic vector potential Az . Following the same approach as previously, the 
dynamics of the distribution function satisfies 



fr. 9 



f = o. 



(7.3.1) 
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The electric scalar potential ^ is determined by the charge distribution via 
the non-homogeneous wave equation 



dz^ 






enp 

^0 




(7.3.2) 



This potential determines the longitudinal component of the magnetic vector 
potential since we have tacitly assumed the Lorentz gauge i.e., 



dz 



(7.3.3) 



Note that there is no magnetic field associated with this potential since it is 
dependent only on the coordinate. In addition to these two potentials, the 
distribution of particles determines the transverse current density 



J±{z^uj) = —enp 




(7.3.4) 



which in turn governs the magnetic vector potential via the non-homogeneous 
wave equation as in (2.1.39). In this case we ignore transverse effects therefore 
we integrate the wave equation over the transverse dimensions. Assuming that 
the effective area of the electromagnetic field is Sem and that of the electron 
beam is 5ei, we define the filling factor term Ff = 5ei/5em by whose means 
the ID wave equation for the magnetic vector potential reads 



d22 c2 



A± = -fipFfJ ± ; 



(7.3.5) 



this filling factor is assumed to be known. 

This is the set of equations which describes the interaction in a free- 
elect ron laser in the high-gain Compton regime. Before we proceed to a so- 
lution of this set of equations it is instructive to examine the same set of 
equations when instead of the the Lorentz gauge we use the Coulomb gauge. 
In this case the equations read 






d 

+•’5: + 



enp 

ep 



(r. 

jdpf- 



) 



dp 



/ = 0, 



A, = 0, 



J±{z,oj) = -eno 




da:2 



A± = —poP(J± ■ 



(7.3.6) 



In principle (classical) the physical result should not be affected by the gauge 
choice. From the point of view of the particles’ dynamics what is important 
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is the acting field and the latter is independent of the gauge choice. This is in 
particular easy to show in this ID case: when using the Coulomb gauge, for 
a given source term g = — en, assuming functional dependence of the form 
oP^t-jkz^ the Poisson equation dictates 



- 



en 



(7.3.7) 



and since the longitudinal component of magnetic vector potential vanishes 
the electric field reads 



„ , en 



(7.3.8) 



When choosing a Lorentz gauge, the non-homogeneous wave equation dictates 






enjeo 

(ujcf - A;2 ’ 



(7.3.9) 



and since is related to A^, by A^, — (w/c^fc)^, the electric field reads 



Ez = -ju)Az +jk$ = 



JLJ LC‘‘ 




(7.3.10) 



Substituting (7.3.9) in (7.3.10) we obtain the same expression for the electric 
field as in (7.3.8) i.e., 



_ ro;^ 

ju L 



J c^k 






(jj 



enfeo 



c^k (ujIc)^ — k‘^ ’ 



= -jk 



en 



£ok‘^ * 



(7.3.11) 



In both cases, the magnetic field (associated with the space-charge) is zero: in 
the case of the Coulomb gauge it vanishes since Az is zero and in the Lorentz 
gauge case, because Az depends only on the 2; coordinate. Following the same 
procedure, it can be shown that the force term in Liouville equations [ (7.3.1) 
and (7.3.6)] is identical in both cases. 



7.3.1 The Dispersion Relation 

The set of equations established previously will be analyzed in this subsec- 
tion in order to quantify the energy exchange process. For this purpose it is 
convenient to adopt a phasor notation for all linearized quantities. According 
to (7.2.7) Fp is proportional to exp[j(jt - j{kd- k^)z]. However, since in this 
case the Hamiltonian is time dependent, 7 is not conserved and therefore we 
redefine Fp such that it does not include the 7 term i.e.. 
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^P = 



e^AoB^{k + few) 



mk^ 



(7.3.12) 



Consequently, assuming that /o does not vary in time and in space, a similar 
dependence as Fp is anticipated for f\. Furthermore, since according to (7.3.2) 
^ is linear in /i, a similar dependence is expected for ^ and Az'. 

/i = 



where K = k + ky,. Substituting in (7.3.2) we obtain 
eno/so 






I 



dp/i, 



(a;/c)2 - i ^2 

and in a similar way we substitute in (7.3.1) to get 



1 



/i = 77T 



6u [7 



1 ~ e / (jJ V ^ 



J dp ’ 



(7.3.13) 



(7.3.14) 



(7.3.15) 



where Su = uj - v{k + ky,) is the resonance term. Substituting the latter into 
(7.3.14) we have, for the potential, 












d/o 



e{uj ^ K) (oj / cY — J 7 (5a; dp ’ 

where e{uj^K) is the dielectric coefficient of the beam defined by 



e{uj,K) = l + ^ 






(7.3.16) 



(7.3.17) 



The explicit expression for the amplitude of the scalar electric potential can 
be substituted into (7.3.15) which results in an expression for f\\ 



h = 



_1_ 

duj 



muj" 



1 



7 Ke{uj,K) 






(r.3.18) 



The particles’ density defines the current density via (7.3.4) whose linear 
term (in the radiation field) is J± = —erio f dpv±fi or explicitly. 



^ fVw 



j'^h 



1 ^ 

dp 



7 Ke{uj 



(r.'\ 



(7.3.19) 
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where off-resonance terms of the form uj — v{k — ky^) were neglected and 
Sou' = (jj — v' {k ky;) . The current distribution from the above is the source 

term to the wave equation in (7.3.5) which, after being substituted, gives the 
dispersion relation 

(^)^ - = _ i FfKm (7.3.20) 



X 




JL^ 

'jSuj dp 



1 

7 



Ke{(j, K) 




d 

7' 6u' dp 



jfoip') 



was defined in the context of (7.1.25). For a given initial distribution of 
particles, /o(p), this expression determines the relation between the uj and k 
in the system. In the remainder of this section we assume that the system 
operates as an amplifier which means that the frequency, u;, is set externally 
and the interaction determines the wavenumber k. 

The integrals in the dispersion relation indicate that there are two criti- 
cal functions: (i) the resonance term 6uj~^ and (ii) the distribution function 
/o(p). At the simplest approximation one considers a distribution of particles 
which can be represented by the first two moments namely the average (lon- 
gitudinal) momentum {{p}) and its spread Ap = \/ — (p)^. On the other 
hand, the “sharpness” of the resonance term is determined by the imaginary 
part of the wavenumber - which is basically the gain which a priori is not 
known. For solving the dispersion relation it is instructive to consider two 
extreme regimes: the first when the distribution of particles is much sharper 
than the resonance line. This will be referred to as the “cold beam operation” 
[Im(A:)/|A:| ^ Av/ (u)]. The other case corresponds to the opposite regime i.e., 
Im(A:)/|A:| <C Av/{v) referred to as the “warm beam operation”. The two are 
discussed in the following two subsections. 



7.3.2 Cold Beam Operation 



In the framework of the cold beam operation we shall consider the extreme 
case namely, a Dirac delta function distribution. 



/o(p) = 6{p-po). 



(7.3.21) 



With this distribution in mind we can evaluate the three integrals in the 
dispersion relation. The integral 

can be simplified by integration by parts to read 



^ \ [a f 

7o [J J 





(7.3.23) 
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In this expression it was assumed that 7 “^ varies much more slowly than the 
other two functions. The first term in (7.3.23) is zero and in the second, the 
distribution function varies slower than the resonance term, thus 

f dp^ • (7-3.24) 

J 7^(50; dp {6u)^ m% 

In a similar way. 



/ 



dp 



1 d/o 



K 



J 



'ySu dp {6ujy 7717q ’ 

, K 1_ 

^ 6uj dp {6 (ju)‘^ mjQ ’ 



With these results the dispersion relation reads 
V c / ^ lo lo ’ 



(7.3.25) 



(7.3.26) 



where 



e{u,K) = l- 




(7.3.27) 



and Ff is the filling factor defined in the context of (7.3.5). For a solution of 
this equation we shall examine two cases: firstly, when the space-charge effects 
are neglected and secondly, when their effect is taken into consideration. 



No Space-Charge Effects. Firstly, we ignore the effect of the space-charge 
term in the dielectric coefficient of the beam. Following the same approach 
as in the case of the interaction in a slow-wave structure, we assume that 
the change, due to the interaction, of the vacuum solution is small and it is 
denoted by 6k i.e., uj ^ c\6k\. With this assumption the dispersion relation 
is identical with the one in a traveling- wave amplifier and it reads 

6k {6k - Akf = -Kl , (7.3.28) 

only that in this case 




Ak=-~ fcw (7.3.29) 

c /?|l c 

Kroll (1978) was the first to point out the full equivalence between a free- 
electron laser and a traveling-wave amplifier. As in TWT, assuming that Ak 
and Kq are independent, maximum gain occurs at resonance {Ak = 0 ) and 
it is given by 
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Im(fc) = ^^0 



2 




(7.3.30) 



If we compare this result, as it stands, with the gain in a slow- wave structure 
we observe that the main difference is the fact that here Kq is proportional 
to 7^^ and in the former it was proportional to 7^^. However, for relativistic 
electrons, assuming that lj ':$> and bearing in mind that at resonance 



u 

jU 

A/u 



1 + 



(7.3.31) 



we find that the coupling wavenumber Kq is 
Ff 



Kl 






21 + Ql c2 



K 



which for a strong wiggler, i?w ^ 1, reads 



o 1 (jo‘iFi 

P jU 






1 clfjQFf ky/ 1 

2 mc2 Se\ (7o/?o)^ ’ 



(7.3.32) 



(7.3.33) 



This result indicates that for a given periodicity and strong wiggler the growth 
rate scales with particle’s energy (70) as in a traveling-wave amplifier but 
still their numerical value can diflFer quite substantially. A difference between 
this expression and the one in (4.1.18) is that cj/c was replaced here by k^^. 
However, in slow-wave structures driven by relativistic electrons, the two are 
of the same order of magnitude. A more important difference regards the 
interaction impedance: in this case it is simply 



^int = VoFf , (7.3.34) 

and since this might be substantially smaller than in a traveling- wave ampli- 
fier (based on metallic periodic structure) the gain per unit length in a FEL 
is typically smaller. 

Before we consider the space-charge effect it is important to emphasize 
that the assumption i?w > 1 which leads to (7.3.33) should be considered 
only within the limited framework of the comparison with the traveling wave 
amplifier otherwise too large wiggler amplitude in a FEL has a detrimental 
effect on its performance which is clearly revealed when examining (7.1.23) 
since it lowers the operating frequency. 
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Space-Charge Effect. When the current density is high enough such that 
its effect on the dielectric coefficient [e{uj,K)] of the beam is significant, we 
can simplify the dispersion for the forward propagating waves to read 






-Ki 



= -Kf 



0 ? 



(7.3.35) 



where = o;^/uo 7 o- The space-charge waves in this case are characterized 

by 




A; + few 



UJ 1 



2 






(7.3.36) 



Thus expanding this expression in conjunction with the FEL resonance con- 
dition, we obtain 









dk 



F{k) 



k — UJ / vq kyir'\~Kp 



(7.3.37) 



This simplifies the dispersion relation to 



(k 




2Kp ’ 



(7.3.38) 



and the spatial growth rate is 



Im(A:) = 




2 



2 



1 Ff Up 

2 1 + ^22 ^^^ 3/2 , 



(7.3.39) 



The main difference between this regime and the former is that here the gain 
scales as compared to In addition, here the gain scales with energy 
of the electrons like 7 “'^/^ compared to the 7 ”^/^ in the former case. 
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7.3.3 Warm Beam Operation 



So far we have investigated the dispersion relation in an FEL with a mono- 
energetic beam of electrons. In this subsection, we examine the operation of 
the FEL with a warm beam as defined in the context of (7.3.20). For this 
case we have to evaluate the integral 

only that the resonance term varies more rapidly than the distribution term. 
In the evaluation of the integral we assume that /c is a complex quantity i.e., 



k = kr+ jki , 



(7.3.41) 



hence 



/ 



dp 



7 ^d/o(p)/dp 



UJ — v{kr + Alw) — jvki 



/ 



dp 



7 ^(d/o/dp) 



b - v{kr + fcw)]^ + 



[U! - v{kr + k^) + jvki] 



(7.3.42) 



The main contribution is from the region where the resonance term peaks 
i.e., V = Vres = <J^/{kr + ^w)- This allows us to extract the slow varying term 
out of the integral such that we are left with 






] / 

J V=Vres 



dp7 



UJ — v{kr + A:w) 



\UJ • 



+ 



7-5/,(p) 



] / 

J V=Vres 



dp 



v{kr + fcw)]^ + [vki]^^ 

jvh 

\uj - v{kr + fcw)]^ + 



(7.3.43) 



The contribution of the first term (near resonance) vanishes because of the 
asymmetry of the integrand relative to v = ^;res and the second’s can be 
evaluated analytically, 



/ 



dp 



6uj^‘^ dp 



In a similar way 
1 d/o 



/ 



dp 



/ 



■ d/o 

fdp J 



dp 

, 1 d/o 



7‘ 



dp 

3 d/o 
dp 



J V=Vres 



jirm 
k^ “h A/\v 

jirm 
k^ “h A^w 
jirm 
kr-hk^' 



(7.3.44) 



(7.3.45) 



With these integrals the dispersion relation reads 
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2 c^) (7.3.46) 

f j [7r(mc)^7(d/o/dp)]^^^^^^ 1 

[ 1 + j(wp/c)2(a;/c + fcw)-2 [7r(mc)273(d/o/dp)]„^^^^^ J ' 



As in the previous subsection the gain without space-charge effects is calcu- 
lated neglecting the plasma frequency term in the denominator and it reads 






/ \2 ^fo 

7T(mc) 7 — — 
dp 



(7.3.47) 



J V — 'l^res 



When the space-charge effect is significant, the growth rate is given by 



Im(fc) (^) Ff I^Tr(mc) 



^ 2 ^d/o 



dp J„= 



/ \2 3^/0 

w 7 



J V=Vres > 



-1 



(7.3.48) 



which also determines a quantitative criterion for the regime when the space- 
charge effect is negligible i.e., 







2 

< 1 . 



(7.3.49) 



Note that the spatial growth rate in these two cases is proportional to the 
current and if we consider Gaussian-like electrons’ distribution i.e., fo{p) — 
Q-(p-po) /^p ^ then the gain vanishes when the resonance velocity corresponds 
to the peak value of the distribution function. 



7.4 Macro-Particle Approach 

Electrons which experience an electric field will have a momentum which is 
either larger or smaller than the average momentum of the beam. Since the 
system is designed to operate as an amplifier, the number of electrons which 
have energy below the average of the beam is larger than these which are 
faster and the energy difference is transferred to the electromagnetic field. 
In addition, exactly as the gain is associated with the imaginary part of the 
wavenumber, its real part changes the effective phase velocity of the wave 
and after a certain interaction length the electrons may be out of phase. 
Consequently, electrons which at the beginning of the interaction region were 
decelerated are now accelerated and vice versa. At the point in space where 
the slow electrons start to be accelerated because of the phase slip, they drain 
energy from the electromagnetic field whose growth saturates and beyond it. 
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the gain decreases. In order to avoid this situation it is required to adjust the 
relative phase between the wave and the electrons. In the FEL this can be 
done by adjusting the wiggler period or amplitude (or both). Because of the 
large energy spread, fluid or kinetic approaches are inadequate and we then 
use the macro-particle approach which will be presented in this section. For 
free-electron lasers this approach was initially developed by Kroll, Morton and 
Rosenbluth (1981) and in this section we shall basically follow the essentials 
of their approach. 



7.4.1 Basic Formulation 



Assuming that space-charge effects are negligible, the scalar electric poten- 
tial and the longitudinal magnetic vector potential can be omitted from the 
expression for the Hamiltonian, thus 

H = ^ (p_L -h eAx)^c2 -h -h (mc2)2 , 

= m(?^ (7.4.1) 

The transverse magnetic vector potential has two components: the wiggler 
and radiation field i.e.. 



Aj_ — Aw “h Aff . 



(7.4.2) 



Since it will be necessary to adapt the wiggler parameters to the local condi- 
tions in order to keep the electron in resonance, we consider a wiggler with 
variable amplitude and wavenumber namely. 



Aw — Aw (-2^) 




+ ly sin 




dz'ky^{z') 



(7.4.3) 



in a similar way, the magnetic vector potential which describes the radiation 
field has an amplitude Aq{z) which varies in space and so is its wavenumber: 

Arf = Ao{z) lx cos - J dz'k{z'^ + 1^ sin - J dz^k{z^)^ . 

(7.4.4) 



The latter has two components, the wavenumber in vacuum (cj/c) and the 
effect of the interaction [6{z)]. Therefore dz^k(z') = {ijjIc)z -h 9{z)\ this is 
to say that 6 is the phase accumulated by the wave due to the interaction. As 
in the previous sections the wiggler is assumed to be uniform in the transverse 
direction therefore the canonical momentum in these directions is conserved; 
for simplicity it will be assumed to be zero (pj_ = 0) hence 
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Vx. = — Ax , , 
m'y 

e , 

r\J A 

m'y 



(7.4.5) 



where in the second expression it is assumed that the contribution of the 
radiation field to the transverse motion is negligible. 

After substituting the expressions for the magnetic vector potentials into 
the Hamiltonian we obtain 



= mc^7 , 



2ayf{z)aj:f{z) cos'i/j 



(7.4.6) 



where 



aw(^) = 



ei4w(-2^) 
me 

eAri{z) 
me 

.2 , ^2 



M W = l + flwW + ^rfW. 
K{z) = k{z) + k^{z ) , 

%l){z^t) = ut — f dz^K{z^). 
Jo 



(7.4.7) 



The last expression represents the phase between the wave and the particle, 
when the presence of the wiggler is accounted for. At the transition from 
the Hamiltonian in (7.4.1) to the latter no approximations are made other 
than p± — 0. Note that plays the role of a normalized effective mass of 
the electron which is ^(-dependent but not time dependent. This Hamiltonian 
enables us to determine a relatively simple expression for the longitudinal 
velocity of the particle; this is given by 



dz 

"11 = ^ 



dH 

apii 



p\\ 



mc^\J y? + (p||/mc)^ — 2avi{z)ai{{z) costj) 
~ + ‘^a.w{z)arf{z) cosip , 



(7.4.8) 



where in the last expression we used (7.4.6) to express p\\ in terms of 7. 

Since we are interested in the operation of the system as an amplifier, 
it is assumed that the frequency is determined by the external source and 
only spatial variations are allowed. Consequently, we follow the particle in 
space and we consider the time it takes the ith particle to reach a point 2; 
starting from 2: = 0; this time interval is denoted by Ti{z). Regarding the 
phase dynamics the situation seems at a first glance more complicated by 
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the three dimensional motion of the electron (compared to ID in the slow- 
wave structure). However, in practice we need only the projection of the 
motion along the wave propagation and this fact simplifies the calculation 
substantially as will be shown next. 

The phase between the wave and the particle is given by i^i{z) = (jJTi{z) — 
fj dz'K(z') thus the dynamics of the phase xl) in space reads 

(7A.9) 

dz dz 



Now, the derivative of r with respect to 2 ; is inversely proportional to the 
longitudinal component of the velocity as determined in (7.4.8) hence. 



dxpi(z) 

dz 



^ Ji 

^ “f“ 2uwCij'f cos xjji 



-K{z). 



(7.4.10) 



As the velocity of the particle varies in space, so is its energy which 
satisfies 



o d^i _ 

me v\\ — — = — ev • E , 
" dz 



(7.4.11) 



and since (in phasor notation) E±_ = we can use (7.4.8) to write 



d7i 

d2; 






yj 2(2-^ Upf cosxpj 



-h c.c. 



(7.4.12) 



Next we determine the dynamics of the amplitude of the radiation field. 
The starting point is the non-homogeneous wave equation in (7.3.5). Its 
source term is the current density which in the framework of the present 
approach is 



t) = -e ^ vs_^iS[x - Xi(t)]6ly - yi{t)]6\z - Zi{t )] ; (7.4.13) 

i 



in particular we can substitute the explicit expression for the magnetic vector 
potential and from the x component of the wave equation we obtain 

_ 1^' 
dz'^ c2 df^ 



Ao(z)cosip{z,t) = Aq{z) cos tp(z,t) 
+ 2Ao(z)sinV’(2,t) • 



ro;2 






-M] 

(7.4.14) 



In a similar way we substitute the explicit expression for uj. from (7.4.5) in 
the X component of the current density and write 
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where we have already averaged out over the beam cross-section and the 
filling factor was included[see (7.3.5)]. Note that second derivatives of Aq 
and 6 were neglected in (7.4.14). 

The coefficients of the trigonometric functions are time independent and 
therefore, we use the orthogonality of the trigonometric functions to average 
the wave equation over one period (T) of the wave. Firstly, we take advantage 
of the orthogonality of the cos{ujt • • •) function to obtain 



-2—9'Ao\=-ljioFf-^^ f dtcos ut - [ dz'k(z') 

C 2 ibel 1 J L J 

x|ec^^cos^y dz'fcwC-^oj ^ ~ , (7.4.16) 



and secondly, using the orthogonality of sin(a;t • • •) we have 



UJ , 

2-A^ 



1 

2 



= - 



SelT 



J dt sin 




X 



— cos [ dz'kyf(z') 6 [z — Zi{t)] 

V iJo J 



(7.4.17) 



Assuming that electrons are not reflected backwards, the time integral can 
be readily evaluated using the Dirac delta function and if only slowly varying 
(resonant) terms are kept, then (7.4.16) reads 




e^/ip F{ 1 1 

CmT Se\ ^^2 ^ 



cos ^pi{z) 



(7.4.18) 



The summation in this case is over all particles in one period of the wave 
and assuming that there are N such particles, we can write • • • = N{- • •). 
Since the average beam density is given by np = N/Se\cT, we can finally 
write 



^4^ 




COS^i(z) 

7i/3||,i 



(7.4.19) 



Following exactly the same procedure, we have for (7.4.17) 




sin ■4>i{z) \ 
7i/5||,i / 



(7.4.20) 



If d is the total length of the interaction region, it is convenient to use the 
following set of normalized quantities: (^ = zfd, Q = {uj/c)d, Ky, = ky,d, d^f = 
Orfe'® and a = \{w^d/c)‘^Ff. With these definitions there are two equivalent 
ways to formulate the interaction: either in terms of complex variables 
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d _ .a e 



d 1 
“ 2 



( j ) (2v 



eJXi 

72/3||,i 



+ c. c. 



1 > Xi — /Q ^ -^w ? 

m|I,2 






//2 + ttw [arfe-^’^» + C.C.] , 



(7.4.21) 



or the alternative way, to formulate it in terms of the real variable a = |arf| 
and 6: 

d auw / sin 'ipi , 

« = — 



dC 



^ 7i/3||,i 

aow , cos ■0! 



d ^ "ri V 

dC “ 

d sin^i 

— S2aciy/ , 

dC 7i/?||,i 

d , ^ d(9 

dC^*“ Al,t '^^dC’ 

/3||,i = + 2cw a cosV'i ■ 



(7.4.22) 



The proof of equivalence of the two formulations is left to the reader as an 
exercise. In both cases one can average over the equation of motion of the 
particles and substitute the amplitude equation to get 



_d 

dC L 



(7) + 



= 0, 



(7.4.23) 



which is the global energy conservation. 



7.4.2 Resonant Particle Solution 

Now that we have determined the equations which govern the dynamics of 
the electrons and the electromagnetic field in the presence of a quasi-periodic 
wiggler, we should be able to solve them provided that the initial conditions 
are known as well as the wiggler’s parameters. However, we shall now make 
one step further and ask what the wiggler should be, for a given initial dis- 
tribution of particles and electromagnetic field, that maximizes the energy 
extraction from the electrons. A general solution of this problem is difficult 
and practically impossible with analytical techniques. However, if the distri- 
bution of electrons occupies only a small region of the phase-space then the 
problem can be treated analytically. 
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For this purpose consider an ideally bunched beam such that we assume 
that all particles in one bunch move together forming a single macro-particle 
whose shape is preserved along the entire interaction region. Based on the 
equations of motion, the condition for maximum energy extraction is to keep 
it in correct phase with the wave i.e., maintain it in resonance. Assuming 
that at the input the macro-particle is in phase with the wave, the resonance 
along the interaction region will be defined as dt/^r/dC = 0 and it translates 
into 



7r 



1 i? 2 



(7.4.24) 



where the subscript r indicates resonance conditions. This expression becomes 
exact if we choose the resonance phase to be = ±7 t/ 2 since dQjdC, = 0. In 
this subsection we consid er an amplifi er configuration so we take = — tt/ 2 
in which case, = yjl — (/i/7r)^. Substituting in the equation for the 
amplitude we obtain 



dC ^ ^7^ - 1 — 



(7.4.25) 



Bearing in mind that the total energy is conserved i.e., 7r(C) + [•^^«(C)]^/2o' = 
e = 7r(0) + [i?a(0)]^/2a, we substitute the expression for 7r to get 



Q 1 

a a^ff 




dx 



e — - — 
2 a 



1 2 



— 1 — 



c, 



(7.4.26) 



This equation is solved numerically for a constant aw (but variable k^) as- 
suming a 3 mm beam radius which carries 100 A current, the filling factor 
being Ff = 0.1. The total interaction length is 5 m, at the entrance the wig- 
gler period is L = 2 cm and its amplitude is = 0.2 T. The initial energy 
of the electrons is 4.6 MeV [7(0) = 10] and the normalized amplitude of the 
radiation field is Ur(0) = 8.4 x 10“^. The result is illustrated in Fig. 7.2: 
the upper left frame shows the way in which the amplitude should grow in 
space. The variation in space of 7 (upper right frame) is calculated from the 
global energy conservation and the efficiency is illustrated in the lower left 
frame. The last frame illustrates the required variation in space of the period 
of the wiggler. It indicates that in order to achieve a 50% efficiency at 100 
p.m, the period of the wiggler has to be decreased from 2 cm to 0.6 cm and 
the intensity of the magnetic field increased to almost 0.7 T. 



7.4.3 Buckets 

In practice, any bunch has a finite spread in energy and phase. Let us denote 
the deviations from the resonant phase by S'lpi = and from reso- 

nant energy by = 7^ — 7^. Based on the equations developed in the last 
subsection these two quantities satisfy 
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z / d z / d 





z / d ^ / d 



Fig. 7.2 Variation in space of the amplitude, energy, efficiency and period. All 
correspond to the resonant particle model 




(1 + /^||^r)i^w 
7r/3||,r 



^7i, 



and 



dC 



1 

7r/?||,r 



COS y 



(7.4.27) 



(7.4.28) 



provided that the deviations are small. For cos^^r > 0 the trajectories are 
stable and oscillate around the resonance point (^r?7r) in the phase-space at 
a (spatial) “frequency” 



K^^(l -h (3\\ r) ! 

O = — yj Urttw COS • (7.4.29) 

These equations and the last result indicate that there is a whole range of 
trajectories around the resonance condition which are stable. However, the 
analysis was limited to small deviation from resonance. This might be justified 
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in regard to the energy but it is a stringent constraint for the phase. For this 
reason we reformulate the dynamics for the case when large deviations of the 
phase {'ipi) are permitted. The phase equation has a similar form as (7.4.27) 




(1 + /^||,r)-i^w 
7r/?|l,r 






(7.4.30) 



but the equation for 6ji reads 



dC 



r 



1 

7r/5||,r 



[sin — sin t/^r] 



(7.4.31) 



It is convenient to redefine the phase as and regard it as the canonical 

coordinate whereas 6ji is the canonical momentum. With these definitions, 
the Hamiltonian of the system reads 

[cos i)i -h sin 'ipj: 

= (7.4.32) 

and it corresponds to a particle whose mass, M~^ = -?^w(l -i- /3|i,r)/7r(^jj r? is 
2 ; dependent which moves in a potential V{'ijj), 

V{'ip) = -/C [cos^ + t/Ssin^r] , (7.4.33) 

where JC = i?awCtr/7r/?||,r- 



H = 



1 -^w(l “b 0\\,r) 

2 7r/3L 






7r/3|l 




Fig. 7.3 Effective potential in whose minima elec- 
trons can be trapped 



This potential is illustrated in Fig. 7.3 and it shows that particles can be 
trapped in its minima according to their initial conditions. The maximum 
stable trajectory of the particles is determined by the extrema of the potential 
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in (7.4.33) and there are two sets of solutions: ± 27rn or = — t/ir + 

7T ± 27m. It is the latter which corresponds to the local maxima and thus 
represents the maximal value of a “bound state” . Assuming that -0r > 0 and 
that at the extremum the (canonical) momentum is zero, we find that the 
maximum value of H, for which the trajectories are still expected to be stable 
is given by 

-ffmax = [cOS^r + (A ~ A sill^r] • (7.4.34) 

If is negative, then tt in this equation reverses its sign. Figure 7.4 illus- 
trates the limits of the stable trajectories region (bucket) and a typical stable 
trajectory. Based on the maximal value of the Hamiltonian, one can also 
determine the maximal ^7max permissible for stable trajectory. It occurs at 
and it is given by 

^Imax = 2VMK.^cosA + (^r ~ sin A ■ (7.4.35) 

The two extreme phases of the bucket ('0i,'02) are determined in a similar 
way, only that in this case ^7 = 0. 




¥ 



Fig. 7.4 The bucket limit (outer curve), a typical 
bucket shape (inner curve) and in the center the 
coordinates of the resonant particle are illustrated 



The bucket method infers that there is an inherent limit on the efficiency 
of such a device since only those electrons which are trapped in the bucket 
can be decelerated. Furthermore, in the context of a traveling-wave amplifier, 
it was shown that in the interaction process the area of the phase-space 
increases and if the electrons are to be “recycled” (ring configuration FEL), 
there are two conditions to be satisfied: (i) increase to maximum the bucket 
at the entrance in order to capture the maximal number of electrons and 
(ii) minimize the energy spread, otherwise many electrons are lost in the next 
cycle. This kind of design was thoroughly investigated by Kroll, Morton and 
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Rosenbluth (1981). We shall not go any further into the details of the bucket 
method but rather investigate some additional aspects of the interaction and 
its manifestation in the phase-space. 



7.4.4 Energy Spread 



The set of equations as introduced in (7.4.21) can be reformulated in the case 
of a constant From the equations of motion of the particles we conclude 
that the quantity a = jf2drfa^ is the effective (normalized) longitudinal 
electric field which acts on a single particle. Substituting this definition in 
the amplitude equation it is only natural to redefine the normalized coupling 
coefficient a to read a = aa^. With these definitions we have 



d . I 

A - _i 



Q-JXi 

a — h c. c. 



n-K^, 

dC P\\,i 

Al,i = [-jaeoxi + C.C.] / i? . 

li 



(7.4.38) 



Prom the second equation we can develop the equation for the energy spread: 
= (7?) — (7i)^. This is done by firstly averaging over all particles 




e 



+ c. c. ; 



secondly, we multiply by the local average (7i) to get 



(7.4.39) 







(7i) + c. c. 



(7.4.40) 



We next repeat these steps but in the opposite order: we multiply the sin- 
gle particle equation of motion by 7^ and then average over the particles 
ensemble; the result is 



2 dC ' * ^ 2 



a(^) + c.c. 
. Pll.i 



(7.4.41) 



Subtracting from the last expression (7.4.40) and using the definition of the 
energy spread, we obtain 





+ c. c. 



}■ 



(7.4.42) 
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We know from our analysis of traveling- wave amplifiers that the energy spread 
increases in the interaction process since part of the electrons are accelerated 
and others are decelerated. It is the same electromagnetic field which causes 
the average deceleration (in an amplifier) and at the same time it accelerates 
a fraction of the particles causing the energy spread at the output. It was 
Madey (1979) who initially showed that in the low-gain Compton regime 
the energy spread at the output is directly related to the gain; at the input 
the energy spread is assumed to be negligible. Here we quote a result which 
was revised by Kroll, Morton and Rosenbluth (1981) and it relates the gain 
(7i(l)) ~ (72(0)) fo the energy spread at the output 



7i-7o = (7.4.43) 

where 71 = (7i(l)) and 70 = (7z(0)). We will show now that Madey theo- 
rem as formulated above for the low-gain Compton regime is related to the 
equation which describes the energy spread [(7.4.42)]. 

Firstly, we note that in addition to -47(C), there are two other macro- 
scopic quantities (7(C)) and |a(C)| which describe the system. Secondly, we 
bear in mind that these two are related via the energy conservation i.e., 
^ [(7) d" |ap/2o;] = 0, therefore we can use one of the two as an indepen- 
dent variable instead of C hence 




(7.4.44) 



Before we proceed there is one important comment: although C does not occur 
explicitly in the right-hand side of the equation, it is implicitly there since 
we consider the values of and 7 = (7(C)) at the same location C- 
Using the energy conservation, we obtain 



^ A 2 

-- 47 ^ = --z\a 
dC OL 




(7.4.45) 



and for simplicity we define ae^^" = |a|e^^^ With this definition and using 
the amplitude equation in (7.4.38) we obtain 



d ^ 2 

= 



-|a| (cos(xi)/(7i/?||,i)) > 



= -2|a| 



cosxi \ /cosxi' 
7i/3||,i"^7 \7iA|,i 



(7.4.46) 



where in the second expression we simply quote (7.4.42). From the two right- 
hand side expressions we conclude that 



^ ^ A 2 - 



(cos(x»)//3||,i) 

(cos(xi)/7i/3||,i) ’ 



(7.4.47) 
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and the resemblance with Madey’s theorem becomes apparent. However, in 
contrast with the latter this relation is exact at any point in the interaction 
region. Furthermore, it is also valid in the high-gain Compton regime. 

Under the simplifying conditions of low-gain Compton regime it is possible 
to obtain (7.4.43). First we make a zero order estimate of the phase term 
[second term in the right-hand side of (7.4.47)] and for this purpose we assume 
that at the input , ( 7 ) and are independent, therefore the left-hand side 
of (7.4.47) is zero and we conclude that 



(cos(x»)//?||,») ' 
[(cos(xi)/7i/3||,i). 



= 7(0) • 



C=o 



(7.4.48) 



We now substitute this estimate in (7.4.47) tacitly assuming that the term 
in the square brackets varies slowly along the interaction region, thus 



5 ^^7^(1) ^ 7(1) - 7(0) . (7.4.49) 

Bearing in mind that in the low-gain Compton regime the energy transfer is 
small, we can replace 7 ( 1 ) on the left-hand side with 7 ( 0 ) to obtain 



^^;^^7^(l)-7(l)-7(0), (7.4.50) 

which is exactly Madey’s theorem as formulated in (7.4.43). 

Although the Madey theorem relates the moments of the electrons’ dis- 
tribution function it does not actually help us to calculate them and for this 
purpose we have to go back to the equations of motion i.e., (7.4.38). These 
were solved for a typical FEL set of parameters and the question we address 
now is how does the energy spread vary at the output of the device when 
the only other parameter which is changed is the energy spread at the input. 
The result of our simulation is presented in Fig. 7.5: the energy spread at 
the output ^ 7 ( 1 ) as a function of the energy spread at the input, -^ 7 ( 0 ) de- 
creases for values of -^^ 7 ( 0 ) smaller than ^ 7 ( 1 ). We observe that ^ 7 ( 1 ) starts 
from a high value when the energy spread at the input is virtually zero. By 
increasing the latter we cause ^^ 7 ( 1 ) to decrease as does the gain. The latter 
vanishes when the energy spread at the output equals its value at the input. 
Any further increase of ^ 7 ( 0 ) beyond this level does not change the gain 
and since the beam traverses the interaction region almost unaffected, ^ 7 ( 1 ) 
increases linearly with ^ 7 ( 0 ). 

Another interesting aspect of the energy spread which we shall examine 
next is revealed when comparing the operation of an FEL and a TWT. In 
Sect. 7.3 it was shown that the dispersion relation of a free-electron laser is 
similar to that of a traveling wave tube but it was pointed out that the 7 
dependence of the gain is different in the two cases - a fact which may cause 
some differences in the operation of the two devices. In order to emphasize 
the similarities and the differences, we have summarized, in Table 7.1, the 
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Fig. 7.5. Energy spread at the output as a func- 
tion of the energy spread at the input 



equations of the free-electron laser and the traveling- wave tube (TWT). In 
these equations each quantity which plays a similar role is denoted (intention- 
ally) with the same notation: 7^ represents the energy of the ith particle and 
Xi is its relative phase to the wave. In both cases a represents the normalized 
amplitude of the electromagnetic field; however in the TWT this is the longi- 
tudinal electric field (a = eEzdjm(?) whereas in the FEL it is the transverse 
field [a = ja^fJa^:HJJd/c see also (7.4.7)]. The normalized coupling coefficient 
is denoted with a and it consists of different quantities: for the FEL a used 
here is a = \{u)^d!cfFfal and for the TWT a = /-kB?). 

In the phase equation the longitudinal v elocity is denoted by /3j and in the 
TWT case it is related to 7 i via /3j = \/l- I/ 7 ? whereas in the FEL case 

= \/l - + [-jae^^' + c.c.]/Q'ff and = 1 + + la^/a^ 12^. In 

addition i? = ud/c and K = kd in the TWT case and K = {k ky^)d in the 
FEL. 

The general form of the equations is similar for both devices. In fact, the 
form of the global energy conservation law is identical. The major difference 
is the momentum term which occurs in the phase terms and which is not 
there in the TWT case. It was indicated previously that this term originates 
in the transverse oscillation that the wiggler forces the electrons to undergo 
and associated with that, is an “effective relativistic transverse mass” of the 
electron which is m'y in contrast to m'y^ associated with the longitudinal 
motion. 

When comparing the TWT and FEL three parameters have to be the 
same: (i) the average energy of the electrons (7), (ii) the electromagnetic 
energy per particle, |ap/2a and (Hi) the total gain. Two cases have been ex- 
amined. In the first the total length and the spatial growth rate were assumed 
to be the same but at the input utwt = ^^fel/ ( 7 /^) and axwT = Q;fel/ ( 7 /?)^ 
in order to satisfy the conditions above. In the linear regime, the two devices 
operated practically the same and Fig. 7.5 also represents the energy spread 
of the TWT. 
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Table 7.1. 



TWT PEL 



Amplitude dynamics 
Equation of motion 
Phase equation 
Global energy conservation 
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Fig. 7.6 Gain as a function of the energy spread 
at the input in a free-electron laser and in a 
traveling wave tube 



In the second case examined it was assumed that a at the input is the 
same in both devices and consequently, from assumption (iij, so is a. As a 
result, the spatial growth rate is smaller in the PEL by (roughly) a factor of 
1/(7/3)^/^. Therefore, in order to satisfy the constraint in we increase 
the length of the PEL by a factor of such that i7pEL = and 

^FEL = the result is illustrated in Pig. 7.6 where we plotted the 

gain as a function of the energy spread at the input. The simulation reveals 
a clear sensitivity of the free-electron laser to initial energy spread compared 
to the TWT in the conditions determined above. The situation is even worse 
at higher energies. 
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7.5 Other FEL Schemes 

One of the major advantages of free-electron lasers is the fact that no external 
means are required to confine the radiation. In fact Scharlemann, Wurtele and 
Sessler (1985) have shown that under certain conditions the beam acts like 
an optical fiber and guides the radiation. Later Sprangle (1987) formulated 
the three-dimensional problem introducing the source-dependent expansion 
technique. Beam guidance may become crucial in two cases: in the case of 
very high power radiation where the Ohm loss of walls makes the contact 
with the intense radiation field prohibitive. And in the case of very high 
frequency e.g., Ultra Violet or X-rays, where even if the contact of the ra- 
diation with a metallic surface is permissible, from the aspect of the power 
levels, the reaction of the surface is not as regular as at the low frequency 
(visible and below). That is to say, that the surface quality is poor since 
micro-perturbations are of the same size as the radiation wavelength. For the 
reasons mentioned above, the FEL has the potential to generate coherent 
and tunable radiation at short wavelengths such as UV and X-rays. There 
are, however, two major obstacles in its way: the beam quality which is a 
major limitation and the wiggler. As for the first it was shown in this chapter 
(Sects. 7.2 and 7.3) that the gain depends strongly on the temperature of the 
beam. This problem becomes acute at high frequencies. In addition, trans- 
verse beam effects (emittance), which were not discussed here, start to play 
an important role. The constraints imposed on the wiggler are also stringent. 
Obviously the shorter the period the better. But a short period implies a 
low intensity magnetic field which in turn implies a long interaction length. 
When a large number of magnets are involved, two problems occur: align- 
ment and statistical errors in the intensity of each pole. While the first can 
be minimized the latter is unavoidable. 

7.5.1 Gas Loaded FEL 

In order to release some of the constraints on the beam and wiggler Pantell 
(1986) and Feinstein (1986) have shown that there are substantial advantages 
to slowing down the phase velocity of the wave by loading the FEL with gas 
since at the frequency of interest the refraction coefficient, n, is larger than 
unity. The resonance condition in this case is 

— = n{uj)— + /cw , (7.5.1) 

^11 ^ 

and the resonance frequency reads 




(7.5.2) 




308 7. Free-Electron Laser 



In order to emphasize the effect we shall examine two cases. Firstly we con- 
sider a vacuum system (n = 1) with // = 1.2 and 7 = 100. If the period of 
the wiggler is 5 cm then the radiation wavelength is 3.6 \xm. If the refraction 
coefficient of the gas is n ~ 1 = 7 x 10“^ then the radiation wavelength is 
1000 A. Therefore, the presence of the medium caused a frequency shift from 
infra red to UV. 

7.5.2 Longitudinal Wiggler FEL 

Another free-electron laser configuration which was considered by McMullin 
and Bekefi (1981,1982) consists of a longitudinal rather than a transverse wig- 
gler. In this case the guiding magnetic field is rippled and it is approximately 
given by 

B = BqIz + ^ilo(^w^) sm{ky^z)lz - Bili{ky^r) cos(fcw^)lr • (7.5.3) 

The transverse motion of the electrons is controlled here by both the wiggler 
and the guiding field and the resonance condition reads 

UJ = -|- (fc + fcw)'i^ll j (7.5.4) 

where f?c = ^Bq /m is the non-relativistic cyclotron frequency. Assuming that 
the interaction only slightly affects the TEM mode i.e., fc ~ o;/c, the resonant 
frequency is 

^ 1 + (7/?x)2 +*wC^I|) , (7.5.5) 

and it can be readily seen that without the guiding field (i?c = 0) the reso- 
nance corresponds to that of a transverse wiggler FEL. Therefore the guiding 
field causes an effective increase in the wave number of the wiggler by the 
factor i?c/c7 - which can be significant. 

7.5.3 Rippled-Field Magnetron 

The basic configuration of free-electron lasers discussed so far was co-linear in 
the sense that the dominant component of the electrons’ velocity was in the 
longitudinal direction. Bekefi (1982) has suggested to construct a smooth bore 
magnetron where the interaction is facilitated by a wiggler rather than a slow- 
wave structure as is generally the case. The system consists of two cylindrical 
electrodes, an insulating magnetic field along the axis and a wiggler which is 
azimuthally periodic but its magnetic field is in the radial direction. A positive 
voltage V is applied on the anode. Electrons emitted from the cathode form a 
Brillouin fiow around the cylinder provided that the intensity of the insulating 
magnetic field exceeds the critical value 
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B, >Bcr = ^ , (7.5.6) 

where 7=1 + eVImc? and 8R is the anode-cathode gap. This equilibrium is 
altered by a wiggler which can be approximated by 

Br = Bocos{N(l)) , (7.5.7) 

where N is the number of magnetic poles and (j) is the azimuthal coordinate. 
Conceptually the interaction is similar to the co-linear case, however the 
cylindrical configuration complicates the detailed analysis. The concept was 
tested experimentally by Destler (1985) and good agreement with theoretical 
predictions was observed. 



7.5.4 Wiggler and Guiding Magnetic Field 

In many cases the electron beam is immersed in a guiding magnetic field 
even before it enters the wiggler field. It is therefore reasonable to calculate 
the trajectories of the electrons in a configuration which combines the two 
magnetic fields. Friedland (1980) calculated these trajectories for an ideal- 
ized magnetic field and Freund (1983) has improved the model for a more 
realistic configuration. The guiding field causes an increase in the transverse 
velocity of the electrons but the effect on the gain is strongly dependent on 
the parameters of the wiggler according to detailed trajectory of the electrons 
- two types were initially emphasized. Conde and Bekefi (1991) discovered 
that by inverting the direction of the guiding field a substantial improvement 
of the efficiency can be achieved. 



7.5.5 Electromagnetic Wiggler 



In principle the magneto-static wiggler can be replaced by an intense elec- 
tromagnetic wave which propagates anti-parallel to the beam. This was in 
fact the original concept considered by Kapitza and Dirac back in 1933, how- 
ever they investigated the interaction with a standing wave (wavenumber was 
perpendicular to the beam). 

In the process of interacting with the wave one gains a factor of 2 in the 
frequency of the emitted radiation. Since the wiggler field varies in time (c^w) 
the resonance condition reads 



u -(jjy, = (k-h /Cw)'*^!! • (7.5.8) 

Furthermore, both wiggler and emitted fields behave as free waves (fc ~ o;/c 
and a;w — cfcw) therefore the resonance frequency reads 



LU — cky/ 



1 + -\/l - M^/7^ 
1 - 



r\^ /^Ic 

— L/Az-yy' 



^2 • 



(7.5.9) 
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This concept was demonstrated by Carmel, Granatstein and Cover (1983) 
when a high power microwave pulse was generated with a backward-wave 
oscillator and used in a second stage as an electromagnetic wiggler for a 
free-electron laser. 

7.5.6 Electrostatic Wiggler 

One of the dfficulties with magneto-static wigglers is that their period, for 
substantial field intensity, is of the order of cm’s, therefore highly relativistic 
particles are required in order to achieve optical (or shorter) wavelengths. 
Even if the electrons with this energy are available, disregarding the cost of 
their acceleration, we still confront another problem which is: the scaling of 
the gain with 7 . In a regular FEL, the electron undergoes a transverse motion 
under the influence of the transverse wiggler and since the coupling coeffi- 
cient is quadratic in the wiggler field, this motion contributes a 7 “^ term to 
this parameter. The pondermotive force modulates the beam in the longitu- 
dinal direction and this motion gives rise to an additional factor of ( 7 ^)“^ 
and therefore, the coupling coefficient in the high-gain Compton regime is 
proportional to ( 7 /?)“^. For comparison in TWT the coupling coefficient is 
proportional to ( 7 /?)“^. 

It is relatively easy to make a short period electrostatic wiggler with say 
a period of a few microns and even shorter than that using photolithography 
techniques. However, the problem is that the gain is proportional to 7 “^^“^. 
Originally, the calculation was done by Cover (1980) for the low-gain Comp- 
ton regime but here we present the analysis of the high-gain Compton regime. 
In order to prove our previous statement let us consider an electrostatic po- 
tential of the following form 

0) = (f)QCOs{k^fvz ) , (7.5.10) 

and since all the discussion so far in this chapter considered only magnetic 
wigglers we shall present the analysis of this scheme in more detail. 

The electron’s motion has three components: the major one is the “dc”, 
/?, the second is due to this electrostatic potential (/?w) and the third is 
proportional to the radiation field, Sp. If we ignore momentarily the radiation 
field then the motion of the electrons is longitudinal and it is given by 

/?w = ^^-^cos{ky,z) . (7.5.11) 

mc^ P7'^ 

As in the regular FEL we expect the “resonance” motion to be determined by 
the product of the wiggler induced motion and the magnetic vector potential 
of the radiation field. The Hamiltonian of the system can be approximated 
by 

H = Ho Hi 

= mc^'y + ecPy^Arf , 



(7.5.12) 
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and the pondermotive force Fp = —dHifdz. Assuming that the rf field is 
given by Aj-f = Acos{ujt — kz), neglecting off resonance terms and using a 
phasor notation we have 

Hi - (7.5.13) 

where h = {ecA){e(f)Q/2m(? (3^^) and K = fc+fcw The phasor of the oscillatory 
motion is therefore 



c. Kc h 
u — Kv 



(7.5.14) 



Next we use the continuity equation to determine the particles’ density and, 
as above, keeping only terms which may contribute to the resonant process, 
we have 



6n = no 



Kc 

(jj — Kv 



6(3. 



(7.5.15) 



The current density is given by Jz = — ec(nw^/?4-/?w^^) and since the motion 
induced by the wiggler does not contribute to the net current we have = 
— no/3w//? which allows us to use the following approximation for the current 
density 



Jz = -ecuo 



Kc 



~ -{ecyno 



u — Kv 
{Kef 



M/3, 



/ e4>o y 1_ 



{u — Kvy \2mc^(3^^ J 






(7.5.16) 



This current density drives the magnetic vector potential which satisfies 



— + If 



Aff — l^'oKfJz 7 



(7.5.17) 



where Ff is the filling factor and ko is the wavenumber of the interacting 
wave (harmonic) in the absence of the beam. Substituting the expression for 
the current density, assuming resonance and that A: = fco + we obtain 

6k^ = -K^ 

_ Ff cjp (fcp + few)^ / e(j>o \ ^ 1 

8 ko \mc^/ ^"^ 7 ^ 

_ {kp + few)^ / ^00 \ 1 c 

Smc^Sei ko \mc‘^ J (3^^^ * V • • ; 

In the last expression I is the total current carried by the beam and 5ei is the 
beam area. It clearly reveals what we indicated previously that the coupling 
coefficient is proportional to 7 ”^/?“^. If we assume the same frequency and 
compare the coupling coefficient in this case with that of a regular FEL [see 
(7.3.29)] we get 
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-^elec (^5 ^4) mag / e</>ofcw \ 

^mag ( 7 ^ elec \ cJ5wC / 



(7.5.19) 



If the two systems generate 5000 A radiation in the magnetic wiggler case 
for a period of 10 cm the electrons must have 7mag 3 x 10^. In order to 
generate the same radiation with an electrostatic wiggler of 5 pm periodicity, 
the electrons must have 7eiec = 2.4(/3 = 0.9). If on the surface of a metallic 
surface the amplitude of the first harmonic is 0o ~ 50 V and the intensity of 
the magnetic field is Bw = 0.1 T, then the ratio of the two coupling coefficients 
is 10. However, in (7.5.19) the two filling factors were assumed to be the same 
and this is not generally the case. Only those electrons which are within h ~5 
pm from the surface do interact therefore if the beam radius is i?b 2 mm 
the filling factor is hy/2hRh/7rR^ ~ 6 x 10“^. Within 2-3 pm from the surface 
there is an exponential decay in the amplitude of the field by a factor of 10, 
thus a factor of 100 in the coupling coefficient. We may therefore expect the 
latter to be smaller by almost a factor of 10“^. In principle 

one can increase the amplitude of the electrostatic wiggler to 50 kV in which 
case the two growth rates are comparable. Unfortunately in this case we run 
into a breakdown problem since 50 kV applied on a structure of 5 pm period 
generate (dc) gradients of the order of 10 GV /m or higher. Once breakdown 
occurs the wiggler is short circuited and the gain vanishes. Consequently, 
the design of such a system is a trade-off between high voltage requirements 
dictated by the demand of a high gain and low voltage regime imposed by 
the need to avoid breakdown. 



7.5.7 Channeling Radiation 

All the wigglers mentioned so far, were on a the macroscopic scale i.e., order 
of cm’s and down to the micron level. However, the lattice of a crystaline 
material forms a natural periodic electrostatic wiggler. If a beam of rela- 
tivistic electrons is injected parallel into one of the symmetry planes of a 
lattice then it sees two periodicities. One in the longitudinal direction which 
is negligible since the intensity of the potential is too weak in order to bunch 
the beam, which is to say that the longitudinal momentum of the particle 
is many orders of magnitude larger than the quanta of lattice momentum. 
The other periodic system is in the transverse direction [Berry (1971)]. If the 
electrons have a small momentum in this direction, they are “reflected” by 
the lattice plane and they undergo an oscillatory motion [Kumakhov (1976)] 
- therefore they may emit radiation. The radiation is a direct result of the 
transverse momentum relative to the symmetry plane of the crystal. Terhune 
and Pantell (1977) and later Pantell and Alguard (1979) discussed the effect 
from the quantum mechanical perspective: the transverse potential of the 
lattice as seen by the moving electron consists of a set of “bound states”. 
When the electrons are injected parallel to the plane of symmetry only the 
lowest state is populated. When the beam is tilted to this plane, higher states 
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are populated. As in normal bound states, electrons can jump from a high 
state to a lower state emitting a photon in the process. It is interesting to 
note that from the point of view of the electron wave function propagation, 
it is completely analogous to the propagation of an electromagnetic wave in 
an optical fiber [Schachter (1988)]. Spontaneous emission of this process has 
been observed [Swent (1979)] but the condition imposed on the emittance of 
the beam is very stringent and to the best of our knowledge no stimulated 
radiation was observed so far. A review of the quantum picture of interaction 
of free electrons with radiation was given by Friedman (1988). 



Exercises 

7.1 Show that the equivalent to (7.4.47) in the case of a traveling- wave tube 
reads 

^ - (liCOsfe)) 

2 d7 (cos(xO) 

but the Madey theorem has the same form as in (7.4.43). 

7.2 Use the formulation of the interaction in a tapered wiggler to calculate 
the power generated in the low-gain Compton regime in a uniform wiggler 
with stochastic errors in its parameters. Assume that the errors follow a 
Gaussian distribution. 

7.3 Calculate the spontaneous emission emitted by a particle moving in a 
periodic electrostatic potential as in Sect. 7.5.6. Compare the spectrum 
with that of the Smith-Purcell effect. Calculate the effective decelerating 
force which acts on the particle and compare it with the result in (7.1.30) 
and with the decelerating force in the Smith-Purcell case. 

7.4 Calculate the stable trajectories of a particle in a combination of wiggler 
and uniform magnetic field. Draw ( 3 \\ as a function of 

7.5 Based on Sects. 7.2 and 7.3 make a summarizing table which will include 
the gain and the condition (say on the current and beam temperature) 
that the system will operate in a particular regime. Discuss the transition 
from one regime to another. 
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One of the important systems where beam- wave interaction in periodic struc- 
tures plays a crucial role is the particle accelerator. The latter provides us 
with a unique tool to test on earth the different models which describe the 
constituents of matter. Accelerators have undergone a great deal of progress 
in the last fourty years and it seems that they still have a long way to go 
in order to meet the requirements necessary to test the theoretical models 
[Richter (1985)]. Over the years other disciplines learned to use the poten- 
tial of accelerators and today they are widely used in chemistry, biology and 
medicine for generation of radiation. 

There are two main types of particle accelerators: circular and linear ma- 
chines. In this text we shall consider only the latter category - some fun- 
damentals of circular machines were discussed by Collins (1983) and Ruth 
(1986). Linear accelerators can be divided according to the operation fre- 
quency: (i) dc linacs where charge is accumulated on a series of electrodes 
and the resulting field is used for acceleration of a dc current, (ii) Induction 
linacs rely on the Faraday law and the accelerating voltage is a result of a 
time varying magnetic field. Each unit can be conceived as a transformer in 
which high current and relatively low voltage form the primary whereas the 
accelerated beam, of relatively low current and high voltage, constitutes the 
secondary. (Hi) At the other extreme of the dc machine stands the rf linac. It 
utilizes the energy carried by an electromagnetic wave to accelerate charged 
particles - in relatively short sections (1-2 m). The electrons are prepared 
in small bunches since only a small fraction of one wavelength can provide 
acceleration. Our treatment will be limited to this last category. 

This chapter has basically two parts. In the first part (Sect. 8.1) we dis- 
cuss the basics of linear accelerator (linac) concepts with particular emphasis 
on the beam- wave interaction [Loew and Tolman (1982)]. Our discussion will 
be limited to electron linear accelerators of the type operational today at 
SLAG (Stanford Linear Accelerator Center) whose basic concepts are appli- 
cable to what is today conceived as the Next Linear Collider. The second 
part (Sects. 8. 2-8. 6) is a collection of brief overviews of different alternative 
schemes of acceleration which are in their early stages of research. In these 
sections the discussion is in general limited to the basic concepts and the fig- 
ure of merit which characterizes their application i.e. the achievable gradient. 
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For more detailed discussions the reader is referred to articles by the experts 
of each scheme. 



8.1 Linear Accelerator Concepts 

The field of linear accelerators is very broad and comprises many subfields 
which have been covered in books and presented in detail in summer schools 
[e.g. Lapostolle and Septier (1970)], and an entire set of proceedings of sum- 
mer schools or meetings which will be referred to in what follows. When such 
a subject is presented in a single chapter, compromises have to be made as to 
what to include and what to leave out. Since the subject of this book is about 
periodic and quasi-periodic structures we shall concentrate on the accelera- 
tion structure itself. Therefore we ignore topics associated with rf generation, 
pulse compression, injection and extraction of the rf. Furthermore, we shall 
not discuss beam generation, cooling or focusing. 



8.1.1 Constant Gradient and Constant Impedance Structures 



The basic configuration of an acceleration section is conceptually identical 
to the coupled cavity structure as discussed in the context of closed peri- 
odic structure in Chap. 5 except that in this case the effect of the beam on 
the radiation field is small and the ohmic loss has to be considered since it 
causes amplitude and phase variations which affect the acceleration process. 
In Chap. 2 we defined several impedances which have been used through- 
out the text. At this point, we introduce an additional concept namely, the 
shunt impedance^ and several other related quantities which are important to 
establish the dynamics of electrons in an acceleration structure. The shunt 
impedance {Zsh) is important in accelerators since large amounts of electro- 
magnetic power flows in the system and any change in this power affects the 
electron dynamics. This quantity is a measure of the ohmic power loss in a 
unit length in terms of the electric field [E{z)] which acts on the electrons. 
It is given by 



Zsh = 



\E{z)\^ 

-dP/dz ’ 



( 8 . 1 . 1 ) 



where P{z) is the power which flows along the structure. According to this 
definition, the shunt impedance has units of impedance per unit length and 
it is related to the quality factor of a waveguide defined by 



Q = 



cjW 

-dP/dz ’ 



( 8 . 1 . 2 ) 



through 




8.1 Linear Accelerator Concepts 317 



^sh _ \E{z)f 
Q ujW ’ 



(8.1.3) 



here W is the average electromagnetic energy per unit length. This quantity 
is also related to the spatial decay associated with the Ohmic loss 



^ohm — 



dP/dz 
2P ’ 



(8.1.4) 



which in turn is related to the skin resistance Rg = (crS) ^ where a is the 
conductivity of the metal and 6 is the skin-depth defined by 



/ 



(jjafiQ 



(8.1.5) 



For a cylindrical resonator of radius R and length d the shunt impedance is 

d 



Zsh 



-Mk) 



7rR{R + d)Jlipi) ’ 



( 8 . 1 . 6 ) 



and 

( 8 . 1 . 

Based on (8. 1.2,4) and the fact that the energy velocity is Uen = P/W^ it can 
be shown that 

UJ 

<^ohm = 7; 

2VenQ 

With the exception of the injection section, the electrons move in a typical 
acceleration section at almost c, therefore in what regards the phase velocity, 
there is no need to taper the structure. However, in order to have a feeling 
on the effect of the ohmic loss we can readily understand that part of the 
energy is absorbed by the walls and consequently, the field experienced by 
the electrons decreases in space. Therefore, if the motion is calculated for 
a lossless system, the variation in amplitude or phase due to lossy material 
may cause the electron to slip out of phase. Let us now calculate the energy 
transferred to the electron as a function of the shunt impedance and the 
electromagnetic power injected at the input. For this purpose we first assume 
that the electron is “riding on the crest of the wave” and it gains in a length 
D a kinetic energy 

6Ei,in = e [ dzE{z ) ; 

Jo 

the effect of the phase will be considered in Sect. 8.1.3. The energy gain will be 
calculated for two different acceleration structures: (i) constant impedance^ 
in which case the shunt impedance is constant and the gradient varies in 



(8.1.9) 



( 8 . 1 . 8 ) 



^ yyo dpi 
^ Rs2(R-\-d)' 
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space. And for o, (ii) constant gradient structure in which case it is primarily 
the group velocity which varies and consequently, the interaction impedance 
changes. 

Constant Impedance. The shunt impedance in this case is constant along 
the structure and this entails constant geometry and consequently uniform 
aohm- Bearing in mind that the power along the structure is given by P{z) = 
and 

E{z) = v/2aohm^shP{^) , (8.1.10) 

we can readily conclude that when the beam loading effect is ignored the 
change in the kinetic energy is given by 

= e [P{0)Z,^Df/^ (2$)'/' (^T“) ’ 
where ^ = aohiaD. 



Constant Gradient. Here Oohm is tapered in such a way that the gradient 
remains constant along the structure. In order to avoid unnecessary compli- 
cations we shall assume that we can ignore spatial variations in Q as well as 
in the shunt impedance and that the geometric variations affect primarily the 
group (energy) velocity and consequently, the interaction impedance. Prom 
the definition of the shunt impedance E‘^{z) = —Zsh{dP/dz) we conclude 
that dP/dz has to be constant, which implies 

P{z) = A-^Bz . (8.1.12) 

Since we know the power at the input [P(0)] and at the output, P(0)e“‘*, 
where 

.D 

C = / dzaohmiz) , (8.1.13) 

Jo 

we conclude that the variation of the power in space is given by 

P{z) = P(0) [l - (1 - e"0] ■ (8.1.14) 

Using the definition of aohmi (8.1.4), we find that 



1 l-e-2C 

aohm 2£»l-(l-e-2C)2/D’ 



(8.1.15) 



which, subject to our assumptions, dictates the group velocity as defined 
by (8.1.8). Since the gradient is constant, the kinetic energy gained by one 
electron is 6E\^in = eE{0)D which in terms of the input power (8.1.11,14) 
reads 
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SEkin = e [P(0)ZshDf^ (1 - . (8.1.16) 

In either of the two cases, maximum energy is gained for a maximum 
shunt impedance. This conclusion leads us to the choice of the phase advance 
per cell. Recall that in Chap. 5, when solving the dispersion relation of a disk 
loaded structure, we assumed a certain phase advance per cell which together 
with the resonance condition determined the periodicity of the structure. No 
reason has been given for this particular choice. Now that we have concluded 
that for maximum energy gain, one has to maximize the shunt impedance, 
we can ask what is the number of disks in one period of the wave which 
satisfies this condition. It is intuitive that the larger the number of disks, 
the greater the total Ohmic loss and consequently for a given E{z) the shunt 
impedance decreases. The same phenomenon occurs at the other extreme, 
since for a small number of disks, the electric field which acts on the electrons 
is expected to be small (for a given Ohmic loss). Simulations indicate that 
maximum shunt impedance occurs for three disks in one period of the wave 
and for this reason traveling-wave accelerating structures are designed with 
a phase advance per cell of 27 t/3. 

Beam Loading. Up to this point the energy transferred to the beam was 
ignored. In order to consider the effect of the beam we can make a quasi 
quantitative argument as follows: in the absence of the beam and for con- 
stant impedance the electric field decays exponentially with Oohm therefore it 
satisfies 

d^ 

= -aohm^. (8.1.17) 

Presence of the beam causes an additional change in the electric field E — > 
E + ZsY^I whose variation in space is given by 

d^ 

~ ^ohm {^E + .Z^sh-7) . (8.1.18) 

Here I represents the current carried by the beam in a narrow bunch. The 
solution of this equation \s E = — Z^\^I and since at the input the 

loadin g effect is expec ted to be zero we have, according to (8.1.10), E{z = 
0) = ^2aohm-^sh-P(0) hence 

E{z) = v/2aohm^shP(0)e-“»»”^ - (l - . (8.1.19) 

Consequently, the kinetic energy gain of a single particle is given by 

8E^,^ = e [L>Z«hP(0)]'/" (2^)1/2 Li^ - eZ.^ID ^1 - ; 

( 8 . 1 . 20 ) 

clearly the second term represents the beam loading effect. 




320 8. Basic Acceleration Concepts 



For a constant gradient structure, when the beam loading is ignored it 
implies that 



§ = 0 , ( 8 . 1 . 21 ) 

thus when the beam effect is included, in analogy with (8.1.18), we have 



• (8.1.22) 

Following the same procedure as previously, we have 

= e [P(0)Z,^Df^ (1 - - ^eIZ,t,D (|l - ; 

(8.1.23) 



as in (8.1.20) the second term represents the beam loading effect. Note that 
subject to the present assumptions, we expressed the gain in kinetic energy of 
the bunch in terms of a few “global” parameters (Zsh,o:ohm etc.) determined 
in turn by the geometric and electrical parameters which may vary from one 
structure to another. 



8.1.2 Auxiliary Coupling 

The design of an acceleration structure is a continuous process of trade- 
offs. In the previous subsection it was indicated that the phase advance per 
cell in a traveling- wave structure should be 27 t/ 3 in order to maximize the 
shunt impedance. There are, however, additional considerations which come 
into play. Strictly speaking from the electrons’ point of view the best choice 
would be a 7r-mode i.e., standing-wave configuration, since the gradient for a 
given input power reaches its maximum. But a 7r-mode is unacceptable from 
the electromagnetic wave point of view since the group velocity at this point 
is zero, the filling time is long and if the structure is sufficiently long, the 
mode is unstable since near the crest of the dispersion relation the frequency 
separation of the modes is small. If we examine the same problem from the 
field aspect then the best choice would be a 7r/2-mode of operation since in 
this case the group velocity is the largest. Unfortunately, in this case half of 
the cavities do not contribute to acceleration. Knapp (1965) suggested a way 
to break this vicious circle. His basic idea is to satisfy both the electrons and 
the electromagnetic field: the former sees a 7r-mode and the electromagnetic 
wave sees a 7r/2-mode. This is possible because the beam occupies only a 
small fraction of the transverse dimension of the structure whereas the elec- 
tromagnetic wave fills the entire volume. Implementation of this concept is 
possible by making each cell of two cavities: one cavity is the regular pill box 
cavity of a disk loaded waveguide while the second is recessed and its aper- 
ture is on the external wall coupling two adjacent pill box cavities. In this 
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way, one can design the structure such that the electron sees a series of pill 
box cavities operating at the 7r-mode whereas the electromagnetic wave ac- 
tually operates in a 7r/2-mode. Schematically this configuration is presented 
in Fig. 8.1. 




Fig. 8.1. Accelerating structure with side couplers. The electromagnetic wave un- 
dergoes a 7 t /2 phase advance per cell but the accelerated electron sees a tt phase 
advance 



8.1.3 Phase Dynamics 



In Sect. 8.1.1 we assumed that the particle ‘‘rides” on the crest of the wave 
and we examined the energy transfer assuming it stays on the crest along 
the entire interaction region. But this is not the case in general since as 
the particle is accelerated its relative phase varies. In this subsection we shall 
consider the phase dynamics assuming that the amplitude of the electric field 
is constant. For this purpose we now consider an accelerating structure which 
is designed for a phase velocity c. We ignore amplitude variation due to the 
interaction and disregard the transverse motion of the electrons. Subject to 
these conditions, the dynamics of the particles is given by 

^7/9 = — cos \ujt — — . (8.1.24) 

at me L c J 

It is convenient to define the phase of the particle relative to the wave as 
x(t) = x(0) +Ut- , (8.1.25) 

and since /? is always smaller than 1, the normalized velocity is expressed as 



(3 = cos ^l ) . 



(8.1.26) 



With these definitions we can write two equations which describe the dynam- 
ics of the particles as: 

-1 d eE'o 

= cosx, 



sin^ 'll; dt 



me 



— X = ti'(l-cos^), 



(8.1.27) 
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and since we limited the motion to the longitudinal direction we can replace 



^ = ( ^ 
dt \ 9^ / dt 



(8.1.28) 



Substituting, the two expressions in (8.1.27) we obtain, 






1 — cos -0 
sin^ -0 



eEo 

mcuj 



cosxdx. 



(8.1.29) 



This expression can be integrated analytically and then re-arranged. Denoting 
with indexes “in” and “out” the corresponding values of the variables at the 
input of the interaction region and at its output; the result reads 



sin(V^out/2) sin(^in/2) eE’o f . . l 

/ / /r)\ / / /c\\ — smXout smxin 

cos(V^out/2) cos('0in/2) mcijj L J 



(8.1.30) 



Finally this relation can be rewritten in terms of the familiar P and the phase 
X as follows 



mujc 

smxout = smxin + — 

eh/Q 



1 - /3out 
1 + /?out 



1-An 

1 + An 



(8.1.31) 



Expression (8.1.31) determines, for given initial conditions, the relation 
between the phase of the particle and its energy. Under certain circumstances, 
the particles are trapped as may be readily seen since once trapped they are 
accelerated and we may assume that they reach high 7. Explicitly if, /?out ~ 1 
we have 



sinxout = sinxin - 



mujc 

eEo 



1-An 
1 + An ’ 



(8.1.32) 



which indicates that the value of the phase at the output is determined only 
by the initial values and it is independent of the particle’s energy at the 
output. Since the trigonometric functions together are of order 1, we conclude 
that the condition for particles to become trapped is 



Eq !> Eqy 



mc^ UJ 1 — An 
e c 1/ 1 + An 



(8.1.33) 



For an initial energy of 300 keV the field intensity assuming operation at 
10 GHz is 38 MV/m. Increasing the initial energy to 400 keV lowers the 
required field to 33 MV/m. Figure 8.2 illustrates the trapping process for 
Eq = 60 MV/m, / = 11.424 GHz, Xin = 95° and the initial energy of the 
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Fig. 8.2 Relative phase as a function of the energy. 
For an initial energy of 0.4 MeV the phase virtu- 
ally remains constant when the electron’s energy 
exceeds the 5 MeV level 



particles is 400 keV: we observe that beyond 5 MeV, in practice, the phase 
does not change. 

Another direct result of (8.1.31) is the fact that if the initial particle is 
also highly relativistic, implying that we can write 



sinxout = sinxin + 



: sinXin + 



mujc j 1 

\'7out(l “1“ pout) 

muc / I 1 

2eF/Q V “Tout Tin 



Tin(l “ 1 “ An) 



(8.1.34) 



and the change in 7 is small relative to the initial value i.e., Aj = 7out ~7in 
7in then the phase remains reasonably stable. In order to demonstrate this 
statement note that according to the single particle energy conservation, the 
energy change is 



sEqD 

Aj ^COSXin, 



mc^ 



and therefore the shift in phase varies according to 
sinxout - sinxin cosxin , 



(8.1.35) 



(8.1.36) 



where D is the interaction length. For a 2m structure, / = 11.4 GHz (SLAG) 
and 7in ~ 600 the term in the right-hand side is on the order of 0.001. 

Finally, (8.1.31) indicates that a bunch of finite (phase) spread is actually 
compressed in the acceleration process. For example consider a 20° bunch i.e., 
130° > Xin > 110° while the other parameters are 7in = 2.0, / = 11.424 GHz 
and Eq = 60 MV/m. The asymptotic values (7 ^ 1) of the phase are 166° > 
Xout > 166° which is one half of the initial phase distribution. This calculation 
disregards the space-charge effect. 




324 8. Basic Acceleration Concepts 



8.1.4 Transverse Effects: Panofsky- Wenzel Theorem 



It was the term 7 in which was responsible for the fact that the bunch does 
not spread in phase and it is the same term which also helps us with regard to 
the transverse motion of the accelerated bunch. Until now we have considered 
only the longitudinal motion of the electrons assuming that the beam width 
is very small on the scale of the transverse variations of the electromagnetic 
field. However, its width is finite and the transverse components of the elec- 
tromagnetic field may affect the bunch. Panofsky and Wenzel (1956) were 
the first to point out that the transverse kick on a relativistic bunch which 
traverses cavity is zero in the case of a symmetric TE mode and non-zero for 
a symmetric TM mode. In order to examine the effect we shall first adopt an 
intuitive approach [Palmer (1986)] followed by a generalized formulation of 
what is known as the Panofsky- Wenzel theorem. 

Consider a particle moving with a velocity vq and a TM wave propagating 
at c. On axis the longitudinal electromagnetic wave is 

= (8.1.37) 



and outside the bunch (but in its close vicinity) Maxwell equations imply 



--^rEr{r,z-,Lj) + ■^Ez{r,z]u)) = 0. (8.1.38) 

r or oz 

Solving for the radial component we obtain 

Er{r, z; Lj) = j (i ^r) , (8.1.39) 

and since = Er/rjo, the radial component of the force which acts on the 
envelope of the bunch is 

Fr = -ei^Er[r, z{t)-,t] - vofM>H^[r, z{t);t]j 



where X — Xo — z{t) /c]. Expression (8.1.40) indicates that off-axis, the 
radial force is by a factor of 7 ^ smaller than the longitudinal force. Let us, for 
the sake of simplicity, ignore variation in 7 , that is to say that we examine 
the transverse motion in a relatively short section where the change in the 
energy of the electrons is small. For a relativistic particle, the radial motion 
is governed by 



d^ 1 eEouj sin x 
7 ^ 4mc 



(8.1.41) 



the azimuthal motion was neglected here. Prom this last expression we con- 
clude that: (i) the radial motion scales as 7 -^ therefore for highly relativistic 
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particles in a symmetric TM mode propagating at c, the transverse motion is 
expected to be stable, (ii)li in the longitudinal direction the electromagnetic 
field is accelerating the particle i.e., 

Fz — -cEqcosx, (8.1.42) 

is positive (say x = 135°), then the transverse motion is unstable. However for 
X > 180° the sin function is negative and the motion is stable. Consequently, 
the phase domain where stable acceleration may occur is 180° < x < 270°. 

Now that we have a general feeling as to the transverse processes which 
occur when a bunch traverses an acceleration structure we shall introduce a 
systematic way to deal with the problem. In their original work, Panofsky and 
Wenzel (1956) defined the transverse momentum experienced by a relativistic 
bunch £LS it traverses an interaction of length D by 

p_L = — / dz^E-hvoxB) . (8.1.43) 

Vo 7o ^ J l.,t=zl Vo 

This definition takes into account the effect of the field generated by the 
particle on itself via the structure (the self field is obviously excluded). We 
have indicated that as a particle traverses a slow-wave structure or a cavity, 
it leaves behind a broad spectrum of electromagnetic waves - this is also 
referred to as electromagnetic wake-field [see Wilson (1988)]. Since this field 
may affect bunches trailing far behind the generating one, it is convenient to 
define the so-called transverse wake potential as 

/ CX) 

dz [E + Vo X B] (r, z,t = {zd- s)/vq) , (8.1.44) 

-OO 

which can be conceived as a generalization of (8.1.43). In an equivalent way 
one can define the longitudinal wake potential as 

W\,{s, r) = -e J dzEz |^r, z,t={z-\- 5)/voj . (8.1.45) 

The Fourier transform of these two potentials 

Z±{oJ, r) = f dsWx(s, , 

r) = — 5 / c1sWl(s, , 

voe^ J-oo 

determines the longitudinal and transverse impedances; several cases of in- 
terest were considered by Heifets and Kheifets (1990). 

Since these two wake potentials previously introduced are determined by 
various components of the electromagnetic field, which are inter-dependent 
via Maxwell’s equation, we may expect the two wake potentials to be also 



(8.1.46) 
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inter-dependent. The relation between the two can be shown based on Fara- 
day law, assuming a steady state regime and having the symmetric TM mode 
in mind, 



dr ^ dz 
We firstly calculate 






(8.1.47) 



^WL(s,r) = -e J dz-^E^^r,z,t = (z + s)/vo^, 

and secondly, 

^Wj_{s,r) = -^ J [Er - V0H0H4,] (r,z,t= {z + s)/voj , 



(8.1.48) 






00 

00 



dz 



j-^Er{r, z, t) - ju>noH4,{r, z, t) 

. Jt={z-\-s)/vQ 

(8.1.49) 



Bearing in mind that 

^^Er[r,z,t= (2 + s)/uo] 



dEr' 

dz 


1 

t={z-hs)/vo 


1 1 


t={z-\-s)/vo 


1 1 


+ 

t={z-\-s)/vQ 


’ 1 

c/3 


jinEr 


t={z-\-s)/VQ 



(8.1.50) 



and a-‘^RiimiTig that for z — > ±00 the transverse electric field vanishes, i.e., 
Er[r, z,t — {z + s)/uo] -♦ 0, we have 



l-WA>,r) 




dEr 

~d^ 



- jujuoH^ 



t=(z-{-s)/vo 



(8.1.51) 



Adding (8.1.48,51) we obtain 

/*CX) 

— Wl(s, r) + ^ Wx(s, r) = -ej dz 



dE, 

dr 



dEr 

dz 



jivUoH^ 



t={z-{-s)/vo 

(8.1.52) 



which by virtue of Faraday law (8.1.47) implies 

^W±{s,r) = -^WUs,r). (8.1.53) 

This relation is the formal notation of the Panofsky- Wenzel theorem phrased 
above. Equivalently, this theorem can be formulated in terms of the longitu- 
dinal and transverse impedances introduced in (8.1.46) as: 
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^7 

dr ^ c (3 



(8.1.54) 



Transverse gradients which may develop in accelerating structures may 
have a destructive effect on the beam dynamics. Already in the sixties it was 
observed at SLAC that the transmitted electron-pulse appears to shorten if 
the total current exceeds a certain threshold. This effect was attributed to a 
radial instability called beam break-up (BBU) which is due to the coherent 
interaction of the electrons with a hybrid mode, that is to say a mode which 
possesses properties of both TM and TE modes. In particular we can conceive 
a cavity in which the TMno mode is excited. Longitudinal variations are 
ignored in this case {d/dz ~ 0) but we allow radial and azimuthal variations 
such that the non-zero component of the magnetic vector potential reads 

Az{r,(j)) = AJi (si^) cos<j>, (8.1.55) 



where 5i is the first zero of the Bessel function of the first kind and first order 
i.e., Ji(5i) = 0. Consequently, the non-zero components of the electromag- 
netic field are 



Ez{r,z) = -jwAJi (si^) cos4>, 



Br{r,z) = -^AJi (si^jsin0, 
B4>{r,z) = -A^J'i (si^)cos^, 



(8.1.56) 



where J[{u) = Jo{u) — J\{u)/u and the eigen- frequency of this cavity is 
uj = Sic/R. In the close vicinity of the axis the non-zero components are 



Ez ~ E 



i?’ 
1 



jujR 



E. 



(8.1.57) 



An electron which traverses this cavity experiences a deflection even if it is 
perfectly aligned because of the v x B term. Specifically, the change in the 
transverse momentum due to the excitation of this mode is 



nD ^ g 

Apx = -e dz—{-voBy) ~ --Re(-jE) 
Jo Vq uj K 



(8.1.58) 



Consistency with the prior assumptions forced us to assume a uniform field 
in the z direction - which is not the case in general but it is a reasonable 
approximation on the scale of a single cavity. Furthermore, from this expres- 
sion we learn that the transverse deflection is proportional to the longitudinal 
electric field and therefore if we now consider a set of such coupled cavities, 
then the mode may grow in space and after a certain interaction region it 
dumps the beam to the wall. The corresponding mode is called hybrid electric 
magnetic mode and in our particular case it is HEMn. 
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BBU can be divided into two different types: beam break-up which occurs 
in the scale of a single acceleration structure because of feedback (either due 
to backward-wave interaction or reflections) and then the condition for BBU 
occurs as the threshold condition is reached - as in an oscillator. This is 
called regenerative type of beam break-up. The other type, the cumulative 
beam break-up, is carried by the beam and it occurs on the scale of many 
acceleration sections (which are electromagnetically isolated). Panofsky and 
Bander (1968) developed based on Panofsky- Wenzel theorem a model which 
fits the basic features of long range BBU occurring on the scale of many 
acceleration sections. A good tutorial of the various BBU mechanisms has 
been given by Helm and Loew (1970) and more recently Lau (1989) has 
proposed a framework from which the various BBU regimes can be readily 
derived (see therein for reference to more recent work on BBU). 



8.2 Advanced Accelerator Concepts: Brief Overview 

The need for more powerful accelerators has triggered an extensive search for 
various other schemes to accelerate electrons. These schemes rely on either 
entirely new concepts as is the case in the plasma beat wave accelerator 
or on new technology which is the case in the laser wake-field accelerator. 
An intermediate approach was adopted by Henke (1994) of the Technische 
Universitat of Berlin: one can employ ideas from radio frequency linacs in 
the millimeter wave regime ~ lOOGHz. Since the geometry is now below the 
millimeter range, the structures are built by means of techniques developed in 
the electronic industry for very large scale integrated (VLSI) circuits. At the 
bottom line all schemes are tested by their ability to generate a gradient in the 
longitudinal direction with the minimal possible transverse wake potential. 
Although energy is the major parameter of interest in accelerators, it is not 
the only one. Other parameters such as emittance, repetition rate and number 
of particles per bunch are also of great importance. Therefore the test of each 
one of the methods which will be discussed in the following sections is not 
only by the gradient which they are capable of generating but also in the 
potential of being incorporated in a large system taking into consideration 
all the other parameters mentioned above. At this stage of research the zero 
order parameter of comparison remains the accelerating gradient and this 
will be the basis for our comparison. 

The various schemes can be divided according to several criteria. For ex- 
ample: is the accelerated electron in the close vicinity of a (metallic) structure 
or not? In the first case, the accelerating wave is evanescent and since the 
range of action of these waves is short this is called near-held scheme whereas 
the other is the far-fleld scheme. Another criterion is whether the rf acceler- 
ating held is continuous or comes in one pulse; as an example consider the 
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various wake-field schemes vs. the long pulse machine like the present linacs 
or the inverse FEL, inverse Cerenkov etc. 

An accelerator can be conceived as a transformer in the sense that high 
current - low voltage beams form the primary and low current - high voltage 
constitutes the secondary. Consequently, another criterion for examining the 
various acceleration schemes is the number of beams in the primary. In the 
present SLAC system there are many klystrons and correspondingly many 
beams however, in the proposed two beam acceleration scheme only one beam 
forms the primary. In the remainder of this chapter we shall briefly discuss 
the various advanced acceleration concepts. 



8.3 Wake-Field Accelerator 



The first group of advanced concepts we shall consider belongs to the “time 
domain” or short pulse schemes. It includes the (i) Dielectric Wake-Field 
Accelerator (DWFA), (ii) Periodic Structure Wake-Field Accelerator and (Hi) 
Laser Wake-Field Accelerator. What is common to all is the fact that there 
is no one single frequency wave which accelerates the electron but rather an 
entire spectrum. Acceleration is achieved by “synchronizing” the radiation 
pulse and the accelerated bunch such that the latter trails behind and it sees 
an accelerating gradient. 



8.3.1 Dielectric Wake-Field Accelerator 



In order to understand the principles of the DWFA it is convenient to go back 
to Sect. 2.4.2 where we examined the Cerenkov radiation emitted by a point 
charge as it traverses a dielectric loaded waveguide along its axis. We found 
that provided the velocity of the particle is higher than the phase velocity of 
the plane wave in the medium, then the magnetic vector potential is given 
by 



Az{r,z,t) = - 



Q 0^ Jo(Psf/R) 

neoR? n^l3^ “ 1 ^ 



X sin 



- z/vo)^h(t - z/vq) ; 



(8.3.1) 



see (2.4.48) and the corresponding definitions. It is interesting to note that 
although the waveguide is dispersive, all the electromagnetic waves which 
belong to the wake travel at the particle’s velocity vq - though they may 
trail far behind. It also explains why a “broad” spectrum signal can still 
provide net acceleration. 

With this expression we can calculate the longitudinal electric field acting 
on a test particle which lags behind - see basic configuration in Fig. 8.3. On 
axis Ez is 




330 8. Basic Acceleration Concepts 




Fig. 8.3. Conceptual set up of 
the dielectric wake-field acceler- 
ator 




Ez{r = 0,z,t) 



q 1 

■KeoB? ^ JiiPs) 



- z/vo'^h{t - z/vq) , 



(8.3.2) 



and since in practice the dielectric coefficient is frequency dependent the sum- 
mation is only on these modes for which the Cerenkov radiation is satisfied 
i.e., fP > = i?s)- Let us assume for simplicity that only the first two 

modes contribute, thus the normalized force which acts on a negative point 
charge e is 



jT(r = t - - > 0) = F, 



^0 



eq 



^i(pi) 
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COS 
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+ 
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\nJ.-R-2j ’ 



r) 






(8.3.3) 



and it is plotted in Fig. 8.4. As anticipated, in the close vicinity of the particle, 
the force is decelerating since “naturally” the negative charge repels another 
negative charge. However, if the test particle is located adequately behind 
the leading bunch, the trailing one will be accelerated. This field distribution 
also helps us to envision the bunch compression which is a byproduct of 
this process. For this purpose consider a uniform distribution of particles 
which spread between the zero acceleration point and the crest of the wave. 
Electrons which experience zero acceleration preserve their relative location 
in the bunch while all the others are accelerated. Even if the accelerated 
electrons bypass the first group they immediately reach a deceleration region 
which pulls them back. Obviously, this process is limited by space charge 
effects which were disregarded in this discussion. 

Conceptually, one can regard the system as a transformer with a low 
voltage and high current (say 10 MV, IkA) primary and the secondary is 
a high-voltage pulse of low current (say IGV, lA). DWFA was tested ex- 
perimentally at Argonne National Laboratory by Gai (1988) and analyzed 
theoretically by Rosing (1990). 





8.3 Wake-Field Accelerator 



331 




Fig. 8.4 Normalized force on a test particle 
which lags behind the driving bunch 



8.3.2 Periodic Structure Wake-Field Accelerator 

The concept in this case is very similar to the case of the dielectric struc- 
ture namely, a driving pulse generates a wake in the periodic structure which 
in turn accelerates the trailing bunch. Mathematical complexity of the cal- 
culations involved is substantially higher because the boundary conditions, 
however the outcome is similar to the dielectric case. Voss and Weiland (1982) 
(at DESY, Germany) suggested an annular configuration that is to say that 
the driving beam forms a ring which excites a wake-field. The latter propa- 
gates toward the axis and in the process its amplitude increases. As it reaches 
the axis it accelerates a trailing bunch. Figure 8.5 illustrates this concept. 



Driving Bunch 



> 



> 



> 



Accelerated 

Bunch 



> 



> 



> 



Driving Bunch 



Fig. 8.5 Conceptual set up of the 
periodic structure wake-field ac- 
celerator 



A different implementation of the same concept involves electro-optic 
switches: acceleration of a bunch requires a gradient at the (momentary) 
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location of the particle. The way this gradient is accomplished has no impor- 
tance to the longitudinal motion however, the transverse wake may vary from 
one scheme to another. Progress in optical switching of semiconductor devices 
[Lee (1984)], facilitates the generation of fast voltage pulses which in turn can 
be used for acceleration. The essence of this concept is to optically switch 
a radial transmission line connected to a relatively high voltage source and 
benefit from the transformer effect as the voltage pulse propagates inwards 
to accelerate the electrons on axis. Recently, the concept was experimentally 
demonstrated by Bamber (1993) at the University of Rochester. More de- 
tailed reviews of periodic wake-field in periodic structures can be found in 
papers by Wilson (1988) and Cooper (1988). 

8.3.3 Laser Wake-Field Accelerator 

In the previous cases the wake-field was generated by a bunch of electrons in- 
jected in either a dielectric or a periodic structure and the accelerated bunch 
had to be injected with great precision at the location where the wake would 
accelerate it. In other words, the accelerated bunch sees a positive charge 
moving in its front and it is accelerated by it. It is possible to generate this 
situation in plasma. Consider a very intense laser pulse which propagates in 
the plasma. Its electric field is transverse to the direction of propagation, 
therefore it will tend to remove the electrons outwards leaving the positive 
charge in place since, on the time scale of the electrons’ motion, the ions are 
motionless because of their large mass. Furthermore, the laser pulse virtu- 
ally propagates at c, and the (relativistic) trailing bunch sees a continuous 
attractive force. The duration of the laser pulse is on the order of one pe- 
riod therefore it has to be very intense since it has to contain all the energy 
to be delivered to the accelerated bunch. Such lasers have been developed 
in the last decade [Strickland and Mourou (1985)] and intensities beyond 
IQi® W/cm^ at A =1 \im for less than Ipsec are available. This energy flux 
translates into transverse electric field of 

Etr [TV/m] ~ 3 X [W/cm2] , (8.3.4) 

therefore, at the intensity (/) mentioned above, the transverse electric held is 
of the order of 3 TV/m! This large gradient can not directly accelerate a bunch 
of electrons since it is transverse to their direction of motion. However, it is 
perfectly suited to generate the wake described above. For the parameters 
mentioned above Sprangle (1990) calculated the accelerating gradient in a 
plasma with no ~ 10^^ m“^ to be 12GV/m which is less than 0.5% of the 
transverse field. Although this is a very large gradient, the energy gained by 
the electrons is limited (roughly) by the product gradient and interaction 
length. The latter is determined primarily by diffraction: Lint — ttDr where 
Rayleigh length is given by Dr = nr^/X. If we take the minimum laser beam 
waist (rL) to be 30|xm, then the interaction length is about 9 mm and the 
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gain of kinetic energy is 100 MeV which is comparable with what we would 
expect to achieve from one module of the Next Linear Collider (in 2 m). 
Sprangle (1993) has shown that the situation can be dramatically improved 
by optically guiding the laser beam. The essence of the mechanism is as 
follows: large transverse electric field brings the plasma electron from rest to 
relativistic velocities in a fraction of the laser pulse. This affects the density 
and consequently, the refractive coefficient: i.e., electrons are removed from 
regions of high gradients towards the envelope where they are denser. This 
relativistic effect may dominate the propagation characteristics of the laser 
beam provided that the laser power exceeds a critical value estimated to be 
Per ~ 17(a;/a;p)^ GW. Using this method [Sprangle (1993)] it has been shown 
in simulations that electrons can be accelerated from 2 MeV to 1 GeV in 20 cm 
corresponding to an average gradient of 5GV/m. 



8.4 Plasma Beat- Wave Accelerator 

Plasma beat-wave acceleration scheme was initially proposed by Tajima and 
Dawson (1979). It uses two laser pulses of different wavelength Ai and A 2 to 
illuminate a plasma. The density of the latter is set such that its characteristic 
frequency (cjp) equals the difference between the two laser lines i.e., lj 2 —^1 = 
Up. The two waves determine a space charge wave whose wavenumber is 
kp = k 2 — ki and which propagates at a phase velocity Vp^ = Up/kp = c[l — 
(cjp/u;)^]^/^; this is very close to c. When electrons are injected with a velocity 
close to that of the space charge wave (beat wave) they can be trapped and 
therefore accelerated. Since no external walls are involved there is no problem 
of breakdown; however, it does not mean that the gradients are “infinite” 
since once the density modulation becomes significant (larger than 10%) non- 
linear effects dominate and the acceleration is altered. In order to have an idea 
as to the typical gradients achievable we quote here the numerical example 
presented by Joshi (1993): the longitudinal electric field which develops in a 
plasma as a result of a density modulation 6n/no where no is the density of 
the unperturbed background plasma is P ~ 100^/no6n/no (V/m). If we take 
a 10% modulation on a background density of 10^^ < no(m~^) < 10^^ then 
the achievable gradients are between 0.3 to 3 GV/m. 

The number of plasma periods which will support acceleration is limited 
due to the occurrence of instabilities. Many of these can occur but if we 
limit the discussion only to ion instabilities then we can have a reasonable 
estimate of the number of periods along which the coherent process can be 
sustained. If we consider the case of hydrogen plasma, then the reaction 
time of the ions will be inversely proportional to their mass. Consequently, 
the number of pe riods wil l be as the ratio of the plasma frequency ratio i.e 
^p,eiec/^p,ion = VMon/^ ~ 43. Fortunately, the electrons are synchronous 
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with the beat-wave therefore the instabilities lag behind and the interaction 
length is actually higher. 

Another difficulty which might be raised is the scattering of the acceler- 
ated electrons with the background plasma. Apparently the dominant scat- 
tering mechanism for over MeV electrons, is scattering by the plasma nuclei. 
Estimates made at UCLA [Katsouleas and Dawson (1989)] indicate that even 
at a density of 10^^ m“^ the mean free path of a relativistic electron (few 
MeV) is 2 km and it increases with the energy of the accelerated electrons. 
Unfortunately, diffraction of laser beam limits the interaction length to many 
orders of magnitude shorter distances and the Rayleigh range as discussed 
by Joshi (1993) is of the order of 1cm. This can be compensated by laser 
self-focusing in plasma and the price to be paid is a threshold in the laser 
power to be injected. According to Katsouleas and Dawson (1989) this is 
given by P > Pth — 5(o;/a;p)^GW. 



8.5 Inverse of Radiation Effects 

In all the effects where coherent radiation is generated by bunches of electrons, 
these are located such that the field which acts at their location is decelerating 
them. In principle, we can locate a similar bunch to be in anti-phase in which 
case the electrons are accelerated by an applied wave. 

8.5.1 Inverse FEL 

In principle the same mechanism which facilitates generation of coherent ra- 
diation in a periodic transverse wiggler as discussed in Chap. 7, allows to 
accelerate a bunch of electrons. In fact. Palmer (1972) suggested this con- 
cept several years before the renewed interest in the free electron laser as a 
radiation source [Elias (1976)]. An intense laser pulse interacts with a beam 
of electrons in the presence of a transverse and periodic magnetic field. As 
a result, electrons may be accelerated - see Courant, Pellegrini and Zakow- 
icz (1985). The advantages and disadvantages of the free electron lasers as 
a radiation source, discussed in Chap. 7, apply also to its operation as an 
accelerator. In addition, Pellegrini (1982) pointed out that the decelerat- 
ing gradient (Pdec) due to the emission of spontaneous radiation has to be 
smaller than the accelerating gradient associated with the laser field (Pace)* 
According to (7.1.30) and (7.2.6) this can be formulated as Pace > Pdec thus 

A ^ ^ /J 2 ^ \ /O IT 1 \ 

^ ^7mcfcw ^ 2 Anso/k^ \mcfcwj 

This expression determines a critical laser intensity Ict which has to be ex- 
ceeded in order to obtain net acceleration i.e.. 
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(8.5.2) 



If we take Bw = IT and 27r/fcw = 10 cm then /cr ~ 10 ^®7®W/cm^ and for 
a typical 7 on the order of 10^ the required laser intensity is 10® W /cm^ as 
shown next for several other energies: 

7 = 10^-> /cr = 10®W/cm^ 

j = 10^ — > /cr = lO^'^ W/cm^ , 

10® /cr = 102®W/cm2, 



7 ^ 



7= 10^ 



/^, = 102^W/cm^ 



(8.5.3) 



This list indicates that with laser intensities of 10^® W /cm^ one may acceler- 
ate electrons up to a few TeV but at least with the present technology, this 
seems to be the limit. 



8.5.2 Inverse Cerenkov 



Edighoffer (1981) at Stanford demonstrated experimentally the feasibility of 
the inverse Cerenkov effect for acceleration of electrons. The idea here is to 
illuminate an electron moving in a dielectric medium (gas) at the Cerenkov 
angle with a laser beam at the adequate frequency. Later Fontana and Pantell 
(1983) proposed an improved setup for the same purpose by ensuring an 
extended and symmetric interaction region with axicon lens - see Fig. 8.6. 
The lens generates a symmetric longitudinal electric field on axis and the gas 
slows down the electromagnetic wave which in turn, intersects the electron 
trajectory at an angle 0; the longitudinal wavenumber is {uj /c)n cos 0 where 
n is the refraction coefficient. Consequently, the resonance occurs when the 
phase velocity equals the velocity of the particle i.e.. 






C 

ncos6 



= Vq. 



(8.5.4) 



Design of such a system is a trade-off between a (relatively) large refractive 
coefficient which requires high pressure and a long mean free path which 
implies low pressure. A possible solution, suggested in this context by Stein- 
hauer and Kimura (1990) [previously suggested in the context of FEL by 
Feinstein (1986)], is to operate close to the resonant frequencies of the gas. 
This facilitates the required refraction coefficient but at low pressure. Re- 
cently, the concept was demonstrated experimentally [Kimura (1995)] when 
electrons accelerated by a CO2 laser focused by an axicon lens have gained 
an energy which corresponds to a gradient of 31 MV/m in the interaction 
region. 
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Axicon Lens 




Interaction ' ' ^ Fig. 8.6 Conceptual set-up of the 
Region inverse Cerenkov accelerator 

8.5.3 Open Structure Accelerator 

In Chap. 5 we discussed the electromagnetic characteristics of an open pe- 
riodic structure and two main conclusions were emphasized: (i) the number 
of eigen-modes is finite and their number is controlled by the geometry of 
the structure. Each such mode consists of an infinite spectrum of harmonics 
whose phase velocity in the pass band is smaller than c; these harmonics cor- 
respond to evanescent waves and they do not carry power in the transverse 
direction. Another conclusion we reached was that (ii) a particle moving in 
the proximity of an open structure emits radiation (Smith-Purcell effect). 
In principle, one can use this effect to accelerate electrons by illuminating 
the grating at the adequate angle and wavelength. However, contrary to the 
inverse Cerenkov effect, where the use of the radiation field in the interac- 
tion region can be fairly efficient, in the grating case, the incident wave is 
scattered in a spectrum of harmonics, part of which are radiative therefore a 
substantial fraction of the energy is lost. 

Alternatively, we may use the eigen-modes of an open structure to acceler- 
ate electrons [Palmer (1982) and Kroll (1985)]. However, one can immediately 
realize that a wave with phase velocity c is not supported by the kind of sym- 
metric structure we discussed in Chap. 5 since ii kz = uj/cis parallel to the 
direction in which the electron moves then at least one harmonic of the mode 
does not decay exponentially. A simple solution of this problem is to enforce 
field variation in the third direction. Pickup (1985) has analyzed a grating 
which is periodic in the 2 : direction, the y direction is perpendicular to the 
surface and in the x direction two metallic plates were placed at a distance 
D one from the other. Therefore, if the grating is designed such that in the 
2 ; direction kz = I c and in the x direction kx = tt/D (lowest mode) then 
according to the homogeneous wave equation, k"^ ky -{■ k^ — (u;/c)^ = 0, we 
have 







•2 _ 

■V J)2 ■ 



(8.5.5) 



Consequently, the wave decays exponentially perpendicular to the grating. 
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Although the problem of the radiation confinement was solved there still 
is a problem of stability of the beam. To illustrate this problem let us consider 
the following electric field 

Ex{t,1) = 0 , 

JEy (r, t) = E— sin \uj(t — z/c)] sm{qx)e~^^ , 
cq 

Ez{T^t) = Ecos [u{t — z/c)] sm{qx)e~^'^ , (8.5.6) 



where q = tt/D. We can substitute in Maxwell’s equation and obtain the 
magnetic field: 

sin [uj{t — z/c)] sin(gx)e~^^ , 

ujfjLoq 

Hy{r,t) = — ^E'sin[cc;(t — z / c)] cos{qx)e~^'^ , 

UfjLo 

Hz{r,t) = — jEcos [u{t - z/c)] cos(^x)e“^^ . (8.5.7) 



With these field components we can calculate the transverse force which acts 
on the particle. For this purpose we assume that the particle’s motion is 
around x ~ J9/2 + and y = Q-\-dy consequently, 
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eEqc 

oy = sm 0 , 

m uj 



(8.5.8) 



here it was assumed that on the scale of the transverse motion variations in 7 
can be ignored, 7 1 and 0 = uj[t—z{t)/c]. The first two expressions indicate 

that even if, in the x direction, the motion is stable in the y direction the 
beam diverges and vice versa. A solution of this problem was suggested by 
Pickup (1985) and consists of rotating the orientation of the grating relative 
to the axis as illustrated in Fig. 8.7. Alternatively, the phase 0 can be switched 
periodically as suggested by Kim and Kroll (1982). 



8.5.4 PASER: Particle Acceleration by Stimulated Emission 
of Radiation 

In Sect. 2.4.4 we calculated the decelerating force which acts on a single 
electron as it moves in a vacuum channel surrounded by lossy material. At 
the end of that section we indicated that if the conductivity of the material is 
negative which is to say that the medium is active, then the moving electron 
is accelerated [Schachter (1995)]. 
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Fig. 8.7 Conceptual set up of the grating accelerator (inverse Smith- Purcell effect) 



An additional way to examine this scheme is to consider the microscopic 
processes. Attached to a moving charge there is an infinite spectrum of evanes- 
cent waves; these can be viewed as a spectrum of virtual photons continuously 
emitted and absorbed by the electron. These photons impinge upon the ex- 
cited atom which is conceived here as a two level system in its upper state. 
Since the spectrum of waves attached to this particle includes the resonance 
frequency of the medium, a photon with the adequate energy may stimulate 
the atom. As a result, two correlated photons are emitted: one is virtual as 
the initial one and the other is a real photon. Since the two are practically 
identical, the real photon is absorbed by the moving electron causing the lat- 
ter’s acceleration. The inverse process is also possible: if the virtual photon 
encounters an atom in the ground state and excites it, the moving electron 
loses energy - thus it is decelerated. We may expect net acceleration only if 
the number of atoms in the excited state is larger than those in the lower 
state i.e., the population is inverted. From the description above the accelera- 
tion force is a result of stimulated radiation; therefore this scheme was called 
PASER which stands for Particle Acceleration by Stimulated Emission of 
Radiation. 

Interaction of a moving “macro-particle” with a stationary two-state 
quantum system which consists of either atoms or molecules can be considered 
within the framework of the macroscopic (and scalar) dielectric coefficient. 
This coefficient is given by 

{uj — UJo)T2 -h j 
l+e2 + (a;-u;o)2T|’ 



e{uj) = 1 - X 



(8.5.9) 
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and it is tacitly assumed that the transients at the microscopic level are 
negligible. The macro-particle moves along a vacuum channel “bored” in an 
otherwise infinite dielectric medium of radius Rc and which is much larger 
than the radius of the macro-particle. In the expression above 2tt is the 
resonant frequency of the medium, T 2 is the line width, x — ANT 2 I 
is the normalized population inversion (and it is negative in this case); /i is 
the atom’s dipole moment, AN = N\ — N^ is the density of the population 
difference - subscript 1 represents the lower energy state and subscript 2 
the higher one. Changes in the population difference due to energy transfer 
is considered here through the saturation term ^ — (E'/E'sat)^; E is the 
amplitude of the acting electric field and the saturation field is given by 
Esat = h/fiy/rT 2 where r is the characteristic time in which the population 
reaches its equilibrium state. 

Based on the model presented above the electromagnetic field in the entire 
system is calculated following the same approach presented in Sects. 2.4. 3-4. 
Firstly it is convenient to simplify this model further. The dielectric coefficient 
in (8.5.9) is unity at resonance and the deviation of the real part, [Re{er — 1)], 
is anti-symmetric relative to resonance; furthermore, it vanishes far away from 
this point. Consequently we approximate the dielectric coefficient with one 
whose real part is unity at all frequencies and its imaginary part is constant 
in a window of frequencies around resonance. The width of this window is 
determined by T 2 and is determined such that the area of this window is 
identical with that calculated from (8.5.9). Explicitly £r(^) — 1 ~ j^{^) and 



a { u ) = ctq 



1 for \uj — uo\T 2 < 7t/ 2 , 
0 for \u - ujo\T 2 > 7t/2 , 



where cto = x/(l +^^). 

With this definition the normalized impedance reads 



C(x) = 



1 



1 - ja{x) 






Ko 



Ki 



x^/l+j('y/3)^a(x) 



x^yl+j{■J/3)‘^(T{x) 



(8.5.10) 



(8.5.11) 



We consider the relativistic case such that (7/3)^|<7o| » 1 moreover at the typ- 
ical frequencies of interest we assume that a’ol?c|o'o|^^^/c <C 1. Consequently, 
the normalized impedance function is 

((x) oi jx'f^a{x) . (8.5.12) 

This implies that |(C| = and the phase of ^ is given by 



{ tt/2 for Cto > 0 , 
0 for Cto = 0 , 
— 7t/2 for &o <0, 



(8.5.13) 
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where we assumed that |cto| < 1 thus ^ = (7r/2)sgn((7). The normalized 
gradient according to (2.4.78) is 



£ 



2 r 

7T Jo 



dx 



X7^cr(x) 

Io(x) + (x) 



(8.5.14) 



In practice, for highly relativistic particles or explicitly for uqRc/c <C 7, 
the main cotribution to the integral is from the small values of x thus the 
argument of the modified Bessel functions is small and consequently we can 
approximate lo{x) ~ 1 and Ii(x) x/2, thus 



£ = 




dx X7^cTo 
1 + (0:272^0/2)2 ’ 



(8.5.15) 



where x± = iic(^o i 7rf2T2)lcl3^. Analytic evaluation of this integral is 
possible and the result is 



£ = 



2 

7T 



atan 






2^2 



— atan 



l&ol 



2 2 
X_ 



(8.5.16) 



Substituting the explicit expression for x± and assuming that ao{uJoRc/c)^ ^ 
1, we can approximate the trigonometric functions with their arguments thus 



£ 



2 

7T 



-7 (T 



C^2(7 




Vc/?7 

Rc 



2 r 



( 



+ 



2T2 



) 



2 




(8.5.17) 



Using the explicit expressions for £ and x we have 
e o;o 1 



Ez{z = vot,t) = 



27T6:o c cT2 
e iJo 

27T£:o c c£oh 



X 



AN. 



(8.5.18) 



This expression reveals that the particle is accelerated in case of population 
inversion {AN < 0), it is decelerated by a passive medium {AN > 0 — > e.g., 
Cerenkov effect) and in vacuum {AN = 0 - see (8.5.9)) the particle moves 
without being affected. To realize the potential of this effect we shall now give 
a rough estimate of the gradients which may develop in the system. For this 
purpose consider a medium of Ar~^ which lases close to A ~ 0.5 fim and we 
shall assume |^AT| 3 x lO^^cm"^ which is achievable at high pressure. The 

dipole moment (/x) is determined at the atomic level therefore it is anticipated 
to be of the order of /i (1.6 x 10“^^C)x(lA) = 1.6 x 10“^^Cm. The 
gradient which develops, if the bunch consists of 10^ electrons, is on the 
order of 1 GV/m. 




8.6 Two Beam Accelerator 341 



8.6 Two Beam Accelerator 

Conceptually the linear accelerator consists of many sections of acceleration 
structures each one fed by one or more klystrons. Each klystron in turn 
is driven by an electron beam generated separately therefore thousands of 
beams form the primary and they accelerate a single beam which is the 
secondary of a large “transformer” . There might be several advantages if all 
these discrete beams are replaced by a single driving beam carrying all the 
required energy. Sessler (1982) has initially suggested this concept. It came 
in parallel to the substantial progress in understanding the operation of the 
free electron laser. In particular, the fact that electrons could be trapped 
[see Sect. 7.4 as originally shown by Kroll, Morton and Rosenbluth (1981)] 
and their energy extracted without substantial energy spread, suggested that 
after extraction in an FEL, the electrons could be re-accelerated. In addition, 
the operation of a klystron beyond X-band becomes problematic because of 
the small structure required whereas the free electron laser can generate high 
power levels at high frequencies without inherent structure limitations but 
with substantial constraint upon the beam quality. 

This original approach of the so-called Two-Beam Accelerator (TBA) 
as proposed in the United States, see Fig. 8.8, was to start with a medium- 
energy (3MeV) high-current (1 kA) beam, extract power in each segment and 
compensate the driving beam for the lost energy in a re-acceleration unit. 
Thus each section consists of three units: the acceleration unit, extraction 
unit and re-acceleration unit [Hiibner (1993)]. 



Accelerated 

Beam 



Acceleration 



•ri[ 



Extraction 



Re-acceleration 



ifi 



Driving 

Beam 



Fig. 8.8 Conceptual 
set up of the two-beam 
accelerator as proposed 
by Sessler (1982) 



In Europe, at CERN, the approach is somewhat different [Schnell (1991)]: 
the initial energy of the electrons is three orders of magnitude higher, in 
the GeV range, and at least in the preliminary experimental stages (2 x 
250 GeV) no re-acceleration is planned as illustrated in Fig. 8.9. In the final 
system (2 TeV) a few superconducting re-acceleration cavities are included in 
the design. Traveling- wave structures are planned to extract electromagnetic 
power on the order of 40 MW from a prebunched beam at 30 GHz. In order 
to have the correct perspective of the performance of each section we should 
note that the 40 MW of power generated at 30 GHz produce almost the same 
gradient as 400 MW at 11.4 GHz as is the case in the Choppertron [Haimson 
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(1992)]. In spite of the clear advantage of operation at high frequency with 
regard to the acceleration gradient, the wake-fields are correspondingly high. 
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Fig. 8.9 Conceptual set 
up of the two-beam ac- 
celerator being designed 
at CERN 



If, in order to reduce wake effects, the frequency is reduced from 30 to 
24 GHz the longitudinal wake effects are reduced to about 60% and the trans- 
verse wakes to 50% but this comes at the expense of the accelerating gradient 
which is lowered from 80 to 50 MV/m. The scaling law behind this result can 
be readily retrieved bearing in mind that in a uniform waveguide the relation 
between the power carried by a single TMqi mode and the electric field on 
axis is 



P 

\E? 



~ /3gri2^ 




( 8 . 6 . 1 ) 



If we require a single mode operation, ujR/c is limited by the cutoff of the 
second mode i.e., a; < p 2 c!R. Consequently, for a given group velocity /3grC 
and a given gradient, the power (in the accelerating structure) is expected to 
be inversely proportional to the frequency i.e.. 



P X ^ const. 



( 8 . 6 . 2 ) 



Although the beam energy in both schemes is larger than in the klystrons 
of the “conventional” scheme, the amount of current required to provide the 
power goes up too. Consequently, the amount of charge which propagates is 
larger and this may deteriorate the bunching via space-charge forces. 



Exercises 

8.1 Calculate the two wake potentials, (8.1.45-46), as an electron traverses 
two parallel plates separated by a distance D. Consider only the region 
between the plates. 

8.2 Calculate the two wake potentials, (8.1.45-46), as an electron traverses 
a pill-box cavity of radius R and length D; the electron moves along the 
axis. Consider only the internal region. Compare your result with that in 
Exercise 8.1. 
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8.3 Consider a uniform cylindrical waveguide of radius R which is infinitely 
long; ignore walls loss. Between ^ = 0 and z = D the waveguide is filled 
with a dielectric material e which is frequency independent; otherwise 
the waveguide is empty. Calculate the two wake potentials, (8.1.45-46), 
as an electron traverses this system along its axis. Compare your result 
with that in Exercises 8.1 and 8.2. 
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